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Abstract   
 
Many congestion charging schemes charge traffic only within part of a day with 
predetermined congestion tolls. One reported problem of these schemes is that travellers 
depart earlier or later to avoid paying congestion tolls. Hence, two undesired demand peaks 
have been observed. One comes just before the start of congestion charging and the other 
around the end of congestion charging. We term these types of demand peaks boundary issues 
arising from congestion charging if they are larger than available capacities. This paper 
investigates boundary issues in a bottleneck scenario, with the aim of seeking to design 
charging schemes which reduce these undesired demand peaks. We have observed and 
analysed boundary demand peaks utilising a bottleneck model under three types of toll profile 
which are indicative of real profiles. The first type maintains a constant toll across the 
charging period, the second type allows the toll to increase from zero to a given maximum 
level and then decrease back to zero and the third type allows the toll to increase from zero to 
a given maximum level, remain at this level for a fixed period and then decrease back to zero. 
It was found that all three types of toll profiles can produce greater boundary peak demands 
than the bottleneck capacity. Concluding remarks are made on implications of this research 
for the improvement of the existing congestion charging schemes and for future research.  
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1  Introduction 

 
1.1   Background 

 
In the past few decades, several congestion charging projects have been implemented and are 
now operating on a permanent basis around the world, including schemes in London, 
Singapore and Stockholm. These schemes charge traffic only within one or a few time periods 
during the day as opposed to continuously (i.e. for 24hrs). Some only toll a fixed amount for 
the use of a charging zone or for passing through a charging point during the charging period, 
such as in London. Some set a different constant toll for each time interval of the charging 
period, such as in Singapore and Stockholm. One reported problem for fixed-toll charging 
schemes is that travellers tend to depart earlier or later to avoid congestion charging, e.g. 
Transport for London flow profiles throughout the charging day show peaks in outbound 
traffic just before the start of the charging period and in inbound traffic just after the end of 
the charging period[1]. Hence, two undesired peak periods have been observed: one just before 
the start of congestion charging and the other just around the time when the charge stops. The 
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demands during these peak periods can be much larger than available capacities. We term 
these types of undesired demand peaks boundary issues caused by congestion charging if they 
are higher than the capacities.  This work seeks to investigate the boundary issue in a 
bottleneck scenario, with the aim of seeking to design charging schemes which reduce or 
remove these undesired boundary demand peaks. Thus we propose to utilise dynamic traffic 
assignment (DTA) methodology to gain new insights into a real world problem. 

This paper represents preliminary work on this issue; in this paper we have observed 
and analysed the boundary issues under three illustrative types of toll profiles.  

The first type defines a constant toll across the charging period. A typical example of 
this is the charging scheme in London, where a driver will pay the charge of £8 on the day of 

(a) A toll profile in Stockholm Congestion Charging
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(b) A toll profile in Singapore Congestion Charging
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Figure 1: Toll profiles used in Stockholm
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 and Singapore
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 congestion charging projects  
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travel if he or she is driving within the charging zone between 07:00 and 18:00, Monday to 
Friday. So drivers only need to pay a fixed amount of charge once and then can drive in and 
out the charging zone within a day as many times as they want. 

The second type of toll profiles allows the toll to increase linearly from zero to a 
maximum level and then decrease linearly to zero (triangular). The third type allows the toll 
to increase from zero up to a maximum level, remain at this level for a period and then 
decrease back to zero (trapezoidal). The second and third types may be regarded as two 
abstract versions of the charging schemes implemented in Stockholm and Singapore, as 
shown in Figure 1. In these two cities, the tolls begin at zero and return to zero over a sub-
period of a day. They both charge the most at the two peak periods during the day; the toll 
goes down to a non-zero level after the morning peak in Figure 1(a) whereas it falls to zero in 
Figure 1(b). The scenario presented in this paper corresponds to the morning peak period. 

Another noteworthy point is that a vehicle is charged during the day according to the 
time of the day and the times it passes through a charging point in the two cities. The 
difference is that there is a set maximum charge during the day in Stockholm but not in 
Singapore. Since this research only examines at a bottleneck scenario for one peak period, we 
assume that all vehicles only go through the bottleneck once and that each vehicle is charged 
once only. So we do not consider the differences between the charging schemes in London, 
Singapore and Stockholm with respect to multiple trips through a charging zone in a single 
day. 
 

1.2   Methodological context 

 
Bottleneck models have been widely considered in the DTA literature.  In the Vickrey 
model[4] traffic congestion takes the form of cars queuing behind a bottleneck without 
occupying any physical space. It has subsequently been further discussed or used widely in 
the literature, including, for e.g. [5], [6], [7] and [8]. But this approach is too simplified to 
investigate boundary issues or many other practical issues in traffic because it only captures a 
fraction of the interactions in traffic flows. Another approach to trip departure scheduling to 
work in the morning peak period is to model congestion in a flow form by applying a speed-
flow function at each instant (see [9], [10]). This approach, however, can violate the first-in-
first-out (FIFO) condition; hence one departing later may arrive earlier. This is due to the 
assumptions that the travel time a traveller would experience is a function of the departure 
rate at the time when he or she departs from home and that there are no interactions between 
departure flows at different times.  

To avoid those problems mentioned above, a different bottleneck model than that of 
Vickrey is used in this research. This paper treats a bottleneck as a real road segment or link 
with a limited capacity. Traffic is assumed to propagate through the bottleneck following the 
kinematic wave traffic flow model and we use the cell-transmission (CT) technique developed 
in [11] and [12] to solve the traffic flow model. This formulates a unique bottleneck model 
which consists of two parts. The first part is a link with a limited capacity and the other part is 
a deterministic queue model at the entry of the link; the deterministic queue exists only when 
the departure rate is greater than the receiving capacity of the downstream link.  

This paper assumes that travellers have perfect information about traffic conditions and 
that every traveller chooses a departure time which would incur the least travel cost. The total 
demand within the time horizon under study is assumed to be constant. Under these 
assumptions, [13] discussed schedule delay and departure time decisions. An extension to 
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[13] in our paper is that we do not use the deterministic queue model in [13] but a real road 
segment with a limited capacity. The use of the deterministic queue model enables [13] to 
find equilibrium solutions analytically whereas we need to utilise a numerical solution method 
due to there being no closed form of the travel costs of traffic traversing through the 
bottleneck. [14] intended to use a model based on elementary traffic flow theory instead of a 
deterministic queue but their model can cause arriving earlier by departing later[15] (i.e. 
violation of FIFO). 

In addition, [13] discusses establishing a set of tolls to achieve the system optimal 
departure rate pattern whereas we are interested in the impacts of a given congestion charging 
scheme on the resulting departure rate pattern. Further, we consider a preferred arrival time 
window rather than a common work start time. These extensions help to investigate boundary 
issues caused by congestion charging.  

The remainder of this paper is structured as follows. Section 2 sets out the bottleneck 
scenario and presents the methodology used in this research. In Section 3, we show demand 
peaks under our three types of toll profiles and Section 4 comprises concluding remarks.  
 
 

2  Bottleneck scenario and methodology 
 
Figure 2 illustrates the bottleneck scenario used in this research. Assume that there are D  

travellers/vehicles departing A for D in the time horizon [0, T], where D is a constant. They 

all have to travel through a bottleneck from B to C. The bottleneck is defined as a limited road 
segment or link of length L, with a limited capacity of qmax. Hence, as the demand increases, 
there will be congestion in the bottleneck and the travel time through the bottleneck will be 

time-dependent, denoted as τ(t, f
 ) or τ, if it does not cause any confusion, where f is a 

departure rate pattern f = {f(t): t∈[0, T]}. It is also assumed that there is no congestion from A 
to B and from C to D, hence the travel times for both are constant, denoted as tAB and tCD, 
respectively. 
 
2.1   Scenario settings 

 

Charging period. We consider a charging period [ts, te] ⊂[0, T]. Let Ctoll(t) denote the toll (per 
vehicle) collected at the entry of the bottleneck, which satisfies the following condition 
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Figure 2: A bottleneck model 
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Preferred arrival window and schedule delay costs. We assume that there is a preferred 
arrival window, denoted as [wl, wr]. If a traveller arrives within the window [wl, wr], there will 
be no schedule delay costs involved. Otherwise, a penalty will appear for early or late arrival 

at D. Denote the schedule delay cost as Ca(t+ τ), which depends on the arrival time t+ τ. We 
adopt the following widely used form of schedule delay costs in the literature, including for 
e.g. [1], [7], [8], [13]. 
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where β and γ respectively represent the shadow costs of early and late arrivals. As 

customary, they satisfy β/γ < 1. 
 
Generalised travel costs. Without loss of generality, we let both tAB and tCD be zero. And then 
the generalized travel cost a traveller would experience is  

Cg(t, f) = ατ(t, f ) + Ca(t+τ(t, f )) + Ctoll(t)           (3) 

in which the first term on the RHS of the equation represents the travel time cost, the second 

represents the schedule delay cost and the third is the congestion charging toll. The α is the 

monetary value per unit time and satisfies, as customary, β < α < γ. 
 

Computing travel times τ(t). As previously stated, the bottleneck model in this research is not 
equivalent to the Vickrey model widely used in the literature. Hence, we require a different 

method of computing τ(t, f). Here we use the kinematic wave model of traffic flow to describe 
the movement of traffic through the bottleneck. In our computing, a discrete approximation to 
the kinematic wave model: finite difference approximation (FDA) model[12] is used. Thus 

travel times τ(t, f) can be obtained by comparing the cumulative traffic on the entry and exit 
of the bottleneck, represented by Q(t) (entry) and E(t) (exit), respectively. Specifically, the 

travel time at time t is equal to the horizontal gap between E(t+τ) and Q(t).  
To implement the traffic loading process, we discretise the time horizon [0, T] into I 

identical intervals, indexed by i = 1, 2, .., I. If the departure rate or inflow to the bottleneck in 
time interval i is greater than the receiving capacity of the bottleneck, then the excess traffic is 
held over to the next time interval, in which case there is a queue for entry to the bottleneck. 
The waiting time of traffic for entry to the bottleneck is included in the corresponding travel 

times τi. 
In this research, the following quadratic flow-density (q-k) relationship is used for the 

kinematic wave model. 

q =
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where q
max represents the capacity of the bottleneck, v

f the free-flow speed, k
c the critical 

density and kj the jam density. Additionally, it is required that kc = 2q
max/vf holds, which gives 

dq/dk = 0 at k = k
c. This q-k relationship is also used in [16] and [17]. 
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Travel demands and departure rates.  It is assumed that the total travel demand over [0, T] is 

D. Let f(t) denote the departure rate at time t, which is endogenous for all t ∈[0, T] in this 

paper. f(t) is subject to the traffic conservation condition and the non-negativity constraint 
below  

=∫
T

dttf
0

)(  D   (5a) 

f(t) > 0  ∀ t ∈[0, T] (5b) 

This paper considers only fixed demands; the variable demand case may be investigated by 

assuming that the demand D is a function of the equilibrium generalized travel cost µ, which 

is defined later. The analysis of this issue with elastic demand deserves to be presented as a 
separate piece of work and will comprise a future paper. 
 
2.2  Methodology 

 
Definition of equilibrium. Following the notations defined previously, we define the 
equilibrium state of the bottleneck as follows  

Cg(t, f
 ) = µ   if  f(t) > 0 (6a) 

Cg(t, f
 ) ≥ µ   if  f(t) = 0 (6b) 

where µ = min {Cg(t, f
 ): ∀ t ∈ [0, T]}, f(t) satisfies the traffic conservation condition (5a) and 

the non-negativity constraint (5b). The equilibrium condition says that a traveller only leaves 

at a time which produces the least travel costs µ. 
 

VI formulation. If Cg(·, f ): [0, T]→R
+ is measurable on [0, T] for each f, the above equilibrium 

condition can be reformulated as the variational inequality (VI) problem: Finding f *∈Λ = {f : 
(5) holds} such that  

[ ] 0)(),()()(
0

** ≥−∫
T

g tdftCtftf ν ,  ∀ f ∈Λ (7) 

where ν(t) is a measurable function as defined in Lemma 2 in [18]. [18] gave a VI problem 
equivalent to a simultaneous route and departure choice equilibrium problem. The above VI 
problem, which only contains the departure choice, can be considered as a special case of the 
VI problem in [18].  

To ensure the existence of equilibrium solutions of (7), Cg(t, f
 ) should be continuous in f 

(see the discussion in Section 6 of [19]). But it is highly likely that the resulting generalized 
travel cost Cg(t, f

 ) is not a continuous function of f when the congestion toll Ctoll(t) is a non-
zero constant or changes discontinuously over the charging period [ts, te], as shown in Figure 
1. Hence, we need a solution method which can cope with the discontinuous function Cg(t, f

 ). 
In this research we use the following heuristic algorithm.  
 
Pairwise swapping method  

 

Divide the time horizon [0, T] into I intervals of length δ, indexed by i = 1, 2, .., I. Then the 
following pairwise swapping method is used to search for the equilibrium departure rates f *.  
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Step 0:  Initialisation 

Initial departure rates fi
0 = D /(Iδ), i = 1, 2, ..., I. 

Set the iteration no. to n = 0 

Set the maximum number of iterations to N and the tolerance to ε0. 
Step 1:  Travel time and cost generation 

Load traffic f n into the bottleneck and generate the travel times τi, i = 1, 2, ..., I. 
Compute the generalised travel costs 

Cg
ni = α τi + Ca(t+τi) + i

tollC , for all i = 1, 2, ..., I. 

Step 2:  Time interval pairing and departure rate swapping 
Ranking all Cg

ni in ascending order, i = 1, 2, ..., I gives  

In

g

n

g

n

g CCC
′′′

≤≤≤ L
21 . 

Suppose that the time interval i′ is the first one with non-zero departure rate from the 
right of the above ordered travel costs. Pair all time intervals with nonzero departure 
rates as; 

),1( i′′ , ))1(,2( ′−′ i , …, ))12/(,)2/(( ′+′ ii  if i is even 

),1( i′′ , ))1(,2( ′−′ i , …, ))12/)1((,)2/)1((( ′+−′− ii  if i is odd 

For each pair, a certain proportion of traffic from the more expensive interval is 

transferred to the cheaper one. Consider a pair ),( kj ′′  with travel costs jn

gC
′
 < kn

gC
′
 

and swap a fraction nh  of the flow n

kf ′  from k′ to j′, thus  

  1+
′
n

jf  = n

jf ′  + nh
n

kf ′     and    1+
′
n

kf  = n

kf ′  − nh
n

kf ′       (8) 

where nh  = αn(
kn

gC
′
− jn

gC
′
)/ 22 )()( jn

g

kn

g CC
′′

+  and αn is a parameter that can vary at 

each iteration n. 
Step 3:  Convergence test 

If ε =∑
=

′+ −
I

i

n

g

ni

g

n

i CCf
0

211 )(  < ε0 or n > N, let f * = f n+1 stop. Otherwise, n = n + 1 and 

go to Step 1. 
 
Clearly, the swapping rule (8) ensures that traffic is always switched from the more costly 
time interval to the less costly one and that no traffic switches between a pair of intervals at 
iteration n if the generalised travel costs corresponding to them are equal. Also, f n+1 from (8) 

is feasible if f
 n is feasible, since reallocating departure rates as in (8) ensures ∑ =

+I

i

n

if0

1 = 

∑ =

I

i

n

if
0

=D and that 1+n

if  is nonnegative for all i = 1, 2, .., I.  

In Step 3, other forms of hn may be used as long as they satisfy 0< hn <1 at least, such as 

hn = αn(
kn

gC
′
− jn

gC
′
)/( kn

gC
′
+ jn

gC
′
) for each pair ),( kj ′′ . The parameter αn should be chosen so 

that hn < 1 and normally the simplest way to ensure that is to choose 0< αn < 1.  In the later 

numerical tests we used αn = 1 and the form of hn given in step 2 above.  
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Comment 1: This method equilibrates departure rates by swapping flows between each pair 
of time intervals. A similar method is presented in [17] to search for an equilibrium solution 
by swapping flows between each pair of paths, in which it is compared with some other path 
reassignment methods for DTA, including those methods in [20] and [21]. 
 
2.3  An illustrative example of pairwise swapping 

 
This example is intended to illustrate that the above pairwise swapping method can find the 
equilibrium solution to the bottleneck problem. The scenario for this example was also used 
in the rest of the paper to investigate boundary issues under different toll profiles. This 
subsection does not present any results related to congestion charging but focuses on showing 
the ability of the pairwise swapping method to find the equilibrium solution. 
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(a) Departure and arrival rates 

0 10 20 30 40 50 60 70 80 90

5

10

15

20

25

30

35   Equilibrium travel time

  Equilibrium generalised travel cost

 t5    t4   t3  t1 tr
a

v
e
l 
ti
m

e
/c

o
s
t

time

 
(b) Travel times and costs 

Figure 3:  Profiles of solutions to the example in Sec 2.3  
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The bottleneck of interest was arbitrarily defined as being 5.25 kilometers long, i.e. L = 
5.25 km with vf

 = 0.7 km per minute and thus with the free-flow travel time being ttff = L/vf
 = 

7.50 minutes. The other parameter values for the bottleneck were defined as; kc
 = 56 vehicles 

per km and k j = 160 vehicles per km so that consequently qmax =19.60 vehicles per minute. 

Additionally, N = 15,000 iterations and ε0 = 10-6. 
The time horizon under study was defined to be [0, 90] (in minutes), and the preferred 

arrival window was [75, 85] (in minutes). The time step size utilised was 0.25 minutes, that is, 
the time horizon divided into 360 intervals. (A smaller time step size of 0.125 minutes was 
also trialed, resulting in nearly the same solution profiles as presented in this paper).    

The total demand was assumed to be 625 vehicles. Without loss of generality, the time 

parameter value was set at 1, i.e., α = 1 monetary unit per minute. In addition, β = β/α = 0.22 

monetary unit per minute and γ = γ/α = 2.00 monetary unit per minute.  
The solution profiles of this example are shown in Figure 3. It can be seen from Figure 

3(b) that there was a spike on the cost profile in the vicinity of t = 80 but the departure rates 
during the period corresponding to this spike are 0; hence the equilibrium condition (6) was 
violated. Observing the profiles of departure rates and travel costs in Figure 3 shows that all 
travellers departed during [t1, t5] in which their travel costs are identical and equal to the 
minimal travel cost. Therefore, the equilibrium condition (6) has been satisfied across the 
time horizon. In other words, the resulting solution is in equilibrium. This has shown that the 
above pairwise swapping method successfully found the equilibrium solution to this 
bottleneck problem. 

There were two sharp drops in equilibrium departure rates, as shown in Figure 3(a), at 
time t3 and t4. These were due to the acceleration fans, which arise when the downstream 
density is low and the immediate upstream traffic starts to accelerate. Accordingly, the rates 
of change in travel times had a rapid drop at t3 and t4; as shown in Figure 3(b), the change 
rates become 0 from t3 and go negative from t4. The gap between the profiles of travel times 
and generalised travel costs represents the penalties due to the earlier or later arrival.  
 
 

3  Demand peaks under congestion charging 
 
This section presents some observations on boundary issues under three types of toll profiles.  

 
The first type of toll profiles, defined as follows, allows the toll to stay at a constant 

level in the charging period [ts, te] 
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where the parameter u, representing the toll level, is a constant (in monetary unit), which also 
applies to the rest of the paper. As previously mentioned, the toll scheme in London 
congestion charging is a typical example of this type of toll profile. Our numerical 
experiments actually used the following toll profile to approximate the above one. 
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where the constant δ/2 is very small in comparison to the length of the charging period. This 

allows the toll to increase from 0 to u in [ts−δ/2, ts+δ/2] and to decrease from u to 0 in [te−δ/2, 

t
e+δ/2]. This approximation makes the toll profile at the start and end of the charging period 

[ts, te] not change suddenly from 0 to u or from u to 0, hence smoothing out the discontinuities 
of toll profiles on both ends of the charging period. Otherwise, there would be large 
fluctuations of resulting departure flow rates on both ends of [ts, t

e] which in early tests 
resulted in non-convergence of the pairwise swapping algorithm in Section 2.3. 

The 2nd
 type of toll profiles is defined below  
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in which the toll increases linearly from 0 at ts to a given maximum toll u at time tm and then 
decreases linearly to 0 at te. In the experiments presented later, tm = (ts

+t
e)/2. 

The 3rd
 type of toll profiles is defined as follows  
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As mentioned in Section 1, the second and third types of profiles may be considered as two 
abstract versions of those toll profiles implemented in Singapore and Stockholm congestion. 
 
Comment 2: In our experiments, the toll level u is specified at three levels for each type of 
toll profiles: low, medium and high, represented by u = 2, 4 and 6, respectively.  
 
3.1  Demand peaks caused by choice of charging periods 

 
Observing the solution profiles of departure rates for the example in Figure 3 shows that the 

departure rate is higher than the bottleneck capacity between the period [t2, t3] ⊂ [50, 65]. It is 
expected that a charging period should be wider than [t2, t3]. 

A trial charge was imposed on traffic departing in the period [ts, te] = [45, 65], using the 

three toll profiles in Figure 4(a), which are defined respectively by Eqs (9′), (10) and (11) 

with u = 2 for all. Other parameter values used are: for profile 1, δ = 2; for profile 2, tm = 
(ts

+t
e)/2 = 55 and for profile 3, tl = 52.5 and tr = 57.5. 
The solution profiles of departure rates and travel costs/times are given in Figure 4(b)-

(c).  
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(b) Departure rates 
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Figure 4: Solution profiles for charging period choice 
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Clearly, imposing the charge on traffic departing in the charging period [45, 65] made 
many travellers depart before the start of the charge (i.e. t = 45), so there is a boundary 
demand peak corresponding to each toll profile but none of them is higher than the bottleneck 
capacity; it should be noted that the low toll level u = 2 was used. For each toll profile, there 
is a significant drop in the resulting departure rates at t = 45; among all three solution profiles 
of departure rates, the drop corresponding to toll profile 1 is the biggest, which results from 
the biggest rate of change in the toll at or around t = 45. 

It is interesting to see no significant change in departure rates after the charge end if full 

consideration is given to the fact that toll profile 1 did not fall down to 0 until te +δ/2 =66.  
But before the end of the charge all three solution profiles of departure rates have a peak 
greater than the bottleneck capacity. All of these peaks are higher than the original peak 
without congestion charging, which is not what was expected before implementing this 
charging scheme. The primary reason could be that the charging period was too small; 
specifically the stopping end of the period should have been set to a much later moment.  

In the early stage of Singapore congestion charging, i.e. Area Licensing Scheme (ALS), 
the charging period was initially set as from 7:30am to 9:30am daily. In order to control the 
peak demand resulted from waiting to enter just after 9:30am, the charging period was shortly 
after opening extended from 7:30am to 10:15am.  Thus we extended our charging period.  

We also attempted to delay the start of the charging period and trialed charging traffic in 
the period [50, 75] and found demand peaks greater than the bottleneck capacity at the start 
end of the charging period, which called for the extension of the charging period to start from 
an earlier time. So throughout the rest of the experiments, we chose [45, 75] as the charging 
period.  It is clear that the choice of the charging subperiod is important in the elimination of 
boundary issues, but this will not be further examined within the current paper. Some 
comparative comments indicating which tolling regime may be considered most beneficial 
out of those presented are given in section 3.5. 

A final point to note in this subsection is that the solution profiles of departure rates and 
travel costs in Figure 4(b) and (c) show that the pairwise swapping method can indeed find 
the equilibrium solutions even when the toll profiles Figure 5(a), hence travel cost profiles, 
change very quickly on both ends of the charging period.  Consequently in the rest of the 
paper, we will not present the solution profiles of travel times and travel costs and that 
convergence does indeed occur may be assumed. 
 

3.2  First type of toll profiles ([t
s
, t

e
] = [45, 75], δδδδ = 4) 

 
As shown in Figure 5, the higher the toll level the more travellers chose to depart before the 
charge started or after it stopped. This is generally consistent with what we expect in setting 
up a congestion charging project, that is, using congestion charging to spread the total travel 
demand so that the road capacity can be utilized more efficiently, both spatially and 
temporally.   

To observe the boundary issues, let us look at the demand peaks of the solution profiles 
in Figure 5(b). When the toll level u is 2, the demand peaks on both ends of the charging 
period are lower than the bottleneck capacity and the demand peak inside the charging period 
was also reduced. When the toll level u increases to 4, the demand peaks on both ends of the 
charging period also increased and the demand peak inside the charging period was further 
reduced although the resulting peak was still higher than the bottleneck capacity. At this toll 
level, the demand peak at the start of the charge is slightly larger than the bottleneck capacity. 
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When the toll level continues to increase up to 6, the resulting demand peak inside the 
charging period was lower than the capacity but the demand peaks on both ends of the 
charging period were higher than the capacity.  

This shows that an excessively high toll level can produce the boundary demand peaks 
higher than the bottleneck capacity whereas a low toll level may not reduce congestion inside 
the charging period sufficiently. This implies that the choice of toll levels is a critical issue in 
congestion charging design when we use this type of toll profiles.  

The above observations also imply that, under this type of toll profiles, the use of 
congestion charging as the only transport management instrument may not entirely get rid of 
congestion (i.e. demand greater than the capacity), both inside and outside the charging 
period.  
 
 

0 10 20 30 40 50 60 70 80 90

0

1

2

3

4

5

6

7
Toll level (u)

 2 

 4 

 6 

T
o
ll 

s
iz

e

time

 
(a) Toll profiles 

0 10 20 30 40 50 60 70 80 90

0

5

10

15

20

25

30

35

Toll level

 No toll

 u = 2

 u = 4

 u = 6

D
e
p
a
rt

u
re

 f
lo

w
 r

a
te

Time

 
(b) Departure rates 

 
Figure 5: Solution profiles from the first type of toll profiles 
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3.3 Second type of toll profiles ([t
s
, t

e
] = [45, 75], t

m
 = 60) 

 

After observing the solution profiles of departure rates in Figure 6(b), it can be concluded that 
the experiments on this type of toll profiles also show that the higher the toll level the more 
travellers chose to depart outside the charging period. It is interesting to see that, for all three 
toll levels, more travellers departed before the charge started but there were no significant 
changes in the departure rates after the charge stopped.  

As the charge started to grow linearly at t = 45, the departure rates dropped quickly to a 
level below the bottleneck capacity; but as the toll started to decrease linearly at t = 60, the 
departure rates increased quickly up to a level above the capacity. As the toll continues to fall, 
the departure rates started to fluctuate and eventually dropped to a level below the capacity 
before the end of the charging period. These demand peaks under congestion charging were 
even higher than the original demand peak with no toll. The primary reason may be due to the 
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Figure 6: Solution profiles from the second type of toll profiles 
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rapid fall in the toll. This shows that if a toll profile decreases too fast, the boundary issues 
may shift from the end of the charge to a point inside the charging period. Also, the resulting 
demand peak may be higher than the original peak with no toll. There may be more than one 
demand peaks because of the fluctuation in departure rates during the period when the toll 
profile falls.  

It is interesting to see in Figure 1(b) that the toll associated with the morning peak fell 
more slowly than it rose whereas the toll associated with the evening peak fell more quickly 
than it rose. And in Figure 1(a), the toll associated with the morning peak increases to a 
maximum level and then decreases but does not fall to zero; the toll stays at this non-zero 
level; when the evening peak comes, the toll increases again up to a maximum level and then 
falls to zero. Such toll profiles would help to reduce the demand peaks inside and outside the 
charging period.  

These experiments also show that an excessive high toll level can produce the boundary 
demand peaks higher than the bottleneck capacity because the toll level of u = 6 produced a 
boundary demand peak greater than the capacity at the start of the charge.  
 
3.4  Third type of toll profiles ([t

s
, t

e
] = [45, 75], t

l
 = 55 and t

r
 = 65) 

 
One point from this experiment consistent with the experiments on the other two types of toll 
profiles is that the higher the toll level the more travelers chose to depart outside the charging 
period. This can be seen clearly in Figure 7(b), in particular before the charge started.  

The second point consistent with the previous experiments is that there were demand 
peaks just before the start of the charging, which dropped very quickly once the charge 
started.  

The third point shared by the experiments on all three types of toll profiles is that there 
were no significant changes in departure rates after the end of the charge. 

One difference between them is that the third type of toll profiles produced many more 
fluctuations in departure rates than the other two; and the higher the toll level, the higher 
demand peaks, both inside and outside the charging period. The toll level u = 6, the biggest of 
the three toll levels, produced a problematic solution profile of departure rates. First, the 
demand peaks were greater than the bottleneck capacity, both inside and outside the charging 
period. Secondly, the departure rates stayed at zero for a while when the toll reached the 
maximum. Thirdly, the demand peak before the charging end was much higher than the 
demand peak with no toll. The primary reason for this problematic solution profile of 
departure rates is an excessively high toll level, and consequently a steep profile for toll 
introduction and removal. This again shows that it is of critical importance to the success of a 
congestion charging project to choose a proper toll level.  

When the toll level u is equal to 2 or 4, there were not significant demand peaks above 
the bottleneck capacity on either end of the charging period. Before the toll reached its 
maximum, the departure rates were reduced. While the toll was falling, the departure rates 
jumped to a level above the bottleneck capacity. Again, the slower rate of decrease in the toll 
would tend to reduce the demand peaks. In Subsection 3.3, we discussed briefly the toll 
profiles given in Figure 1, which help to prevent too many people from delaying their trips 
and causing undesired demand peaks.  

We can also argue about this using the solution profiles associated with the second and 
third types of toll profiles. For each toll level u, the RHS of toll profiles of the third type 
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decrease much faster than that of the second type and the resulting most-right demand peak 
from the third type of toll profile was much higher than that from the second type.  

 
3.5 Toll profile assessment 

 
Whilst further examination of the choice of charging sub-period is a requirement for ongoing 
work, here we present a preliminary assessment of the relative benefits of the charging 
schemes presented in sections 3.2-3.4.  Figure 8 shows the total travel times, total schedule 
delay costs and total tolls collected under each of the toll levels (low/mid/high) for each type 
of profile considered.  It may be seen that each type of tolling profile has a potentially 
beneficial effect on total travel time for the system; all three profiles showing reductions in 
total travel times as the tolls where increased from 0 to 2 (low level) and to 4 (mid level).  
Whilst corresponding increases to the total schedule delay may be observed, the ratio of the 
rate of change in total travel time to total schedule delay is greater than 1 (indicating that 
increasing the toll to such levels is beneficial).  When the toll was increased up to 6 (high 
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Figure 7: Solution profiles from the third type of toll profiles 
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level), for the third type of toll profile (trapezoidal), the total travel time increased, so it would 
not be beneficial to increase tolls to this level under this profile.  For the first and second toll 
profile types (fixed and triangular), the travel times continued to fall when the toll was raised 
to the highest level considered, but the relative benefit of this change was reduced, the ratio of 
the rate of change of total travel time to total schedule delay only being of the order of 0.3 
(significantly less than unity).  
 

 
 

4.  Concluding remarks 
 
In summary, the purpose of this paper is twofold. One is to highlight and consider boundary 
issues arising from congestion charging when using the dynamic equilibrium analysis 
approach in a bottleneck scenario and the other is to examine implications for design and 
implementation of congestion charging projects in the future. To accomplish this goal, we 
formulated a unique bottleneck model composed of two parts: one is a link with a limited 
capacity and the other is a deterministic queue model at the entry of the link, in which the 
queue exists only when the departure rate is greater than the receiving capacity of the 
downstream link.  

Firstly, we investigated the choice of the charging period. It is shown numerically in 
Subsection 3.1 that a small charging period can cause serious boundary issues, which produce 
much higher demand peaks than the bottleneck capacity. 

The second point attracting our attention was toll levels. It is found that an excessively 
high toll level can produce a boundary demand peak higher than the bottleneck capacity and 
could also reduce the departure rates inside the charging period to a level that is unexpectedly 
low.  
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Thirdly we were aware of the rate of change in tolls over the time, in particular the 
decrease rate. The preliminary observations suggest that a slower rate of decrease in the toll 
tend to produce a lower demand peak.  

Finally, none of the toll profiles tested in this paper produced a departure rate profile 
entirely below the bottleneck capacity across the time horizon.  A possible reason for some of 
the peaks in the profiles presented here may be the assumption of perfect knowledge utilised 
throughout, it may be that a stochastic formulation allowing for user uncertainty would reduce 
the severity of the departure time peaks observed.  

Further, it is expected to be more efficient to implement a congestion charging project 
together with other transport policy instruments, such as traveller information provision, 
improved public transport services and other demand management tools.   

In this paper, it is assumed that all travellers have the perfect information about traffic in 
the bottleneck and that the total demand within the time horizon is fixed. One direct extension 
to this paper is to investigate the impacts of congestion charging on equilibrium behaviour in 
a bottleneck scenario under the assumption that travellers have different abilities to perceive 
travel times or costs. Another immediate extension is to analyse the boundary issues in a 
bottleneck scenario with variable demand.  Both extensions are the subject of ongoing work.  
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Abstract 

Travel time reliability plays an important role in choice behaviors (mainly on departure time 

choice, route choice and mode choice behaviors). These choice behaviors play a crucial role in a 

Dynamic Traffic Assignment (DTA) model. Therefore, a good model is needed to describe travel 

time reliability in such a way that it can be used for DTA. A new insight into travel time 

reliability has been proposed to be applied in DTA, in which the travel time reliability includes 

two attributes: travel time uncertainty and probability of traffic breakdown, computed as the sum 

over the products of the travel time uncertainty and the corresponding probabilities of traffic 

breakdown. In this paper, the application of the reliability model in a reliability-based DTA is 

presented. A simple dual-route network is considered in the application putting emphasis on the 

route choice and the departure time choice behaviors with and without reliability in the DTA 

model. The calculation for this small network shows the reliability model can be easily integrated 

into the simple assignment and the DTA experiments yield plausible and face-valid results. 

 

Keywords: travel time reliability, uncertainty, probability of traffic breakdown, dynamic traffic 
assignment 
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Introduction  

 

In order to be able to make forecasts about future traffic conditions on transport networks, to 

compare scenarios of different infrastructure investments, or to estimate effects of traffic 

management measures, policy makers and transport planners rely on tools such as traffic 

assignment models. The outcomes of a traffic assignment model include the route split 

proportions, the traffic flows, and the travel times and costs on the network. The interdependence 

among travel costs, travel times, travel time reliability, flows, and the processes in the traffic 

assignment models are illustrated in Figure 1. Route and departure time choices play a crucial role 

in a traffic assignment model and it is known that these choices do not only depend on expected 

travel time, but also on travel time reliability. In this respect, travel time reliability contributes to 

the utility function, thus directly influence route choice [1] and departure time choice ([2], [3]). 

Therefore, a good model is needed to describe travel time reliability in such a way that it can be 

used for traffic assignments. Furthermore, the policy makers and transport planners like to know 

the influences of traffic control measures or road geometry on travel time reliability. A model 

that describes the influences of certain conditions on travel time reliability can help making 

decisions on measures to improve travel time reliability. 

 

Travel times

Travel time reliability
Other travel costs

Route and departure time choice

Flows

 

Figure 1 Interdependence between traffic processes and choice variables in the traffic assignment 
model 

 

In this paper, an empirical underpinned travel time reliability model is proposed to be applied in 

dynamic traffic assignment model. This paper is organized as follows. The following section 

briefly presents the travel time (un)reliability model. The next section explores the applicability 

of this reliability model in traffic assignments. Thereafter, a simple test network will be described 

and some preliminary experimental results will be presented. This paper closes with conclusions 

and directions for further research. 
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Travel time reliability model 

 

A travel time reliability model should have sufficient credibility (or validity) [4]. A first validity 

requirement is that the parameters in the model should be logically related to the characteristics 

of the system. This is called ‘content validity’. Travel time unreliability is the result of traffic 

flow operations, which in turn is governed by the fluctuations in both traffic demand and supply 

characteristics, like road geometry, weather conditions, traffic accidents, population 

characteristics etc. Since in the traffic assignment process (Figure 1) the result of route and 

departure time choices becomes visible as flows on the links, the travel time reliability model 

should have parameters that include at least the inflow of a path. It is known that if there are no 

flows on the road, there are no travel time unreliability problems. In this sense, traffic flow is 

apparently an important factors (probably the most important one) influencing travel time 

reliability. Thus, the (in)flows can be considered as the principal parameter in the travel time 

reliability model. Furthermore, the geometry of the road, the traffic control measures, the 

conditions that have a considerable impact on travel time reliability but are not controllable, like 

the weather conditions [5], should be included in the model as well. Therefore, the reliability 

model can be regarded as a function of inflow levels given certain conditions, as following: 

 ( ), , , ,  |
r w c a oin f f f f fTTR f q=  (1) 

in which 

 TTR = Travel Time Reliability 

 qin = Traffic flow (inflow) 

 fr = Road geometry 

 fw = Weather conditions 

 fc = Traffic control measures 

 fa  = Accidents 

 fo = Other factors 

 

For simplicity only one inflow is included in the model. The reason for that is that inflows from 

ramps are often proportional to the main inflow and that it would be very difficult to calibrate a 

more generic model from empirical data.  

Many different definitions for travel time reliability exist, and subsequently also different 

quantifiable measures for travel time reliability in a transportation network or corridor have been 

proposed (refer to, for example, [6], [7]). What these measures have in common is that in general 

they all relate to properties of the (day-to-day) travel time distribution, and particularly to the 

shape of this distribution. In other words, these reliability measures refer to the variability in 

travel times. However, travel time reliability does not only rely on the variability (or uncertainty) 

in travel times, but also on the stability of travel times [8]. Travel times are unreliable if (a) travel 

time is uncertain, (b) travel time is currently certain yet unstable and is likely to change the next 

moment, or (c) the consequences of instability are severe. Consequently, Tu et al. [8] clarified the 

attributes of travel time reliability and established a new travel time reliability model. The 

investigation of travel time unreliability is the process of quantifying these two elements. 

Whether a driver will experience traffic breakdown is seen as a risk. Risk is then characterized by 
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two quantities: the probability (likelihood) of occurrence of breakdown and the associated 

consequence (magnitude). A (Conceptual) Travel Time Reliability (CTTR) model is proposed, 

which is computed as the sum over the products of the consequences (variability or uncertainty) 

and the corresponding probabilities of traffic breakdown (Eq. (2)). 

 ( )( ) ( )( ) ( )( ) ( ) ( )( )1 br f br j

in r in r inTTUR q k p k TTV q k p k TTV q k= − × + ×  (2) 

in which 

( )( )inTTUR q k  =  travel time unreliability for a given inflow rate  inq  at time instant k 

( )br

rp k  =  probability of traffic breakdown given an inflow level inq  at time 

instant k 

( )( )f

inTTV q k  =  travel time variability before breakdown given an inflow level 
inq  at 

time instant k 

( )( )j

inTTV q k  =  travel time variability after breakdown given an inflow level 
inq  at 

time instant k 

Application of the CTTR model on a large datasets of empirical data under different 

circumstances consistently reveals that the CTTR model as a function of the inflow under all 

circumstances follows a monotonically increasing convex curve, much like the well-known BPR 

(Bureau of Public Roads) travel time functions which are widely used in DTA models. Therefore, 

Tu [9] developed a BPR-like analytical formula (Eq. (3)) for travel time unreliability, the so-

called TLZ (Tu, van Lint, van Zuylen) reliability function (Eq. (3)), which approximates the 

CTTR function accurately. This TLZ function contains just three parameters, which are a function 

of road geometry, weather, and the other above mentioned factors affecting travel time 

unreliability. These parameters can be easily calibrated on the basis of empirical data. One of the 

parameters of the TLZ function is the critical travel time reliability inflow λttr. Below λttr travel 

time unreliability is low; but above λttr, travel time unreliability sharply increases with rising 

inflows. 

 ( )( )
( )

0 1
in

in

ttr

q k
TTUR q k TTUR

γ

β
λ

  
 = +     

 (3) 

in which 

( )( )inTTUR q k  =  travel time unreliability for a given inflow rate  
inq  at time instant k 

( )inq k
 =  the assigned route inflow rates at time instant k 

TTUR0 =  free flow travel time unreliability 

ttrλ  =  critical travel time unreliability inflow 

,β γ  =  parameters 
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Applicability in traffic assignments 

 

Due to the stochastic supply and demand, the travel condition varies within-day and over days. 

The unreliability of travel time have a large influence on traveler's choice behavior and should be 

included in traffic network modeling as an important factor. It is well known that a variety of 

travel time functions nowadays are available and can be directly used in traffic assignment 

models to determine route choice or departure time choice based on travel times. Travel time is 

the main component in the utility function to model traveler’s choice behavior [10]. As discussed 

above, travel time reliability is another crucial component influencing travelers' choice behavior. 

Over the past decade, DTA concerned travel time reliability has been studied by many authors 

(e.g. [3],  [11], [12], [13]). Liu et al. [12] proposed a stochastic dynamic user optimal model 

based on stochastic dynamic network with the assumption that route travel times are variable. 

The link travel time has two components: one is the deterministic flow-dependent travel time and 

the other one is the stochastic delay which is modeled as a non-negative normal distribution. The 

proposed model captured the traveler’s route choice characteristics such that a trade-off between 

a route with longer but reliable travel time versus another route with shorter but unreliable travel 

time. Hollander and Liu [13] investigated the outputs of each single run of a Traffic 

Microsimulation Model (TMM) as estimates of traffic conditions on a single day. Running a 

TMM multiple times gives a range of travel time changing, are specified as a distribution and the 

TMM draws different values from this distribution in every run. Li et al. [3] claimed that under 

stochastic networks, modeling departure time choice is more important than modeling route 

choice. They assumed that the cost function for modeling travelers’ departure time and route 

choice behavior is composed of three parts: expectation of travel time at any departure time t, 

expectation of schedule delay at time t and travel time reliability component which is represented 

by the standard deviation of travel time distribution at time instant t. Stochastic travel times are 

due to stochastic capacities in their research. The above studies with respect to the travel time 

reliability either assume travel times as a certain distribution like normal distribution or derive the 

travel time reliability like standard deviation of travel times from the simulations. Thus it is not 

directly doable to model travel behavior incorporating travel time reliability, especially in traffic 

assignments. It would be quite promising when some travel time reliability function could be 

available to facilitate traffic assignment with more accurate estimation or prediction of real traffic 

conditions. This paper provides these possibilities to model travel time reliability directly, which 

can monitor traffic information on reliability, as well as facilitate the reliability-based traffic 

assignment. 

The cost function is assumed to be composed of a linear combination of  travel time, travel time 

reliability, and schedule delay. Generally, we have a time dependent travel time function on a 

link level ( )( ),a a at q k C  as a function of time dependent link volume and link capacity. Where 

( )aq k is the volume on link a at time instant k and 
aC  is the capacity of link a. In order to 

compute the route travel time ( )( )r int q k we have to know the link travel times ( )at τ , where 

τ denotes the time instant for vehicles departing at k entering link a on route r. Travel time is 
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additive by nature. Hence, the route travel time ( )( )r int q k  have an additive structure such that 

they can be computed by adding the link travel times ( )at τ on the consecutive links: 

 ( )( ) ( ) ( )( )od

r in a a ar

a r a r

t q k t t kτ θ
∈ ∈

= =∑ ∑  (4) 

in which ( )( )r int q k  is the actual travel time on route r when departing at time instant k ( )od

ar kθ  is 

the time instant at which vehicles enter link a when traveling along route r from o to d and 

departing at the origin at time instant k. 

For the time instant of departure we take the middle of the time interval, (k-0.5)η, such that for 

the first link on the route r: 

 

 ( ) ( )0.5od

ar k kθ η= −  (5) 

 

where η is the duration of the departure time interval. 

We define the operator ⋅  as the mapping from time instant to time interval by just looking in 

which time interval the time instant lies. For all links (except for the first link) on route r we 

compute ( )od

ar kθ as 

 

 ( ) ( ) ( )( )1, 1 1,

od od od

ar a r a a rk k t kθ θ θ− − −= +  (6) 

 

The route cost function incorporating travel time reliability can be formulated as: 

 

 
( )( ) ( )( ) ( )( )

{ } { }1 2                   max 0, max 0,

r r r

r in r in in

r

c q k t q k TTUR q k

ESD lSD

α β

γ γ ε

= × + ×

+ × + × +
 (7) 

 

in which 

( )( )r

r inc q k
  = travel cost on route r when departing at time instant k for a given   

inflow 
r

inq  

,α β  = weights for travel time and travel time unreliability, the 

    so-called taste preference 

( )( )r

inTTUR q k = travel time unreliability on route r when departing at time 

   interval k for a given inflow ( )r

inq k  

ESD =early schedule delay when departing at time interval k 

LSD =late schedule delay when departing at time interval k 

rε  = the error term, accounting for model noise 



7 

 

The TLZ reliability function (see Eq. (3)) can be applied in traffic assignments just as the travel 

time. All the parameters can be calibrated from the empirical data while the inflow is a parameter 

that is determined by the assignment. Therefore, the reliability function can be easily embedded 

in the traffic assignment model. According to dynamic user equilibrium principle, reliability-

based departure flow pattern can be derived by applying the proposed cost function in the DTA. 

 

Test network 

 

To illustrate the model applied in dynamic traffic assignments, a simple network has been studied 

as a first example. The proposed travel time reliability model (TLZ function) is applied to a small 

hypothetical two-link network (see Figure 2) with a single OD pair (o,d). Table 1 shows the free 

flow travel times and other characteristics of the two links. The dynamic (reliability-based and 

non-reliability based) traffic assignment model [3] is used for computing a dynamic user-

equilibrium using the above proposed cost function. The base OD travel demand is 2000 veh. 

The same preferred arrival time of PAT=50 is applied in both cases with and without modeling 

travel time reliability. The TLZ reliability function is used in the utility (cost) function of the 

traffic assignment model. 

o d

Link 1 (route one)

Link 2 (route two)  

Figure 2 A two-link network with a single OD pair 

 
Table 1 Link characteristics 

 Free flow travel 

time (minutes) 

Link length 

(km) 

Capacity 

(veh/h) 

Maximum 

speed (km/h) 

Link 1 5 10 1800 120 

Link 2 6 10 2100 100 
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The reliability-based dynamic traffic assignment underscores the importance of knowing how 

travel time and its reliability are valued by travelers. Many qualitative and attitudinal studies of 

travel choice behavior have found that the reliability are rated by users as a very important 

feature, affecting both their perceptions and levels of user of the different modes (see e.g. [1], 

[14],[15], [16], [17], [18]). De Jong et al. [18] recommended the value of (un)reliability (the 

standard deviation of travel times) is for car travel 0.8, for public transport 1.4 and for freight 

transport 1.24. Yet, travelers seem to value more highly a reduction in variability than in the 

mean travel time for a journey (for example, [14],[16]). Although these studies took standard 

deviation as the indicator of travel time unreliability and they reported different values on travel 

time reliability, the value of travel time α=1 and the value of (un)reliability β=1.2 in the cost 

function of the DTA (Eq.(7)) are used for the simplicity sake. Whether the value β of standard 

deviation is valid for the percentile travel time should be further studied. 

 

Results of the test network 

 

Figure 3 presents a comparison of the long term equilibrium departure flow patterns with and 

without modeling travel time reliability. It can be seen that the departure patterns are significantly 

different with or without including travel time reliability in the utility (cost) function. Travelers 

depart earlier or later when they consider travel time reliability as part of the travel cost, since 

they attach a safety margin for their travel times. This finding also confirms the conclusions of 

[3], who conducted an analytical investigation of strategic departure time choice under stochastic 

capacities using Vickrey’s bottleneck model and found that travelers compensate for the 

unreliability by departing earlier. 

Travel time unreliability affects route choices as well. Given the same inflow level, travel times 

on route two are less reliable than on route one. 50.5% travelers choose route two when they do 

not include reliability in the utility function while 51.9% travelers choose route two when they do 

include reliability in the utility function. Thus, travelers in the model indeed prefer the more 

reliable route (Figure 4). Of course the weight given to travel time reliability determines this 

behavior, but still it is clear that the avoidance of risks in departure time and route choice has an 

important influence on the network loading. 
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Figure 3 Departure flow patterns with and without reliability in the dynamic traffic assignment 
model 
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Figure 4 Unreliability as a function of departure time in the dynamic traffic assignment model 
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Conclusions 

 

Assessment of the role of travel time unreliability in both route choices and departure time 

choices and its impact on a network level has been done by assigning the traffic to a network, 

taking into account that travelers attach a certain value to travel time (un)reliability, next to travel 

time itself. This reliability cost component in the route and departure time choice models can be 

easily based on the TLZ reliability function developed in this paper. This TLZ reliability function 

is regarded as a function of inflow with a crucial parameter λttr. The inflow can be directly 

obtained from outputs of the traffic assignment models and the λttr is regarded as a function of 

factors like road geometry, traffic control measures etc, all of which are also available in a DTA 

context. Since travel time reliability plays an important role in travel choice behaviors, the 

reliability-based DTA model potentially has a higher face-validity than DTA without 

incorporating travel time reliability. In a preliminary study, we tested the TLZ reliability model in 

a DTA model with a simple dual route network, where we set the λttr parameter to values based 

on the empirical results obtained in this paper. The DTA experiments yield plausible and face-

valid results, which confirm that the TLZ model can be easily integrated in the assignments. 
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A graph-based formulation for the multiple destinations

dynamic traffic assignment problem
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Abstract

Recently, the authors proposed an exact-based formulation the single destination dynamic

traffic assignment (SD-DTA) problem consistent with the hydrodynamic flow theory. This

formulation was based on a variation of the cell transmission model (CTM), and labelled as

the graph theoretic CTM (GT-CTM). The GT-CTM reduced the complexity of the SD-DTA

problem to that of a minimum cost flow problem, thereby providing direct linkage between

DTA and graph theory. In this paper, we start with a synopsis of the GT-CTM for the single

destination case and then extend it in three simple methodological steps for the multiple

destination case. The importance of the resulting formulation is that it has a new expanded

graph representation, which classifies it to the well-known class of mixed-integer multi-

commodity network design problems. Special implementation details are examined as the

complexity of this formulation is significant, and different solution methodologies are

proposed, mainly from the network optimization domain.

Keywords: cell transmission model, multiple destinations, FIFO, graph theory



1 Introduction

Recently, a graph-based formulation was proposed by the authors [1] for the single

destination dynamic traffic assignment (SD-DTA) problem. It is a graph theoretic extension

of the cell transmission model (CTM) [2], [3], and labelled the graph theoretic cell

transmission model (GT-CTM) [4]. The key characteristics of the GT-CTM are its simple

graph theoretic representation of the cell (Figure 1), which allows the application of fast

algorithms from the graph theory domain [5], and its consistency with the LWR traffic flow

model [6], [7]. However, the single destination version of the GT-CTM is limited to SD-DTA

problems (e.g. the evacuation planning problem). The study of the more general multiple

destinations dynamic traffic assignment (MD-DTA) problem requires the satisfaction of the

First-In-First-Out (FIFO) property which cannot be captured in the existing graph theoretic

representation of the cell.

In the current study, the GT-CTM is formulated with the FIFO property, which enables

the modelling of MD-DTA problems. This is done by modifying the graph theoretic

representation of the cell (Figure 1) in three simple methodological steps. In the first step,

each origin-destination (OD) pair is assigned a set of routing variables. The topology of the

graph theoretic representation remains the same for each OD pair (Figure 2) and capacity

sharing bounding constraints apply. Although there is no specific mechanism for

“memorizing” the time of entrance of vehicles in a cell, the FIFO property is “softly”

observed [8]. In the second step, the time of entrance for all vehicles is “memorized” by

expanding graphically the new cell representation (Figure 2) across the set of delay time

intervals in a cell, resulting in the graph theoretic representation shown in Figure 3. However,

the FIFO property is not yet guaranteed as vehicles can exit the link arbitrarily. In the third

and final step, the FIFO property is satisfied by prioritizing the exit of the delayed vehicles in

the cell in the order in which they are delayed. These priority rules are analytically

represented through additional binary variables and linear constraints. The graphical

interpretation of the priority rules is that for each pair of intersecting arcs (Figure 3), at most

one arc is allowed to have non-zero flow. In summary, the three step methodology results in

the graph theoretic representation (Figure 3) which has an increased number of variables and

constraints but retains the advantages of a graph structure, while ensuring the FIFO property.



Most existing applications involving the CTM focus on single destination problems due to the

complexity associated with ensuring the FIFO property for the multiple destination problem.

The current study contributes by providing this capability so as to address the more

generalized multiple destination problems that arise in the real world.

The mathematical programming formulation for the MD-DTA problem arising from the

proposed approach belongs to the class of mixed-integer multi-commodity network design

problems with side constraints. Certain physical and mathematical properties of the model are

exploited to reduce the computational burden. The FIFO property is not a modelling

consideration when vehicles spend exactly one time interval in a cell (whose length is defined

by free-flow speed). Hence, cells with such traffic patterns are expanded only as presented in

Figure 2 (application of methodological step 1 only). Further, we use information on expected

cell-level delays to pre-specify the numerical value of the binary variables. The problem is

then reduced to a multi-commodity minimum cost flow problem with capacity sharing

bounding constraints. For this problem, a Lagrangian relaxation of the capacity sharing

bounding constraints decomposes the problem to multiple independent instances of the well-

known minimum cost flow problem [5].

The rest of the paper develops the formulation for the multiple destinations problem. It

starts by summarizing the GT-CTM formulation for the single destination case in Section 2.

Section 3 develops the GT-CTM formulation for the MD-DTA problem and proposes

mechanisms to address the complexity arising from the FIFO property. Section 4 provides

some concluding comments.

2 GT-CTM for the single destination case

This section summarizes the SD-DTA formulation based on the GT-CTM [1]. It provides the

conceptual and analytical starting point for the transition to the multiple destination case.

The network is represented by the set of cells i C , and the set of cell connectors

j E . In CTM, a cell belongs to one of three cell types: the subset of origin cells RC C

(source cells), the subset of destination cells SC C (sink cells), or the subset of intermediate

cells GC C . However, for simplicity and without loss of generality, we will use the

generalized cell representation in Figure 1 which captures all three cell types [4]. The set of



the successor cells of cell i C is ( )i and the set of the its predecessor cells is 1( )i . The

maximum occupancy of a cell i C in time interval t T is t
iN , and the maximum inflow or

outflow is t
iQ for cell i C in time interval t T . The capacity of a cell connector j E in

time interval t T is t
jq . The constant discretization time interval is  . The number of

vehicles entering the network at source cell Ri C in time interval t T is t
id (network

inbound flow), and the number of vehicles exiting the network at destination cell Si C in

time interval t T is t
ib (network outbound flow).

The variables of the model are the number of vehicles t
ix in cell i C in time interval

t T , and the number of vehicles t
jy routed by cell connector j E in time interval t T .

The total number of vehicles that advance into cell i C in interval t T is t
IN iy , which is by

definition equivalent to the sum of the flows 1t
jy  of the incoming cell connectors  j i .

Accordingly, the total number of vehicles in cell i C in interval t T that advance to the

next cells is t
OUT iy , which is by definition equivalent to the sum of the flows t

jy of the

outgoing cell connectors  j i . The number of vehicles in cell i C in interval t T that

do not advance to the next cells is t
iz , and it is equal to the difference between the total

number of vehicles t
ix in cell i C in time interval t T minus the number of vehicles t

OUT iy

in cell i C in time interval t T that advance to the next cells. All variables are non-

negative real numbers.

The constraints of the formulation are summarized here:

 1

1t t
IN i j

j i

y y






  ,i C t T    (1)

1t t t t
i i IN i ix z y d   ,i C t T    (2)

t t t t
i i OUT i ix z y b   ,i C t T    (3)

 

t t
OUT i j

j i

y y


  ,i C t T    (4)

t t
IN i iy Q ,i C t T    (5)

t t
i ix N ,i C t T    (6)



t t
i iz N ,i C t T    (7)

t t
OUT i iy Q ,i C t T    (8)

t t
j jy q ,j E t T    (9)

, , 0t t t
i j ix y z  , ,i C j E t T      (10)

Constraints (1) to (4) are the mass balance constraints. They correspond to the mass

balance equation of each of the four nodes (read from left to right) in the generalized cell

representation of Figure 1.

The mass balance constraint at the cell level for incoming traffic from outside the cell is

constraint (1), for incoming traffic at nodes within the cell is constraint (2), for outgoing

traffic at nodes within the cell is constraint (3), and for outgoing traffic from the cell is

constraint (4). Constraints (5) to (9) are the arc capacity constraints, and constraints (10) are

the non-negativity constraints. Constraint (5), (6), (7) and (8) provide a “hard” upper bound

on the total inflow, the number of vehicles, the total number of congested vehicles, and the

total outflow in a cell, respectively. The number of vehicles propagated by a cell connector is

bounded as illustrated in constraint (3).

The generalized objective function is:

 1 2 3 4 5
t t t t t t t t t t
i i i IN i i OUT i i i j j

t T i C j E

c x c y c y c z c y
  

 
         

 
   (11)

where the weights of the flows in the objective function are selected appropriately for

modelling the SO [9] or the UE [10] objective.

3 GT-CTM for the multiple destination case

3.1 Methodology and formulation

In this section, the single destination GT-CTM is extended to the multiple destinations case.

The transformation is performed in three simple methodological steps, as stated in Section 1.



3.1.1 Extension to multiple destinations

In the first methodological step, we expand the single destination routing variables t
ix ,

t
IN iy , t

OUT iy , t
iz , and t

jy , and the routing parameters t
id and t

ib , for each OD pair k K . The

new routing variables are t
ikx , t

IN iky , t
OUT iky , t

ikz , and t
jky , and the new routing parameters are

t
ikd and t

ikb . The graph structure of Figure 1 remains the same for each OD pair, as seen in

Figure 2, which implies that the mass balance constraints (1)-(4) are rewritten independently

for each OD pair k K as follows:

 1

1t t
IN ik jk

j i

y y






  , ,i C t T k K     
(12

)

1t t t t
ik ik IN ik ikx z y d   , ,i C t T k K     

(13

)

t t t t
ik ik OUT ik ikx z y b   , ,i C t T k K     

(14

)

 

t t
OUT ik jk

j i

y y


  , ,i C t T k K     
(15

)

However, vehicle flow of different OD pairs has to share the same cell and cell

connector capacities t
iN , t

IN iQ , t
OUT iQ , and t

jq . Therefore, the capacity constraints (5)-(8) are

the bounding capacity constraints, which preclude solving for multiple independent minimum

cost flow problems. The new capacity constraints are:

t t
IN ik i

k K

y Q


 ,i C t T    (16)

t t
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x N


 ,i C t T    (17)

t t
ik i

k K

z N


 ,i C t T    (18)

t t
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y Q


 ,i C t T    (19)

t t
jk j

k K

y q


 ,j E t T    (20)

Many multi-commodity minimum cost flow problems have a set of constraints

equivalent to (12)-(20), whether they originate from the general network flow theory [5], or



the CTM-related literature [8]. Some of the literature [8] suggests that in such problems, the

FIFO property is “softly” observed, where “softly” implies that there are no incentives for

FIFO violations. However, in reality, under high traffic densities, the possibility of vehicles

overtaking others may not exist. This suggests the need to consider an explicit mechanism for

ensuring the FIFO property strongly. The “strong” satisfaction of the FIFO property will be

ensured after the transformations of the second and the third methodological steps.

3.1.2 Time of entrance and exit

In the second methodological step, the graph structure is expanded along with the

appropriate variables as depicted in Figure 3 so that the time of entrance and exit is inherently

identified in the graph-based cell representation. In order to provide a comprehensive

transition to the new graph structure, we will first describe the new variables and then explain

the intra-cell vehicle flows ( t
ikx , t

ikz ) directly from Figure 3.

The routing variables t
ikx , t

ikz , and t
OUT iky are expanded for the set of   delay time

intervals, where  is the number of time intervals that a vehicle has spent in the cell. The new

intra-cell routing variables are: i) the number of vehicles t
ikx  of OD pair k K in time

interval t T that have been present in cell i C for   time intervals (entered the cell in

time interval t  ), ii) the number of vehicles t
OUT iky  of OD pair k K in time interval t T

that have remained in cell i C for   time intervals (entered the cell in time interval

t  ) and will propagate to the next cells, and iii) the number of vehicles t
ikz  of OD pair

k K in time interval t T that have remained in cell i C for   time intervals

(entered the cell in time interval t  ) and will not propagate to the next cell.

The corresponding mass balance equations are read in physical terms directly from

Figure 3. The following description is the same for all OD pairs k K . Initially, a set of

vehicles t
IN iky enters a cell i C in time interval t T . Then, by adding the network inbound

demand t
ikd at the same cell i C and time interval t T , we have the number of vehicles

1t
ikx in time interval t T that have been present in cell i C for 1 time interval. The

corresponding constraint is:



1t t t
IN ik ik iky d x  , ,i C t T k K     

(21

)

Then, some 1t
OUT iky vehicles out of the total 1t

ikx vehicles will propagate to the next cells, and

the rest 1t
ikz vehicles will remain in the same cell. The 1t

ikz vehicles will be equal to the

vehicles  1 2t

ikx 
in the next time interval  1t T  that have been present in the same cell

i C for two time intervals. The corresponding constraints are:

1 1 1t t t
ik OUT ik ikx y z  , ,i C t T k K      (22)

1 2t t
ik ikz x , ,i C t T k K      (23)

Generalizing constraints (21) and (22) for the rest of delay time intervals   , we get:

t t t
ik OUT ik ikx y z    , , ,i C t T k K        (24)

  1 1tt
ik ikz x    , , , 1, 1i C t T k K            (25)

For vehicles that delay in the cell beyond the last  consecutive time intervals, the FIFO

property is not satisfied among them, although it still holds for them relative to vehicles that

have spent less than  time intervals. This issue will not be of concern if  is

appropriately selected to be large enough for specific cells. The corresponding constraint is:

 11 tt t

ik ik ikz z x     , ,i C t T k K      (26)

Finally, the total outflow t
OUT iky from cell i C in time interval t T is equal to the sum of

outflows t
OUT iky  that come from the different delay time intervals   minus the network

outbound demand t
ikb . The corresponding constraint is:

t t t
OUT ik ik OUT iky b y



  , ,i C t T k K      (27)

The second methodological step is completed by rewriting capacity constraints (17) and

(18) following the expansion of the routing variables:

t t
ik i

k K

x N

 

 ,i C t T    (28)

t t
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k K

z N

 

 ,i C t T    (29)



3.1.3 “Strong” enforcement of the FIFO property

In the third methodological step, we establish the FIFO property strongly. To control the

exiting priorities among vehicles in the same cell, we introduce the following binary

variables: i) t
is  controlling whether vehicles t

OUT iky  that have been in cell i C in time

interval t T for   time intervals are allowed to exit the cell  1t
is   or not  0t

is   ,

and ii) t
if
 controlling whether vehicles t

ikz  that have been in cell i C in time interval t T

for   consecutive time intervals are allowed to remain in the cell  1t
if
  or not

 1t
if
  . Therefore, the corresponding capacity constraints are:

t t t
OUT ik i i

k K

y s Q 



  , ,i C t T      (30)

t t t
ik i i

k K

z f N 



  , ,i C t T      (31)

The special relations between the t
is  and the t

if
 binary variables originate from the

definition of the FIFO property. Therefore, if vehicles are allowed to exit after   time

intervals  1t
is   , the vehicles that have waited for one more time interval  1   have

to be allowed to exit the cell   1 1t

is    . Furthermore, if vehicles are allowed to exit after

  time intervals  1t
is   , then no vehicle that has waited for one more time interval

 1   can be allowed to remain in the cell   1 0t

if
   . The corresponding constraints

are:

 1tt
i is s   , ,i C t T      (32)

 1 1tt
i is f    , ,i C t T      (33)

Interestingly these relations have a graph interpretation in Figure 3. Vehicle flow is allowed to

at most one of each pair of intersecting arcs.

Finally, the generalized objective function for the multiple destination case becomes:

 1 2 3 4 5 6min t t t t t t t t t t t t
ik IN i ik ik ik OUT ik ik OUT ik i ik jk jk

k K t T i C j E

w y w x w y w y w z w y    

   

 
           

 
   (34)



where the new weights w are selected appropriately for modelling the SO [9] or the UE

[10] objective.

In summary, the GT-CTM formulation for MD-DTA with “strong” enforcement of the FIFO

property consists of objective (34), constraints (12), (15)-(17), (19)-(21), (24), (25), (27) and

(30)-(33), which are renamed from (35) to (48), respectively, and the individual variable

constraints (49) and (50):
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3.2 Solution methodology and implementation details

The proposed formulation for MD-DTA (34)-(50) is a mixed-integer multi-commodity

network design formulation with linear constraints, which is NP-Hard. However, the linear

minimum cost flow sub-structures (multiple commodities) make the formulation an

appropriate candidate for the application of decomposition techniques (such as Benders), or

the Lagrangian relaxation of the capacity bounding constraints. Hybrid heuristic approaches

may also be of interest. For example, genetic algorithms may be used for the estimation of the

binary variables (which in physical terms have a one-to-one correspondence with the actual

delay on a link) followed by addressing the resulting linear formulation with the

decomposition techniques.

Other sources of computational complexity are the existence of large number of binary

and routing variables, especially after their expansion for all delay time intervals. Hence, a

“brute” application of the formulation to even small networks will most likely result in

computationally cumbersome instances. Therefore, we propose some special implementation

details which will improve the applicability of the formulation. The most important one is that

the MD-DTA GT-CTM formulation should be expanded to account for the FIFO property

(steps 2 and 3) only for those cells and time intervals in which delays occur. If traffic

propagates at free-flow speed then all vehicles have the same “optimal” speed and the FIFO

property is redundant. Moreover, if estimated or real-time information on traffic delays are

historically known or provided on-line, then: i) the time-expansion (in terms of delay in a cell)

will be the minimal, ii) the binary variables will be reduced.

4 Conclusions and extensions

The proposed graph-based formulation extends the applicability of the GT-CTM from

the SD-DTA to the broader and more complex MD-DTA class of problems. The GT-CTM’s

underlying graph theoretic structure is exploited for the potential deployment of efficient

solution methodologies. The same transformation process can be the basis for modelling

multiple user classes by focusing on behaviour of drivers. In future research, we will address

the applicability of the GT-CTM on a DTA simulation environment for near real-time

applications.
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Abstract 

This paper formulates the traffic assignment problem from a dynamical system approach. 
User equilibrium is realised as the steady state in day-to-day traffic dynamics. The dynamic 
equilibrium solution is shown to be identical to the equilibrium solution in a static model. The 
advantage of this dynamic approach is that it enables the analysis on equilibrium stability and 
attraction domains, as well as how disequilibrium states evolve towards equilibrium. These 
are important issues for the identification of the prevailing equilibrium in the long run, and for 
dynamic traffic management. This paper shows how the attraction domain can be determined 
or estimated. Moreover, the simultaneous route and departure time choice problem in the day-
to-day setting is also formulated.  

Keywords: day-to-day traffic dynamics, stability, attainability, attraction domain, 
simultaneous route and departure time choice  

1 Introduction 

Travellers who make repeated daily trips, such as commuters, do not choose the same route 
everyday even if the network remains unchanged over time [1]. This can be simulated by an 
updating process where travellers absorb new knowledge of the network on each day and 
then, according to this up-to-date knowledge, adjust their route choices for the next day’s trip. 
This time-evolutionary process results in network flows that vary from day to day. The 
dynamic equilibrium is achieved when a steady flow pattern takes place in the network [2, 3].  

If the updating process is rational and travellers follow the same principle of choosing 
the route with the least perceived cost, then the dynamic equilibrium solution is shown to be 
identical to the stochastic user equilibrium solution in the static model [4]. The dynamic 
model therefore characterises the day-to-day process in pursuit of equilibrium [5]; in terms of 
computation, it can also be adopted as algorithm for equilibrium solutions.  

The advantage of the dynamic method is that it enables the studies on stability and 
attainability [2, 3, 4]. Stability is important in the sense that unstable equilibrium cannot 
sustain perturbations and therefore is unlikely to prevail in the long run [6]. For stable 
equilibrium, perturbations within a local bound will not cause the system diverging from 
equilibrium. As for attainability, the equilibrium is said to be attainable from a given 



disequilibrium state if the system evolution originated from this state will converge to the 
equilibrium; otherwise the equilibrium is unattainable from this state. The study on 
attainability has useful implications for the implementation of road pricing [7] and dynamic 
traffic management [8, 9].  

This paper focuses on the attraction domain of equilibrium, providing characterisations 
and methods for estimation. The equilibrium’s attraction domain consists of all the initial 
states which the equilibrium is attainable from. The ideal case is that this attraction domain 
covers the whole state space, which means that the equilibrium is globally attainable. 
However, in cases of multiple equilibria, the state space is divided into the attraction domains 
of different equilibrium solutions. If we know the exact range of these attraction domains, the 
question which equilibrium will prevail from a given initial state can then be answered by 
looking at the attraction domain that contains this initial state.  

Theoretical analysis shows that the attraction domain of a stable equilibrium is always 
topologically open. Moreover, the boundary of this attraction domain consists of the evolution 
trajectories towards unstable equilibrium. Therefore the attraction domains of stable equilibria 
can be determined by looking at the trajectories to unstable equilibria. This also implies that if 
the system has only two equilibrium solutions, then one of them must be unstable. On the 
other hand, if we have two stable equilibrium points, on the line segment connecting these 
two points there must be at lease a point that converges to an unstable equilibrium.  

Two methods are provided for estimating the attraction domain, where a subset of the 
domain is generated. The first method uses the Lyapunov function and searches for an 
invariant subset. The method is accurate yet rather conservative. In the second method, the 
estimate is determined by simulating the evolution from a number of sample states. This 
method is more efficient but may also introduce estimation errors. The errors can be reduced 
by improving the precision in sampling but cannot be completely eliminated. We will discuss 
the use of each of these two methods for estimating the attraction domain and demonstrate 
them with examples.  

Furthermore, we will apply this day-to-day dynamical system approach for the case of 
simultaneous route and departure time choices. The objective is to study the departure time 
choices of travellers and their resultant effects on the overall network congestion. The 
question is with the choice of departure time incorporated, or an additional degree of freedom 
introduced, would the network performance exhibit a higher level of stability or attainability? 
Answer to this question is important for extending the day-to-day dynamical system approach 
to study more realistic travel choice problems.  

 

2 Formulation of Day-to-Day Traffic Dynamics  

The dynamical evolution of traffic from day to day is formulated as a dynamical system, 
characterised by a recurrence function of the vector of perceived route costs. Travellers 
update their perception on a daily basis. In the updated perceived costs, both previous 
perception and recent experience (of the actual travel costs) are taken into account. The steady 
state of this dynamical system is identical to stochastic user equilibrium in the static system. 
Therefore the steady state is a dynamic equilibrium and the dynamical evolution represents 
the process of pursuing equilibrium.  

 



2.1 The dynamical system 

Consider a network with N  OD pairs. Each OD pair i  ( 1,2,...,i N= ) is connected by a set of 

routes, denoted as iR , with i im = R  as the number of routes connecting the OD pair. The 

total number of OD routes for the whole network is then given as 
1

N

ii
M m

=
=∑ . These M  

routes are numerated as 11,2,...,m  for the 1m  routes in 1R , as 1 1 1 21, 2,...,m m m m+ + +  for the 

2m  routes in 2R , …, and as 1, 2,...,N NM m M m M− + − +  for the Nm  routes in NR .  

On day n , travellers’ knowledge of the network is represented by the vector of mean 
perceived route costs, ( ) ( ) ( ) ( ) ( ) T

1 2[ , ,..., ,..., ]n n n n n
r MC C C C=C . Travel demand for the day is a non-

increasing function of the perceived cost,  
 ( ) ( )( ),n nd=d C  (1) 

where the M -vector ( )nd  is the transformed OD demand vector, in the following form:   

 1 2

( ) ( ) ( ) ( ) ( ) ( ) ( )
1 1 1 2 2 2

( ) ( ) ( ) ( ) ( ) ( )

[ , ,..., , , ,..., ,...,

, ,..., ,..., , ,..., ] .

i N

n n n n n n n

m m

n n n n n n T
i i i N N N

m m

d d d d d d

d d d d d d

=d
������� �������

������� �������

 (2) 

Here ( ) 0n
id ≥  denotes the travel demand of OD pair i  on day n .  

Traffic is assigned according to logit route choice model. The probability of choosing a 
route is a function of the mean perceived route costs and the dispersion parameter θ  ( 0θ ≥ ). 
For a traveller on OD pair i , the probability of choosing route r  ( ir ∈ R ) under the perceived 

cost ( )nC  is given as  

 { }
( )

( )
( ) ( ) ( )

,

exp( ) 1
Pr , .

exp( ) 1 exp[ ( )]
i i

n
n r

n n n
s r ss s s r

C
r

C C C

θ
θ θ

∈ ∈ ≠

−= =
− + −∑ ∑R R

C  (3) 

The corresponding flow assignment is  
 ( ) ( ) ( ){ } ,n n ndiag=f d p  (4) 

where ( ) ( ) ( ) ( ) ( ) T
1 2[ , ,..., ,..., ]n n n n n

r Mf f f f=f gives the traffic flow on each route and the M -vector 
( )np  is the choice probability vector, in the following form:  

 { } { } { } { }( ) ( ) ( ) ( ) ( ) ( )( ) [Pr 1, ,Pr 2, ,...,Pr , ,...,Pr , ] .n n n n n n Tp r M= =p C C C C C  (5) 

The actual traffic costs are then determined by the travel cost (or performance) functions:  
 ( ) ( ) ( ) ( ) ( ) ( ) T

1 2( ) [ ( ), ( ),..., ( ),..., ( )] .n n n n n n
r Mc c c c c= =c f f f f f  (6) 

Travellers’ perceived cost is updated on a daily basis. If the perceived route travel cost 
on a day is equal to the actual cost, we expect that the perceived cost after the update is the 
same as the perceived cost before the update. However, if the perceived cost and the actual 
cost are of different values, the updated perceived cost would be some place in between the 
two values. If a linear relationship is presumed, we have  
 ( ) ( 1) ( 1)(1 ) ,n n nβ β− −= + −C c C  (7) 
where parameter [0,1]β ∈  represents the forgetfulness of the travellers, or their activeness in 
absorbing new information. For the extreme case of 1β = , memory of past knowledge is 
discarded; on the other hand, 0β =  means that the new information of actual travel cost is 



not used in the knowledge updating. Rational behaviour would take the value of β  in 
between, i.e. 0 1β< < . The bigger value β  is, the more travellers rely on new information.  

In (7), the updated perceived cost for day 1n −  is taken as the perceived cost for day n . 
Travel demand for day n  is determined by the demand function (1). Traffic is assigned 
according to (4) and the actual travel cost is then given by (6). By updating the perceived cost 
on day n  with the actual cost on day n , the perceived cost for day 1n +  is generated. Now a 
full circle of travellers’ learning process is finished. A dynamical system is formed by 
combining the equations (1), (4), (6), and (7):  

 

( ) ( )

( ) ( ) ( )

( ) ( )

( 1) ( ) ( )

( ),

{ } ( ),

( ),

(1 ) .

n n

n n n

n n

n n n

d

diag p

c

β β+

 =


=


=
 = + −

d C

f d C

c f

C c C

 (8) 

Since demand, flow, and actual cost can be subsequently determined as soon as the perceived 
cost is known, we can simplify the dynamical system (8) to the following form:  
 ( 1) ( ) ( ) ( )[ { ( )} ( )] (1 ) .n n n nc diag d pβ β+ = + −C C C C  (9) 
Here the perceived cost alone is enough to represent the dynamical system. The evolution of 
the system is characterised by the recurrence function (9) of perceived cost. This recurrence 
function maps the perceived cost on a day to the perceived cost on the next day.  

For the special case of fixed (or inelastic) demand, what matters is not the absolute 
values of the perceived travel costs but the cost differences between alternative routes on an 
OD pair (cf. (3)). The system has then only M N−  dimensions. Consider now that travel 
demand is fixed and independent of time (i.e. day n ),  
 

1 2

1 1 1 2 2 2[ , ,..., , , ,..., ,..., , ,..., ,..., , ,..., ] .

i N

T
i i i N N N

m m m m

d d d d d d d d d d d d=d
����� ����� ����� �������

 (10) 

The M N− -vector of cost differences can be given in the following form:  
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m m
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C
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+
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−

− − −

 (11) 

Here each OD pair i  has 1im −  entries of cost differences between alternative routes. For the 

convenience in calculating route choice probabilities, we can transform the above M N− -
vector into an M -vector by adding 0 entries to it,  

 
1

1 1 1 2

( ) ( ) ( ) ( )
1 2 1

( ) ( ) ( )
1 2

( ) ( ) ( )
2 3

[0, , ,..., ;

0, , ,..., ;...;

0, , ,..., ] .
N N

n n n n
M m

n n n
m m m m

n n n T
M N m M N m M N

g g g

g g g

g g g

−

+ + −

− − + − − + −

=g

 (12) 

For simplicity reasons the notation of ( )ng  may be used in place of both ( )n
M N−g  and ( )n

Mg  if 

no confusion is likely to arise. The route choice probability can then be written as  



 { }( )
( ) ( )

1
Pr , , .

exp[ ( )]
i

n
in n

M s M rs

r r
g gθ

∈
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−∑ R

g R  (13) 

Traffic dynamics from day to day can then be represented by the recurrence function of the 
cost difference vector,  
 ( 1) ( ) ( ) ( )[ { } ( )] (1 ) ,n n n n

gc diag pβ β+ = + −g d g g  (14) 

where ( )n
gc  is a transformation of ( )nc , in the way similar to (11) or (12).  

 
2.2 The dynamic equilibrium  

We consider the dynamical system in the generic form of  
 ( 1) ( )( ),n nf+ =x x  (15) 

where f  is the recurrence function and ( )nx  represents the state of the dynamical system on 

day n . For day-to-day traffic dynamics, ( )nx  can be ( )nC  or ( )ng . Here ( 1)n+x  is the image of 
( )nx  and ( )nx  is a pre-image of ( 1)n+x . Once the initial state (or initial point) (0)x  is given, any 

future state can be derived by iterating the recurrence function,  

 ( ) (0) (0) ( ) (0)( (... ( )...)) ( ).n n

n

f f f f= =x x x x
�����

 (16) 

The notation ( ) (0)nx x  implies that the state on day n  ( 1,2,...n = ) intrinsically depends on the 

initial state. The specification of the initial state can be omitted if no confusion is likely to 
arise. The trajectory of the dynamical evolution starting from (0)x  is  

 
(0) (1) (2) ( )

(0) (0) (2) (0) ( ) (0)

, , ,..., ,...

, ( ), ( ),..., ( ),....

n

nf f f=
x x x x

x x x x
 (17) 

If the sequence in (17) has a limit (i.e. the sequence converges), then this limit gives a 
steady (or stationary) state of the dynamical system. Such a steady state ∗x  is the solution of  
 ( ),f∗ ∗=x x  (18) 
i.e. it is a fixed point of the recurrence function. By repeatedly applying the recurrence 
function, we have  
 ( (... ( )...)) , 1,2,...

n

f f f n∗ ∗= =x x
�����

 (19) 

This means that a dynamical evolution starting from the fixed point will forever remain at that 
point (hence ‘stationary’).  

Consider the recurrence function of day-to-day traffic dynamics, (9), its fixed point is 
any perceived cost vector that satisfies  
 [ { ( )} ( )] (1 ) .c diag d pβ β∗ ∗ ∗ ∗= + −C C C C  (20) 
If β  equals 0 then any feasible cost vector will be a fixed point. This is not realistic but it 
makes sense because 0β =  actually means drivers never update their knowledge (and 
therefore never bother to change their route choices, resulting in stationary traffic flow). In 
most realistic cases, β  is positive and (20) is equivalent to  

 [ { ( )} ( )],c diag d p∗ ∗ ∗=C C C  (21) 
which means that the (mean) perceived cost is identical to the actual cost. Therefore a fixed 
point of (9) is also a stochastic user equilibrium of the static system. The dynamical evolution 



as represented by (9) signifies the process of achieving equilibrium. The same holds for the 
case of fixed demand, where ∗C  is replaced by ∗g .  

 

3  Equilibrium Stability, Attainability and Attraction Domain  

The dynamical formulation of equilibrium enables the analysis on equilibrium stability. 
Stability is important because unstable equilibrium cannot sustain fluctuations and therefore is 
unlikely to persist in the long run. Stable equilibrium, on the other hand, has an attraction 
domain which covers a neighbouring area. From this area, all dynamical evolution will 
converge to the equilibrium. Identifying the exact range of the attraction domain is useful. We 
can then immediately tell whether a dynamical evolution will converge to the equilibrium by 
examining the location of the initial state. From any point inside the attraction domain, the 
evolution will converge to the equilibrium; from any point outside the attraction domain, the 
evolution will not converge to the equilibrium. 

 
3.1  Attainability, attraction domain and stability  

The equilibrium ∗x  is attainable from an initial point (0)x  if  

 ( ) (0)lim .n

n

∗

→∞
=x x x  (22) 

We denoted the attainability by (0) ∗x x∼ . The equilibrium is always attainable from itself, i.e. 
∗ ∗x x∼ . If ∗x  is attainable from every point in the set S , we can also say that ∗x  is attainable 

from S , denoted as ∗S x∼ . The attraction domain (or attraction basin) for the equilibrium 
∗x , denoted as ( )∗B x , is the set of all points that ∗x  is attainable from:  

 (0) (0)( ) { : }.∗ ∗=B x x x x∼  (23) 

Obviously, ( )∗ ∗∈x B x  and ( )∗ ∗B x x∼ .  

The equilibrium ∗x  is (asymptotically) stable if its attraction domain contains at least a 
local neighbourhood, i.e.  

 (0) ( )0 : lim .n

n
δ δ∗ ∗

→+∞
∃ > − < ⇒ =x x x x  (24) 

For an unstable equilibrium, no matter how close to the equilibrium the dynamical evolution 
has started, there is no guarantee that the evolution will converge to the equilibrium.  

 
3.2 Characterisation of the attraction domain 

To identify the exact range of the attraction domain, we first present some topological 
characterisations.  

Theorem 1 Suppose that ( )f∗ ∗=x x  is an equilibrium point of the dynamical system 
( 1) ( )( )n nf+ =x x , then ( )∗B x  is strictly invariant. Moreover, if f  is continuous and ∗x  is 

stable, then ( )∗B x  is open and its boundary, if non-empty, is invariant and formed by 
trajectories.  

Proof: See [4]. □  
The invariant property means that a trajectory lies either entirely inside the attraction 

domain or entirely outside. That is, if ( ) (0)( ) ( )nf ∗∈x B x  for some 0,1,2,...n = , then 



( ) (0)( ) ( )nf ∗∈x B x  for all n . The openness means that points on the boundary are not attracted 
to the equilibrium. Furthermore, the trajectory from a point on the boundary will forever 
remain on the boundary.  

Theorem 2 Consider the dynamical system ( 1) ( )( )n nf+ =x x . Suppose that every 
trajectory has a limit, i.e. every point in the state space converges to equilibrium (one or 
another, stable or unstable). Denote { }∗x  as the set of equilibrium points, then  

 ( ) ( ) , , { }, ,i j i j i j
∗ ∗ ∗ ∗ ∗ ∗ ∗∩ = ∀ ∈ ≠B x B x Φ x x x x x  (25) 

Moreover, if f  is continuous, then the boundary of a stable equilibrium’s attraction domain is 
formed by trajectories to unstable equilibrium(s).  

Proof: The mutual exclusiveness in (25) follows directly from the definition of 
attraction domain. A point cannot converge to more than one equilibrium point and therefore 
must be in one attraction domain and not be in any other attraction domain.  

From Theorem 1 we know that the boundary of the stable equilibrium ∗x  is formed by 
trajectories. In the following, we will prove that each of these trajectories must end at an 
unstable equilibrium. We prove this by contradiction. Because every trajectory has a limit, it 
converges either to a stable equilibrium or to an unstable equilibrium. Suppose that there is 
one trajectory on the boundary which converges to another stable equilibrium ∗′x . Then any 
point z  on this trajectory belongs to the open set ( )∗′B x . Therefore, by the definition of open 

set, there must exist a neighbourhood of z  that lies entirely inside ( )∗′B x . On the other hand, 

because ( )∗∈∂z B x , any neighbourhood of z  must overlap with ( )∗B x . Therefore some 

points in this neighbourhood belongs to both ( )∗′B x  and ( )∗B x . This contradicts the fact that 
the domains of attraction for two different equilibria cannot overlap and therefore their 
intersection must be empty. Hence, no trajectory on the boundary of ( )∗B x  converges to a 
stable equilibrium. □ 

This theorem provides an important outlook of the state space. The state space can be 
partitioned into mutually exclusive subsets. Each subset is associated with an equilibrium 
point and represents the equilibrium’s attraction domain. If such a partition chart has been 
drawn, given an initial point we can immediately tell the eventual equilibrium of the 
dynamical evolution without knowing the exact form of the recurrence function.  

Moreover, the attraction domain of the stable equilibrium can be drawn by focusing on 
the unstable equilibria. When we have identified all the trajectories to unstable equilibria, the 
boundary of the stable equilibrium’s attraction domain is also formed. We show this by the 
following example.  

Example 1 Consider a network [3] with one OD pair connected by three routes. 
Demand is fixed at 2 units. The cost functions for the three routes are given as:  
 1 1 2 2 1 2 3 3( ) 3 1, ( ) 2 2, ( ) 6.c f f c f f c f= + + = + + = +f f f  

The dispersion parameter is 1θ =  and the updating ratio is 0.2β = . There are multiple 
equilibria. All system evolution converges to one of the following three equilibria:  
 T T T[1.752,0.151,0.097] ; [0.768,1.031,0.201] ; [0.226,1.588,0.186] ,I II III

∗ ∗ ∗= = =x x x  

or, in cost differences, given as  
 1 2 1 2 1 2( , ) ( 2.45, 2.89);( , ) (0.29, 1.34);( , ) (1.95, 0.20).I II IIIg g g g g g∗ ∗ ∗= − − = − = −  

The actual attraction domains for the three equilibria can be identified by examining the 
phase portrait in Figure 1. The phase portrait is drawn by tracing the evolution from numerous 



points in the state space. We can see from the phase portrait that all points on the left side of 
dashed curve are attracted to the stable equilibrium I

∗g ; all points right to the stable 

equilibrium III
∗g . The points on the dashed curve actually give the attraction domain of II

∗g , an 

unstable equilibrium.  
The exact range of the attraction domains can also be determined without the 

burdensome task of drawing the phase portrait. Instead of tracing the trajectory from each 
point in the state space, we focus on the trajectories towards the unstable equilibrium. We first 
identify the trajectories towards II

∗g . This can be done by tracing back from the unstable 

equilibrium (applying the inverse recurrence function). The result is shown as the dashed 
curve in Figure 1. The curve defines the boundary of both ( )I

∗B g  and ( )III
∗B g . Therefore the 

set of points left to the curve gives ( )I
∗B g  and the set of points right gives ( )III

∗B g . ◊  
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Figure 1: Phase portrait and attraction domains  

Tracing back from unstable equilibrium can be cumbersome tasks. This is especially 
true when the dimension of the system is very high and therefore the dimension of an unstable 
equilibrium’s attraction domain is also high. The method, while producing sound theoretical 
results, may be impractical in real world implementations. It is therefore necessary to look for 
method that is feasible even at high dimensions.  

 



3.3  Estimation of attraction domain  

Two methods for estimating the attraction domain are illustrated here. They are handy when 
determining the exact range of attraction domains is difficulty or not necessary. The first 
method utilises the Lyapunov function. For the theoretical background of this method, see [4]. 
The second method is a sampling method. It applies to network of any dimension but it might 
bring in errors in the estimation results, which can be reduced but not eliminated. We show 
these two methods through examples.  

Example 2 Consider the same network as in Example 1. Now we adopt the Lyapunov 
function for the two stable equilibria I

∗g  and III
∗g  and obtain the estimates of their attraction 

domains ( ) ( )I I
∗ ∗⊂E g B g  and ( ) ( )III III

∗ ∗⊂E g B g . First we consider the equilibrium I
∗g  and 

choose its Lyapunov function as the Euclidean distance square, ( ) ( ) ( )T
I I IV ∗ ∗= − −g g g g g . We 

then maximise the domain of this function while keeping it as an invariant set and the 
Lyapunov conditions satisfied. The estimate result of ( )I

∗B g  is given as  

 ( ) { : ( ) 4.444},I IV∗ = <E g x x  

the boundary of which is shown as the solid circle in Figure 2. All points inside this circle 
converges to I

∗g .  
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Figure 2: Attraction domain estimation by Lyapunov function 



If a different Lyapunov function is used, the estimation result is also different. If we use 

the Lyapunov function ( ) ( ) ( )T
I I IV ∗ ∗′ = − −g g g P g g , where  

 
4.795 0.508

,
0.508 2.396

 
=  
 

P  

then the estimate of ( )I
∗B g  is given as  

 ( ) { : ( ) 20.949}.I IV∗ ′= <E g x x  

Its boundary is shown by the dashed line around I
∗g  in Figure 2.  

Similarly for III
∗g  we take ( ) ( ) ( )T

III I IV ∗ ∗= − −g g g P g g  with  

 
11.150 0.927

.
0.927 2.017

− 
=  − 

P  

The estimate of ( )III
∗B g  is given as  

 ( ) { : ( ) 13.391}.III IIIV∗ = <E g x x  

Its boundary is shown by the dashed line around III
∗g  in Figure 2. ◊  

We can see from the above example that the selection of the Lyapunov function (or the 
selection of P  in particular) has influence on the estimated range of attraction domain. A 
different Lyapunov function may produce an estimate much larger in range. It would 
therefore be useful if we could find the ‘optimal’ Lyapunov function. We also see that the 
estimation by Lyapunov function is at times rather conservative. This is especially so when 
the recurrence functions are highly irregular (e.g. nonlinear, non-monotone). The second 
method applies to recurrence function of any form and does not require a priori knowledge of 
equilibrium solution.  

Example 3 Consider the same network as in Example 1. We now perform the sampling 
method to estimate the attraction domains. To do so, we first select a set of initial points, 
given by the integer points in the following set:  
 1 2{ 3 3; 6 2}.g g− < < − < <  

There are totally 35 points, as shown in Figure 3. We then trace their trajectories and observe 
the destiny of their evolution over time. It takes less than 100 steps to see that all the 21 initial 
points on the left (represented by cross) converge to the equilibrium I

∗g , while all the 14 

initial points on the right converge to the equilibrium III
∗g .  

We can then draw the attraction domain estimation chart as in Figure 4. The estimation 
is made by connecting the points that are furthest from the equilibrium and these line 
segments form the boundary of the estimate. The boundary for ( )I

∗E g  is 1 2{ 0; 6 2}g g= − < <  

and the boundary for ( )III
∗E g  is 1 2{ 1; 6 2}g g= − < < .  

The range left out, 1 2{0 1; 6 2}g g< < − < < , can be gradually reduced by selecting more 

points in the range and performing a second round of simulation. We choose as our simulation 
points the 28 points that are evenly distributed in the above range, as shown in Figure 5. We 
can trace their evolution to the two stable equilibrium points. Again, it takes less than 100 
steps before convergence. The resulting attraction domain estimation is shown in Figure 6, 
which is an expansion of the estimation in Figure 4. ◊ 
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Figure 3: Simulation points on day 0 
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Figure 4: Attraction domain estimation by simulation  
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Figure 5: Closer simulation points on day 0 
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Figure 6: Expanding the attraction domain estimation by simulation  

 



This method can automatically obtain the stable equilibrium solutions. That is, even if 
we do not know the equilibrium solutions before performing the simulation, we can obtain 
stable equilibrium solutions after a few steps of iterations. However, unstable equilibrium 
cannot be obtained in this way. We also notice through Figure 5 and Figure 6 that the 
estimates can always be refined by another round of simulation for the points in the left-out 
range. The estimated attraction domain can then be expanded in the direction of this left-out 
range. As the direction-based search keeps on, we would expect that the left-out range shrinks 
and converges to a curve identical to the dashed curve in Figure 1. This curve presents the 
boundary of the two attraction domains.  

Here we have assumed that the attraction domain is connected and convex. A convex 
set is one such that for any two points in the set, the line segment between the two points lies 
wholly in the set. If we know a number of points in the attraction domain, the line segment 
connecting any two of the points also belongs to the attraction domain. The outmost segments 
then form the boundary of the estimated attraction domain, as shown in the above example. 
However, the attraction domain is not always convex, such as ( )I

∗B g  shown in Figure 1 which 

is concave. So there is some possible error in the estimate where some non-convergent points 
may have been included. This type of error can be reduced by improving the precision of 
simulation (i.e. denser simulation points) but cannot be completely eliminated as long as the 
attraction domain is not convex.  

 

4 Simultaneous Route and Departure Time Choice 

The same dynamical system formulation for day-to-day traffic dynamics can also be applied 
to simultaneous route and departure time choice (SRD) problems. Besides routes, travellers 
also choose a departure time for day-to-day. We presume that no penalty applies for early or 
late arrivals. Instead, travellers choose the route and departure time with minimal cost.  

 
4.1 Formulation of day-to-day SRD 

The departure time span [0, ]T  is discretised into a total of k  intervals, 
[0, / ),[ / , 2 / ),...,[( 1) / , ]T k T k T k k T k T− . Choices of departure time within the same interval 
are considered identical to each other in terms of preference and actual travel cost. On day n , 
travellers’ knowledge of the network is represented by the M k×  vector of mean perceived 
route costs at each departure intervals,  
 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) T

1,1 1,2 1, 2,1 2,2 2, ,1 ,2 ,[ , ,..., ; , ,..., ;...; , ,..., ] .n n n n n n n n n n
k k M M M kC C C C C C C C C=C  (26) 

The probability of choosing a route and departure time pair ( , )r t , 1,2,..., ; 1,2,...,r M t k= = , 

under the given cost ( )nC  is determined by  

 { }( )
( ) ( )
, ,, ; 1,2,..., ,

1
Pr , ; .

1 exp[ ( )]
i

n
n n

r t ss s r k t

r t
C C ττ τ

θ
∈ ≠ = ≠

=
+ −∑ R

C  (27) 

The actual traffic costs are then determined by the travel cost (or performance) functions:  

 
( ) ( ) ( ) ( ) ( ) ( ) ( )

1,1 1,2 1, 2,1 2,2 2,

( ) ( ) ( ) T
,1 ,2 ,

[ ( ), ( ),..., ( ); ( ), ( ),..., ( );

...; ( ), ( ),..., ( )] .

n n n n n n n
k k

n n n
M M M k

c c c c c c

c c c

=c f f f f f f

f f f
 (28) 

Travellers’ perceived cost is updated daily in a way similar to (7).  



We can see here that departure time choices can be treated similarly as route choices, 
only that they bring a higher dimension (or degree of freedom) to the system and make the 
cost functions more complicated, as in (28). Except the higher dimensions, the structure of the 
dynamical system remains the same.  

 
4.2 Stability of SRD equilibrium  

Because of higher dimensions, stability of SRD equilibrium is more difficult to attain. This 
follows the observation that the perturbations can then come from more dimensions. As in 
(24), stability requires the capability of containing perturbations from any dimension or 
combination of dimensions.  

The higher dimension in SRD problem may also increase the probability of non-
equilibrium attractors, namely, cycles and chaos. A cycle is a periodic attractor which 
circulates among a set of points in a specific order. A chaotic attractor, on the other hand, 
exhibits no periodicity. Real world observations of non-stationary traffic flow over time may 
suggest the existence of such attractors.  

 

5  Conclusions  

In this paper we have formulated the day-to-day route (and departure time) choice problem as 
a dynamical system. Perceived cost is updated every day and the resulting route choices also 
change from day to day. The dynamic equilibrium is achieved when a stationary choice 
pattern is formed in the system. Stability of an equilibrium solution depends on the shape of 
its attraction domain. If the attraction domain is fully developed in dimension then the 
equilibrium is stable. This means that the system allows any perturbations on any dimension 
without diverging from the equilibrium. The range of the attraction domain, containing all the 
points that will dynamically evolve to the equilibrium, characterised the attractiveness of the 
equilibrium as well as the attainability of the equilibrium when an initial point is predefined.  

We have shown that the attraction domain for a stable equilibrium is always open, with 
its boundary formed by trajectories towards unstable equilibria. Therefore the exact range of 
the attraction domain can de determined by tracing back from the unstable equilibria. 
Estimate of the attraction domain can also be obtained by utilising the Lyapunov function or 
performing one or several rounds of simulation.  

The simultaneous route and departure time choice problem in the day-to-day setting can 
be similarly formulated as that of route choice alone. The only difference is that departure 
time choices bring more degrees of freedom and therefore makes the system more 
complicated. Stability of SRD equilibrium is generally more difficult to attain because of 
higher dimensions.  
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Abstract 
 
The paper proposes a stochastic Cell Transmission Model (SCTM) to model traffic flow on 
freeway with random perturbations such as traffic jams, incident and delay phenomenon. In this 
paper we model the transportation network as the stochastic system with various demand and 
supply uncertainties (random variables). The SCTM is formulated by using analytical probability 
theory and is formulated into a discrete time bilinear stochastic system. A set of probablistic 
switching conditions is proposed to evaluate the joint traffic density. 
 
Keywords: stochastic system, multiplicative noise, bilinear system, probablistic switching 
condition, the cell transmission model (CTM), finite mixture distribution. 
 
1  Introduction 
The cell transmission model (CTM), proposed in [1] and [2], defines some piecewise affine static 
sending and receiving functions to describe the interaction between neighboring road cells as well 
as the shockwaves. Despite its simple formulation and low computation requirement, the CTM 
clearly describes the interaction between neighboring road cells when the supply and demand of 
the freeway is in deterministic manner. Although the CTM is much simpler than many other higher 
order hydrodynamics-based partial differential models, the nonlinear nature of the flow-density 
relationship still makes it difficult to analyze and to use as a basis for the design of traffic 
controllers [3] and [4]. As shown in [3], the dynamics induced by the CTM is a nonlinear 
monotone dynamic system. To avoid the nonlinearity, the authors proposed a modified cell 
transmission model and a so-called switching mode model (SMM) [4]. The modified cell 
transmission model developed in [4] uses cell densities instead of cell occupancies which permits 
the CTM to include non-uniform cell lengths and leads to greater flexibility in partitioning the 
highway. The SMM is a hybrid system (switched linear system) that switches among different sets 
of linear difference equations, depending on the mainline boundary data and the congestion status 
of the cells in a highway section. By such a modification of the CTM, the authors successfully 
avoided the nonlinearity of the CTM at the cost of the "switching". 

For the purposes of developing control strategies on freeways, it is also important to explicitly 
model the randomness of the traffic state evolution. This randomness is reflected in the model via 
some stochastic process with proper probability distributions governing the sending functions and 



the receiving functions, as well as via the well defined noise terms in the speed adaptation rules [5], 
[6] and [7]. In [5], the authors proposed a general extended Kalman filter approach to the real time 
estimation of the complete traffic state in freeway stretches. A compositional model extends the 
CTM by defining sending and receiving functions explicitly as random variables, and by 
specifying the dynamics of the average speed in each cell is proposed in [7]. A set of stochastic 
equations describing the macroscopic traffic behavior of each cell, as well as its interaction with 
neighboring cells is obtained. 

In this paper, we will develop a stochastic cell transmission model (SCTM) to describe the 
macroscopic dynamics of the traffic flow. By following [1] and [2], we first consider the freeway 
as a network of interconnected components, corresponding to one-way road links consisting of 
consecutively connected cells. Moreover, each segment is allowed to have at most one on-ramp 
and one off-ramp, both preferably at the upstream boundary of the segment. The proposed SCTM 
extends the cell transmission model by defining sending and receiving functions explicitly as 
random variables as well as by specifying the dynamics of the basic system parameters in each cell 
to be random variables. The model allows flexible selection of the time updates step size and the 
cell sizes. We assume that the stochastic elements in our network can be described by some wide 
sense stationary, second-order processes consisting of uncorrelated random vectors with known 
mean. These can vary with time depending on the availability of on-line measurements and with 
the location of the cells. We also avoid the “min” operation for the random variables by following 
the SMM proposed in [4]. We formulate the SCTM into a class of discrete time stochastic bilinear 
systems, see [8], [9], [10] etc. A set of probabilistic switching conditions and the joint traffic 
density based on the theory of finite mixture distribution are proposed to approximate the “real” 
traffic density. 

 
2  The Modified CTM and Switching Mode Model 
In the modified CTM, the density of cell i  evolves according to conservation of vehicles:   

 )),()(()(=1)( ,, kqkq
l
Tkk outiini

i

s
ii −++ ρρ  (1) 

where where )(kiρ  is the vehicle density in cell i  at time index k , )(, kq ini  and 
)(, kq outi  are, respectively, the total flows, in vehicles per unit time, entering and leaving cell i  

during the time interval 1),[ +kkTs , sT  is the sampling time, and il  is the length of cell i . The 
model parameters include the free-flow speed fv  (in mph),  the backward congestion wave 
speed (in mph) cw , the maximum allowable flow MQ  (in veh/hr, i.e., vph), and the jam density 

Jρ  (in veh/mi, i.e., vpm), which are used to define in the trapezoidal fundamental diagram of 
Figure 1 and the critical density cρ  (in vpm). These parameters can be uniform over all cells or 
allowed to vary from cell to cell.  
 As described in CTM, )(kqi  is determined by taking the minimum of two quantities:   

 )),(),((min=)( 1, kRkSkq iiini −                              (2) 
where )),((min=)( 1,11 −−− iMii QkvkS ρ , is the maximum flow that can be supplied by cell 1−i  
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under free flow conditions, over the interval 1),[ +kk , and )))((,(min=)( , kwQkR iJiMi ρρ − , is 
the maximum flow that can be received by cell i  under congested conditions, over the same time 
interval. The modified CTM is different from the CTM in the following ways: (i) it uses cell 
densities as state variables instead of cell occupancies, (ii) it accepts nonuniform cell lengths, and 
(iii) it allows congested conditions to be maintained at the downstream boundary of a modeled 
freeway section. (1) and (2) are the density-based equivalents of those described in [1]. The 
modified CTM also uses density-based versions of the merge and diverge laws of [2] to 
incorporate on-ramp and off-ramp flows. As stated in Figure 1 and [4], the following assumptions 
are made to simplify the problem:   

 (1) The densities and flows at the upstream and downstream segment boundaries, as well as 
flows on all the on-ramps and off-ramps, are measured.  

(2) There is at most one status transition (or wave front) in the highway segment. If both the 
upstream and downstream mainline boundaries are of the same status,  i.e., both free-flow or both 
congested, we assume that all the mainline cells, 1 through n , have the same status; while if the 
two boundaries are of different status, there exists a single wave front in the segment, upstream of 
which all the cells have congested (free-flow) status, and downstream of which all cells have 
free-flow (congested) status.  

 

 
Figure 1. A trapezoidal fundamental diagram for the modified cell transmission model 

 
Based on these assumptions, five modes are denoted in the state space representation: (I) ``Free 

flow-Free flow"(FF), (II) ``Congestion - Congestion" (CC), (III) ``Congestion - Free flow" (CF), 
(IV) ``Free flow-Congestion 1" (FC1), and (V) ``Free flow - Congestion 2" (FC2). The two modes 
of ``Free flow - Congestion" are determined by the relative magnitudes of the supplied flow of the 
last uncongested cell upstream of the wave front and the receiving flow of the the first congested 
cell downstream of the wave front. If the former is smaller, the SMM is in FC1, while if the latter 
is smaller, it is in FC2. This SMM is a hybrid system (switched linear system) that switches among 
different sets of linear difference equations, depending on the mainline boundary data and the 
congestion status of the cells in a highway section. 

 
3  The Stochastic Cell Transmission Model 
3.1   Random variables in the SCTM 
Let's consider a freeway segment consists of p cells and one on-ramp and one off-ramp as depicted 
in Figure 2. We denote the traffic state as ),,(= plcol ρρρ K , and )(= djiu qfrqcolu  are the 
flow density and input, respectively. ir  and jf  are correspondingly the measured on-ramp and 

MQ
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off-ramp flows entering and leaving the section, subscripted according to their cell of entry or exit. 
),,(= ,,1 pfff vvcolv K  is the vector of free flow speed. ),,(= ,,1 pccc col ρρρ K  is the vector of 

critical density. ),,(= ,,1 pccc wwcolw K  is the vector of backward congestion wave speed. 
),,(= ,,1 pJJJ col ρρρ K  is the vector of jam densities, and ),,(= ,,1 pMMM QQcolQ K  is the vector 

of maximum flow rates. We denote all the system parameters in a compact form as 
),,,(= cJMf wQvcolP ρ . In the real world, the system parameter vector P  would admit 

uncertainties. We assume that the system parameter vector is perturbed by some certain noise 
sequence as follows   

 ),(=)( 0 kPkP Pξ+  (3) 
where 0P  is the nominal value of the system parameter, and Nk

P k ∈)}({ξ  is a wide sense 
stationary, second-order process to be specified later. Also, we assume the travel demand is a 
random variable of the form   

 0( ) = ( ) ( ),d uu k u k kξ+  (4) 
where ( ) ( , )d u iu k col q r= , 0 ( )u k be the nominal travel demand function calibrated, and )(kuξ  is a 
wide sense stationary, second-order process to be specified later. 
To make the model practical and easy to implement we restrict the noise sequences and initial 
conditions to obey either normal distribution (assumption set a) or log-normal distribution (set b). 

We assume the noise sequence )(kuξ  in the control input is a zero-mean Gaussian white 
random process.   

 0,=))(( kE uξ   ( ) , = ;
( ) ( ) =

0, .
uT

u u

Q if k l
E k l

otherwise
ξ ξ

⎧
⎨
⎩

 (5) 

Assume that the noise )(kPξ  and the initial state (0)ρ  of the system satisfy the following 
conditions:   

(Ia) The noise )(kPξ  is a zero-mean Gaussian white random process. For any 0≥k  and 
0≥l , the following equations are satisfied:   

 0,=))(( kE Pξ      ( ) , = ;
( ) ( ) =

0, .
P PT Q if k l

E k l
otherwise

ξ ξ
⎧
⎨
⎩

 (6) 

We also assume that, the components of the vector )(kPξ  are mutually independent for any 
0≥k , or the matrix Q  be a diagonal semi-positive definite matrix. 
(Ib) The noise ))((exp)( kkP ξξ  with )(kξ  a zero-mean Gaussian white random process. 

For any 0≥k  and 0≥l , the following equations are satisfied:   

 0,=))(( kE ξ    ( ) , = ;
( ) ( ) =

0, .
T Q if k l

E k l
otherwise

ξ ξ
⎧
⎨
⎩

  

We also assume that, the components of the vector )(kξ  are mutually independent for any 0≥k , 
or the matrix Q  be a diagonal semi-positive definite matrix. 

(IIa) The initial condition of the traffic density ),((0) 2
ρρ σµρ N∼  with each of its 
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components mutually independent. 
(IIb) The initial condition of the traffic density ),(log(0) 2

ρρ σµρ N−∼  with each of its 
components mutually independent. 

(III) Furthermore, we assume that the sequence (0)ρ  and )(kPξ  is uncorrelated to each 
other for any Nk ∈ .  
 
Remark 3.1 Since cρ  is determined by , ,c J fw vρ  , it is not a independent variable. If we let 

( , , )c J fx col w vρ=   , then ( ) c J

c f

w
c w vf x ρρ += = . Applying Taylor expansion to f(x) at a yields  

1
2( ) ( ) ( ) ( ) ( ) ( )( )T T

c f x f a x a f a x a H a x aρ = = + − ∇ + − − +L , 
where ( )f a∇  is the gradient of f at a and H(a) is the corresponding Hessian matrix.  
Let’s take  

1
2( ) ( ) ( ) ( ) ( ) ( )( )T Tf x f a x a f a x a H a x a≈ + − ∇ + − − .               (7) 

Since x is a vector with its components mutually independent and whose mean and variance are 
given in the above assumption sets, we can then approximate the mean of cρ  by taking 
expectation on both sides of (7) easily, and the variance can be obtained respectively. Notice that if 
the first order approximation is used in (7), cρ  is simply normal distributed if we assume x is 
govered by normal distribution.  
   

uρ

ir jf

dρ

  
Figure 2. Freeway segment consists of p  cells in the Free-flow-Free-flow (FF) mode 
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Figure 3. Freeway segment consists of p cells in the Congestion to Congestion (CC) mode 
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Figure 4. Freeway segment consists of p cells in the Congestion to Free-flow (CF) mode 
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uρ
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Figure 5. Freeway segment consists of p cells in the Free-flow to Congestion (FC 1) mode  
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Figure 6. Freeway segment consists of p cells in the Free-flow to Congestion (FC 2) mode 

 
3.2  Stochastic Cell transmission Model as Stochastic Bilinear System  
In this subsection, we will show that the SCTM can be represented by a class of discrete time 
stochastic bilinear system as the form (8). However, instead of specifying the system parameter 
vector )(kP  of the freeway segment as internal dynamics (or system matrices) as what has been 
done in [4], we take it as exogenous signal of the system together with the input (travel demand 
function) )(kuc .   

 .),()()()()(=1)(
1=

0
1=

0 NkkBukvkBBkkAAk cii

p

i
ii

p

i

∈+⎟⎟
⎠
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⎝

⎛
++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++ ∑∑ ωρωρ  (8) 

Here ( )( )i t N
kω

∈
 are p second-order, wide-sense stationary processes consisting of mutually 

uncorrelated real-valued random variables. For fixed k N∈ the random variables 1( ), , ( )pt tω ωK  
are not necessarily independent. The sequence of random vectors ( )= ( )

k N
v v k

∈
 in (8) is viewed as a 

disturbance signal. The disturbance of the system equations in (8) consists of two parts, 0 ( )B v k  
and 

=1
( ) ( )p

i ii
B k v kω∑ . We call the first term the drift component and the second the diffusion 

component of the disturbance. The class of systems in the form of (8) is also called the system with 
random parametric excitation or linear stochastic systems with multiplicative noise. The presence 
of both types of multiplicative disturbance in (8) (the drift and the diffusion terms) is an essential 
feature of our SCTM. As it will be shown later it allows for parameter excitations in both the state 
and the disturbance input matrices.  

We define )(, kv if  in the FF mode to be )(kiω  in (8), and the state equation as   

),()()(=1)( ,
1=

kBukkvAIk cifi

p

i
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++ ∑ ρρ  (9) 

where   
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⎢ ⎥
⎢ ⎥
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⎢ ⎥
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∀ ≤

M M

As we can see, (9) is a special case of (8) with iB  be null matrix and )(kv  be null vector. Notice 
that in the formulation of (9), the free flow speed )(, kv if  is no longer the internal dynamics, it is 
the exogenous noise sequence. Similarly, we can define the other four modes. 
In the CC mode, we define )(=)( , kwk iciω  and the vector ))(,),((=)( ,,1 kkcolkv pJJ ρρ K , the 
state equation is then   

 ),()()()()(=1)( ,
1=

,
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kBukvkwBkkwAIk cici

p

i
ici

p
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++⎟⎟
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⎜⎜
⎝

⎛
++ ∑∑ ρρ  (10) 

where 
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= , 1 .i iB A i p− ∀ ≤ ≤

   

In the CF mode, we define 11),(=)( , −≤≤∀ likwk iciω , pjlkvk jfj ≤≤∀),(=)( ,ω  and the 
vector ,0),0,,,,(=)( ,1,,1 LL kMkJJ qcolkv −ρρ , the state equation is then   
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0
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+⎟⎟

⎠

⎞
⎜⎜
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where   
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In the FC1 mode, we define 11),(=)( , −≤∀ lkvk ifiω , 1),(=)( 1, −≤≤∀+ pjlkwk jcjω  and 
),),((=)( ,1, pJlJ kcolkv ρρ L+ , the state equation is then   
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In the FC2 mode, we define 21),(=)( , −≤≤∀ likvk ifiω , 11),(=)( 1, −≤≤−∀+ pjlkwk jcjω , and 
the vector ))(,),((=)( ,, kkcolkv pJlJ ρρ L , the state equation is then   
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Thus far, we have represented all the five modes as discrete time bilinear stochastic systems. 
Since these systems are influenced by second order random processes, we need to find the means 
and variance matrices to characterize the traffic density vectors. To this end, we define the 
following joint traffic density and probabilistic switching condition in the framework of random 
process and finite mixture distribution theory. 

 
4  Statistical Probability of SCTM 
As a matter of fact, the dynamics of )(kρ  can be represented by a discrete time bilinear 
stochastic system of the form (8). In order to get a detail insight into (8), we further simplify it for 
our analysis. We try to put our SCTM into the following Markovian representation of discrete time 
bilinear stochastic systems, see [10].   

 ),()()()()(=1)(
1=

0 kBukvkDkkAAk ii

p

i

++⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++ ∑ ρωρ  (14) 

where },0,1,=;{ piAi K  and B are linear transformations, and 0})),(,),((=)({ 1 ≥kkkcolk pωωω K  
is a wide sense stationary second-order random sequence consisting of mutually uncorrelated 
real-valued random vectors, and 0}),({ ≥kku  the input sequence. 

To put (8) into the form of (14), we define ).(=)(
1=

0 kBBkD ii

p

i
ω∑+  

To proceed our analysis, we define another random sequence 0}),({ ≥kkW as ).(=)(
1=

kAkW ii

p

i
ω∑  

This sequence represents the multiplicative action of an input disturbance on the model state, 
and (14) is said to be a time-invariant bilinear stochastic model. By the virtue of the Markovian 
representation (14), we can represent the state vector as   

 )),()()(1)(,(,0)(=)(
1

0=
0 jvjDjBujkkk w

k

j
w ++Φ+Φ ∑

−

ρρ  (15) 

for every 1≥k , with Ikkw =),(Φ  and )]([1)]([=),( 00 jWAiWAjiw +−+Φ K  for ji > . In 
fact, by using this method, we can further extend our model to the case when the control input is 
random sequence, while this is the real situation for the freeway network. To this end, we present 
some results on discrete time stochastic bilinear systems. Without introducing too many technical 
jargons, we make the following uncorrelated assumptions to the stochastic environment: for each 

ij ≤≤0 ,   
 ,)}({)}({=)}()({ TT iEiEiiE ρωρω  
 ,)}({)}({=)}()({ TT juEivEjuivE  
 ,)}({)}({=)}()({ TT jEivEjivE ρρ  
 ,)}({)}({=)}()({ TT jEiuEjiuE ρρ  
 )},()({)}({=)}()()({ jiEiWEjiiWE TT ρρρρ  
 { },)()}({)(=)}()()({ iuiEiWEiuiiWE TT ρρ  
 { },)()}({)}({=)}()()({ iDivEiuEEiDiviuE TTTT  
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 { },)()}({)}({)(=)}()()()({ iDivEiEiWEiDiviiWE TTTT ρρ  
 { },)()}()({)(=)}()()()({ iWiiEiWEiWiiiWE TTTT ρρρρ  
 { }.)()}()({)(=)}()()()({ iDivivEiDEiDiviviDE TTTT  (16) 

We further introduce the following notations, for any 0≥k  and each pji ,1,=, K :   
 )},({= kE ii ωη )},()({= kkE jiij ωωη  
 ,= jiijij ηηηγ − )},({= kvEθ  
 )},({=)( kuEkr { },)()(=)( kukEkr ii ω  
 { },)()(=)( kukuEkR T  
 { } { } { } ,)()()()(= TT kEkEkkEC ωωωω −  

 ,=)}({=
1=

ii

p

i
AkWEM η∑  

 ,=)(=
1=1=

ii

p

i
ii

p

i

BkBEN ηω ∑∑
⎭
⎬
⎫

⎩
⎨
⎧

 

 ,== 0
1=

0 NBBBS ii

p

i
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+ ∑η  

 ,== 00 MAFF +  

 { } { } { } ,)()()()(= TT kvEkvEkvkvEZ −  
 ,= 1/2

iiii AF γ  ,= 1/2
iiii BY γ  

 { } ,=])([])([=)(
1=,

T
jiij

p

ji

T QAAMkWQMkWEQT γ∑−−  

 .=)(
0,=

T
ii

p

jii
j QFFQT ∑

≠

 

Now, let's consider the state sequence generated by (14), denote )},({=)( kEkq ρ and we define 
the auto-correlation matrix for each 0≥k    

 )}.()({=)(=)( 0 kkEkQkQ Tρρ  
   The existence of )(kq  and )(kQ  for each 0≥k  is guaranteed by the independence and 
second order assumptions, thus the state sequence 0}),({ ≥kkρ  is a second order random 
sequence as well. Regarding to the mixed terms involving both disturbances and state statistics, for 
each 0≥k , we have   

 ,)()()()(=)(
1=

01
TT

ii

p

i

T BkrkqAkrkqAkG ⎥
⎦

⎤
⎢
⎣

⎡
+ ∑  

 ,)(=)(2
TT BkrSkG θ  

 ,)()()(=)(
1=1=

03
T

i
T

i

p

i

TT
ii

p

i
YkqFSkqAkqAkG θθη ∑∑ +⎥

⎦

⎤
⎢
⎣

⎡
+  
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 ),()()(=)( 321 kGkGkGkG ++  

 ( ) ( ) ,)()()(=)(
1=

T
i

T
i

p

i

TTTT YZYSZSBkBRkGkGkV ++++++ ∑ θθθθ  (17) 

where we have used the assumption that the model disturbance covariance matrix C  is diagonal 
( i.e., if the disturbance )(kω  has uncorrelated components for every 0≥k , such that 0=ijγ  
whenever ji ≠ ) to derive the relation   

 { } ( ) ( ) .=)()()()(
1=

T
i

T
i

p

i

TTTT YZYSZSkDkvkvkDE +++ ∑ θθθθ  

The independent argument implies that   
 0,),()(=1)( ≥∀+++ kkBrSkFqkq θ  (18) 

thus, by induction we have   

 1.)),(((0)=)(
1

0=
≥∀++ ∑

−

kjBrSFqFkq j
k

j

k θ  (19) 

It is verified by the independent argument that   
 { },)()()]([=)( 01

TT BkukkWAEkG ρ+  
 { },)()()(=)(2

TT BkukvkDEkG  
 { }.)()()()]([=)( 03 kDkvkkWAEkG TTρ+  

Since   
 { },)]([)]([=)( 00

TT kWAQkWAEQTFQF +++  
we obtain   

 ( ) { },)]()[()()]([=)()( 00
TTT kWAkkkWAEkQTFkFQ +++ ρρ  

by the independent argument. Thus following from (14)   
 ( ) 0.),()()(=1)( ≥∀+++ kkVkQTFkFQkQ T  (20) 

If the model disturbance covariance matrix C  is diagonal ( i.e., if the disturbance )(kω  has 
uncorrelated components for every 0≥k , such that 0=ijγ  whenever ji ≠ ), then (20) can be 
obtained as   

 ( ) 0,),()()(=1)( ≥∀+++ kkVkQTFkQFkQ i
T

ii  (21) 
for each pi ,0,1,= K , or equivalently,   

 0.),()(=1)(
0=

≥∀++ ∑ kkVFkQFkQ T
ii

p

i

 (22) 

The solution of (22) can be obtained by induction as   

 1,)],([(0)][=)( 1
1

0=

≥∀+ −−
−

∑ kjVLQLkQ jk
k

j

k  (23) 

where T
ii

p

i
QFFQL ∑ 0=

=][  and   
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 .=][
11

0=10=

T
k

T

ikkik

p

k

p

ik

i FQFFFQL KKK∑∑  (24) 

By far we have obtained the mean and auto-correlation matrix for each individual mode. 
However, since the traffic environment is random, we cannot decide the SCTM works in which 
mode exactly. To this end, we need to the following probablistic switching condition. 

 
5  The probablistic switching condition and approximation of SCTM 
We define the probability for the five modes as   

    • FF mode: ( ))(<)()(<)(Pr)(1 kkkkkP cdcu ρρρρ ∩ ,  
    • CC mode: ( ))()()()(Pr)(2 kkkkkP cdcu ρρρρ ≥∩≥ ,  
    • CF mode: ( ))(<)()()(Pr)(3 kkkkkP cdcu ρρρρ ∩≥ ,  
    • FC mode: ))()()((1)( 3216 kPkPkPkP ++− . If the traffic state is in the FC mode, we 

further define the probability for the wavefront moving downstream (event D) as 
( )))()()(()()(Pr)( 4,442,27 kkkwkkvkP Jf ρρρ −≤  and moving upstream (event U) as )(1 7 kP− , 

then we have the following two scenarios:  
        - FC1 mode: ( )FCDkP |Pr)(4   
        - FC2 mode: ( )FCUkP |Pr)(5   

From the definitions of probabilities of FF, CC, and CF modes, these probabilities are joint 
probability mass functions. We define “the joint traffic density” as   

 ),()(=)(
5

1=
kkPk ii

i
ρρ ∑  (25) 

where ,51,=, Kiiρ , denote the traffic state for the FF, CC, CF, FC1, FC2 mode respectively. In 
fact, by the definition of )(kρ , it is nature for us to link it with a finite mixture distribution. Under 
the mixture model (25), the expectation of )(kρ  is given by   

 ( ) ( ))()(=)(
5

1=
kEkPkE ii

i
ρρ ∑  (26) 

   To save notations, we define ( ))(= kEk ρµ , ( ))(=, kE iki ρµ  and )(=, kPP iki . Then (26) can 
be written as   

 .= ,,

5

1=
kiki

i
k P µµ ∑  (27) 

The variance matrix is then given by   

 ,)(=))(( ,,,,

5

1=

T
kk

T
kikikiki

i
PkVar µµµµρ −+∆∑  (28) 

where ki,∆  is the variance matrix of )(kiρ . Since the mean and variance matrix is defined, “the 
joint traffic density” is well defined as for a second order random process. Now we are ready to 
state the probabilistic switching condition for the SCTM. The probabilistic switching law is 
depicted in Figure 7. 
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Figure 7. The probabilistic switching condition for the SCTM 

 
Remark 5.1 Since our model is working in stochastic environment, we can not judge which mode 
the traffic state belongs to exactly. It is therefore we associate each mode a probability to show 
how likely each mode would be. Then a joint traffic density is defined to evaluate the overall effect. 
The definition of the joint traffic density reminds us the finite mixture distribution naturally. By 
the theory of finite mixture distribution, see [11-12], we obtain the mean and covariance matrix.     
Remark 5.2  It has been shown in [13] that if the random sequences are log-normal distributed, 
the traffic density state can be well approximated by log-normal distribution. Therefore, we 
assume the traffic density obey log-normal distribution when the noise sequences are log-normal 
distributed, and its mean and variance matrix is given by the above analytical results.     
Remark 5.3  To extend the CTM to deal with the stochastic elements, the simplest approach is to 
apply the Monte Carlo Simulation method to the CTM. However, one could suffer from the highly 
computational cost. The (extended) Kalman filtering approach is also often used in the estimation 
and prediction of traffic state. However, there are some disadvantages restricting the application of 
this approach. For example, the Kalman filtering is applicable only if the system is observable (for 
the linear system case) or detectable (for the nonlinear system case). Also the Kalman filtering 
approach would meet the design purpose in asymptotic sense in which the result is credible only 
when the simulation time is large enough. When dealing with the nonlinear cases (the traffic 
models are always nonlinear), the extended Kalman filtering approach is applied. However, since 
the extended Kalman filtering is based on Linearization of the original system, the result obtained 
by the extended Kalman filtering is local in nature. Also the (extended) Kalman filtering diverge 
seriously if the plant dynamics and noise statistics are not exactly known. The mean and 
covariance update depends on both the system dynamics and the Kalman gain. The SCTM will not 
suffer from these disadvantages. However, note that the probabilistic switching condition and the 
usage of finite mixture distribution would introduce some error.     
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6  Conclusions 
In this paper, a stochastic cell transmission model (SCTM) has been proposed for simulation of 
traffic network under stochastic demand and supply which belong to some wide sense stationary, 
second-order processes consisting of uncorrelated random vectors with known mean. By 
expressing the sending and receiving functions in the CTM as random functions, we have 
introduced uncertainties to the traffic flow, system parameters such as jam density, free flow speed  
etc. Also we avoided the nonlinear and “min” operation for random variables, which is not well 
defined for random variables, by combining the SMM proposed in [4]. The SCTM was formulated 
into a class of discrete time stochastic bilinear systems. Based on which a set of probablistic 
switching conditions for the SCTM is introduced. Furthermore, we introduced the joint traffic 
density to approximate the “real” traffic density. 
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Abstract 

A large-scale Decision Support System (DSS) has been developed and will be applied for 
Beijing city in China. The main purpose is to be able to propose best suitable measures for a 
given (either recurrent or non-recurrent) traffic situation, and to apply it to a real-life traffic 
management, with focus on the application around the Olympics Area. A major issue for 
operational management is to be able fast to recognize primary problems and to be quick to 
recommend/retrieve corresponding solutions. This paper proposes a novel self-learning 
approach using conjointly expert knowledge-based choice and case-based reasoning. Key 
aspects to support such process include: (a) problem identification that is based on a 
mesoscopic large-scale network dynamic simulation with dynamic traffic assignment; (b) 
measures that have been successfully implemented in a priori cases would serve as new initial 
scenarios to the new situations, and (c) measure evaluation that can be performed according to 
performance indictors. Effective scenarios (measure to problem) are stored into KBEST 
(knowledge-based expert system) and made available for offline and online calls. System 
building and a calibration process are being followed, and an implementation of such system 
to an incident management and route guidance is foreseen and being designed. 

Keywords: Decision Support System, knowledge-based system, self-learning system, 
incident management, and dynamic traffic management 

1 Introduction  

The success of ITS deployment depends on the availability of advanced traffic analysis tools 
to predict network conditions and to analyse network performance in the planning and 
operational stages. Many ITS sub-systems, especially, Advanced Traffic Management 
Systems (ATMS), Advanced Traveller Information Systems (ATIS), and Emergency 
Management Systems (EMS), depend on the availability of timely and accurate wide-area 
estimates of prevailing and emerging traffic conditions. Thus, there is a strong need for a 
Traffic Estimation and Prediction System to meet the information requirements of these sub-
systems and to aid in the evaluation of ITS traffic management and information strategies.  



However, it is still a complicated task for a traffic control centre operator and traffic 
management practitioners to interpret monitoring data and to pose the diagnosis to an 
observed problem, due to the complex interactions between measurements, and a lack of 
insight into network dynamics, in particular when facing non-recurrent situations. It is 
beneficial for traffic management to provide a decision support tool to these personnel in 
order for them to be able to select an effective measure to a given problem. 
Various approaches have been tried and tested, which include rule-based and case-based 
reasoning, using either artificial intelligence (AI) or expert-based system (Ritchie, 1990). It is 
still not possible to handle large and complex networks in an urban area. Major difficulty 
resides in the fact that a specific and real problem at a given location in a large network is 
hardly easy to be represented and prompted to a readily available solution. 
This paper suggests a self-learning approach, which recognises that a solution may not be 
available to a specific problem but a most likely one may be recommended when experienced 
successful cases are registered into a relational database. The more the successful cases have 
been collected, the more efficient the system performs. But it is the restriction also that a case 
should remain sufficiently robust, so that both generic characteristics of cases and efficient 
operation of the system can be achieved in balance.  
The paper will address further issues in problem recognition, solution matching as well as 
knowledge database expansion. Note that the paper addresses mainly the technical solutions 
to support traffic management tasks, and does not deal with the potentially important 
institutional and usability issues such as the authority and responsibility of the operator and 
the measure to which this system supports the task execution (van Zuylen 1990). 
Ongoing development in a large metropolitan city, Beijing, China, will also be presented 
(Chen et al., 2000-2005). 
 

2 Methodology 

The ambition is to be able to propose a best suitable solution to a given (either recurrent or 
non-recurrent) traffic problem, and to apply it to real-life traffic management. This problem-
driving approach requires a fast diagnosis of problems and a quick generation/retrieval of 
corresponding solutions.  
Decision support systems for traffic management can be distinguished in: 
1) Rule based systems, where knowledge stored in structured databases, decision rules (if … 

then …) and procedures, is augmented with real-time monitoring data. The system can 
reason about the meaning and consequences of the monitoring data and draw conclusions 
about the cause of a traffic problem (diagnosis) and the best measures (remedy). These 
rule-based systems may be made probabilistic (conclusions are drawn with a certain 
probability) or fuzzy (a diagnosis or remedy are given as membership to certain sharply 
defined states). 

2) Case-based systems, where an a-priori database is made of situations with traffic 
conditions and control measures (scenarios). These scenarios are evaluated with respect 
to certain objective functions. After the occurrence of a traffic situation, a match is made 



between the real situation and the cases in the database. The case that has the best match 
with the real situation and gives the best performance with respect to a chosen objective 
is selected and the measures of the scenario are recommended (Hegyi et al. 2000, 2001, 
Hoogendoorn and De Schutter 2003). 

3) Real-time simulation, where a simulation runs parallel to the real traffic. Monitoring data 
are used to adapt the simulation to the real situation. The simulation program can run 
faster than real time and the operator can investigate what will happen in the future if he 
takes a measure (Mahmassani 2004). 

In this paper a mixture of these approaches is followed. Three major steps are being followed 
in the proposed DSS:  
- a matching rule enables to recognize a problem and to propose a robust solution – i.e. an 

approach like the rule-based DSS;  
- further search continues to identify a most likely scenario that has been successfully 

executed before – the case based approach; and  
- successful scenarios for traffic situations that have not been analyzed before, can be 

prepared offline and stored to a relational database after being tested.  
The problem of the first approach is that it is very difficult to acquire a sufficiently complete 
set of rules to be able to react on most traffic situations. Expertise on network management is 
needed and in practice only knowledge about the most generic situations can be specified in a 
rule-based system. The second approach has the limitation that only a limited number of 
scenarios can be prepared and stored in a database. In a real network, even one of a moderate 
size, billions of possible scenarios can be relevant and defining and assessing them all is 
unfeasible. The third approach is necessary to collect the most relevant scenarios and derive 
rules from them. This makes the system (self) learning. 
These three steps are closely linked to each other and are complementary in its function. In 
the case that no suitable scenarios are found, a further analysis is needed. The monitoring data 
are stored for further off-line search for a suitable new control scenario. 
 
2.1 Establishing a learning-based mechanism 

This consists of the following major steps: 
- A rule-based robust choice approach, 
- A case-based reasoning for most likely scenario, 
- The development of new scenarios if necessary. 
This combination would be able to combine both existing experts’ knowledge of best 
practices, simulation-based scenarios and new knowledge. 
 
A rule-based robust choice approach 
A rule-based approach is similar to the current approach in a traffic control centre, where an 
operator follows a manual and selects procedures/measures to implement. 
 
However this is not a replication of an operator’s manual. It is a robust entrance to a more 
detailed case-based reasoning, which will be discussed next. This is to help structure the 



complex process, and avoid considering all kinds of technical and physical possibilities. 
Basically the rule base contains especially the meta-knowledge of the case base, i.e. the 
knowledge about the use of the case-base. 
Again this step focuses on the desired traffic situation and proposed method to achieve it. The 
question of exactly what to use to achieve the targeted level will be answered by case-based 
measures. 
 
On structured control of motorway and urban ring roads where the configuration of control 
devices is known, rules can be pre-set to actuate the control when events/incidence occur. 
Various scenarios can be possible for a same situation and performance indicators can be 
calculated to assess the measure of effectiveness for each of the scenarios. The best scenario 
can then be chosen. Further a performance indicator to a specific measure can be saved for 
further use. 
 
A Case-based reasoning for most likely scenarios 
On irregular or unstructured roads where control devices are not configured structurally, a 
rule-based approach may not be suitable to deliver the best control. But a rule-based approach 
can suggest a robust solution that is based on combination of various effective measures on 
known situations. As presented previously, a rule-based approach stores a typical measure to 
a typical situation, which allows coming up with a probable combination of measures. The 
robust solution needs to become a concrete measure to implement and to be operational.  
 
There would not be a specific measure to a given problem that could happen at anywhere in 
the network at any moment. There is however a most likely one, based on the following: 
- Knowledge-based expert system database (KBEST); 
- Most likely pattern matching based on likelihood maximization. 
The KBEST is filled in by historical and simulated cases, which will be the topic for the next 
paragraph. 

 

 
 

Figure 1: Example of individual area-measure membership functions 
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The pattern matching is based on the likelihood that a case from the case base is identical with 
the observed situation. A short description is given below, following (Hegyi et al. 2000, 
2001). The likelihood concept is represented by fuzzy sets, where the likelihood is converted 
into the membership of a situation to the class of a particular case. 
 
The fuzzy set approach is based on a set of ‘fuzzy’ cases characterized by parameters, where 
each fuzzy case has a certain domain of parameter values. Observed states observed having 
parameters within the range of a fuzzy case, are considered as a member of this fuzzy case, 
where the membership is determined as follows. Let the input vector )( jXX =  summarize all 
the relevant parameters of the case for an area j. For all parameters, the membership (or 
similarity) relative to case c  can be defined by a function , ( )i c iXμ  which expresses how 
much the parameter value Xi can be considered to belong to case c.. Considering all elements 
of the input vector X , the similarity of case c can be determined e.g. by taking the mean over 
the similarities of parameters i:  

)}({)( , iciic XmeanX μλ =   (1)  

The predictions of the output )( jY  can be determined easily by considering the output or 
antecedent part )( j
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where )( j
cY  denotes the predicted conditions in sub-network j as indicated in case c.  

 
The example is based on measures (devices). It works also with other traffic attributes, such 
as a set of links. 
 
A simulation approach for assessing the performance of a scenario 
Computation effort may become excluded to find a best measure to a problem when a large 
network with many control measures is present, in the case-based reasoning as discussed 
above. To bypass this difficulty, a dynamic simulation approach is used. 
 
The principle is as follows: 
- code a traffic network, suitable for dynamic modelling 
- obtain a dynamic (time-sliced) OD matrix 
- load the OD into the network, with DTA (Dynamic Traffic Assignment) technique 
- introduce also traffic control and measures into the DTA loading process 
 
This would allow experts to choose only possible combination of measures to be evaluated in 
simulation, reducing potentially a large number of combinations with the case-based 
reasoning. Of course, it may happen that some relevant combinations are skipped or missed. 



The real time generation of measures and its assessment by simulation looks as an interesting 
option, but has a limitation in the case of Beijing. The standard procedure for traffic 
management measures is that they should be approved before implementation. This means 
that the operator can develop a control strategy and assess it by simulation, but he should get 
approval before implementation. Therefore, a simulation approach needs to be followed by a 
(slow) process of verification and approval, after which it can be inserted in the case base. 
This shows that a new decision support tool has to be combined with a task analysis and task 
reconstruction in order to be effective and usable (van Zuylen and Gerritsen 1990) 
 
A learning mechanism 
At a traffic control centre, an experienced operator should know the performance of a specific 
measure or scenario (combination of various measures). This can also be established with a 
dynamic simulation where measures can be evaluated.  
 
Performance of a measure or a scenario can be stored together in a relational database. A best 
performing one would replace or update the existing one in the database, or saved in the 
database if none is available yet.  
With this possibility, any scenario/measure, whether existing or new, can be simulated and 
evaluated. A best solution can emerge in practice. 
 
2.2 Building a relational database of scenarios 

A learning-based mechanism requires that following actions be taken: 
- Rule-based approach to provide a robust first suggestion to service a problem, 
- Case-based reasoning to approximate more specific measures under the category service, 
- Dynamic simulation to evaluate the performance of a specific scenario/measure. 

 
The rule-based approach provides a robust and overall first level suggestion. This is based 
mainly on operators and practitioner’s experiences. It stores effective scenarios as well as 
individual measure to problem, together with performing indicators, into a relational database 
(KBEST, in following section), where historical and simulation-based evaluation need to be 
performed to filled in the data. A dynamic traffic measure (Chen et al., 2004) is an action that 
produces signals to control traffic behaviour by informing, recommending, warning, 
facilitating, or enforcing. 
 
The case-based approach provides more specific measures and needs most efforts to prepare. 
Again similar info such as in the rule-based cases is stored into the database. 
 
The database contains these info: (1) event description (type, location and time, etc.), (2) 
traffic response (area, devices and time, etc.), and (3) measure of effectiveness (area, 
indicator, etc.). It is meant for both storage and retrieval.  
 



 

Further the measure will have also a location and time indication, so that implementation can 
take place. Together with performance indicators provided by a dynamic simulation, this 
information will be stored into the KBEST for further retrieval. 
 

3 Scenario analysis, generation and evaluation 

To store effective scenarios (measure to problem) into KBEST and made them offline and 
online available, two sources are used: historical and simulated cases. 

Key aspects to support such process include: (a) a problem identification based on a fuzzy 
matching procedure; and (b) a measure evaluation that can be performed according to 
performance indictors evaluated by a mesoscopic large-scale network dynamic simulation.  

A mesoscopic dynamic traffic simulation model is used to incorporate major traffic elements 
together and simulates their interactions. These elements include the traffic network, traffic 
demand (vehicles), traffic control, and network-wide traffic control strategy. The flows in the 
dynamic simulation are based on Dynamic Traffic Assignment (DTA) method. 

DTA has in this DSS the following characteristics: 

- Dynamic simulation: time-step to a few seconds (OD-time slices may be further to 
minutes), 

- Individual vehicles are simulated, 
- Traffic control: coordinated control/split, offset, 
- VMS, Ramp-metering, 
- Road work, incidents, 
- Guidance: travellers information such as speed signs and VMS, etc., 
- Network size: major roads within and including Beijing 5th ring, 
- Number of vehicles: 1.5 million. 
The simulation program evaluates a measure to a given problem with respect to certain 
objectives and determines whether it is the good scenario in a given circumstance. This is a 
built-in function of the DTMS (Dynamic Traffic Management System) (Figure 2). This can be 
performed specifically for all recommended measures to all identified problems. More 
interesting is that it can be done offline to prepare the KBEST and using the expert 
experiences for matching measure to problem. 

A successful evaluation gives us a good case to store effective scenarios into KBEST. They 
can be called later on by real-case operations. The case-based reasoning is applied in the 
following way: 

- Check further whether there are cases available in KBEST; this includes checking the 
availability of a specific measure in the given area; 

- If available, select or update the case, based on the maximum likelihood of cases. This is 
where KBEST is filled in and updated. 

The selection and retrieval of scenarios is done by assessing the membership of scenarios. 
The match is based on traffic patterns parameterized by flow, speed, travel time at given 
locations/areas or between defined OD pairs. 

How quick a scenario can be recommended to an online operation depends largely on the size 
of the case base KBEST and how fast the matching procedure runs. 



 

The Scenario Analysis, Generation and Evaluation System (SAGES) allows users to 
customize with the DSS system and to learn how to identify major traffic problems and what 
impact a traffic management measure or control scheme has on the network traffic. 

Effective scenarios are then sent to real operations (TCSS – Traffic Control and Surveillance 
System) for the traffic operators to execute the actions. 

 

 

Figure 2: DSS Operations 
 
3.1 Network-wide mesoscopic simulation  

To access the impact of a given measure to a problem, two possibilities exist. One is to use a 
dynamic simulation to access the scenario offline, and the other is to evaluate it in site by real 
operations observation. See Figure 2. Both methods are adopted, by testing first offline with a 
dynamic simulation and then implement and test online. At this moment with ongoing 
development, only the simulation method is presented in this paper. 
 
3.2 Network and data model 

The whole Beijing network in the simulation model includes the major arterials and the 5th 
ring road (circular distance of 66 km) and the inside area. The city centre is within the 2nd 
ring, and the Olympic area between 3rd and 4th ring of the north part of the city. The network 
contains more than 610 zones, with 24 matrices sliced at 10 minutes each.  
Each link is coded with a type, number of lanes (or turn-bay), as well as a traffic flow model 
to apply. Variable message signs (VMS), incident, work zone and ramp metering are also 
added to each link. Each node (junction) has a type, controlled or not, with turning 
movements.  
 
3.3 Dynamic OD estimation 

In order to represent the dynamic situation of traffic flow in Beijing, around 700 traffic counts 
are located in the whole network, providing flows and speeds observation intervals of 2 
minutes. An a-priori matrix of 610 zones is available. The major challenge now is to estimate 
the dynamic matrices of 10 minutes interval, by these available data. The calibration of the 
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OD matrices follows the approach as proposed by Chen (1992). This is similar to that by 
Zhou, Qin and Mahmassani (TRB, 2002). However Chen’s method tries to keep the original 
OD structure and minimizes a weighted sum of squared differences between the a-priori OD 
matrix and the estimated one, and the observed and estimated flows: 
 

Equation 3: 
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where  

w = a positive weight between 0 and 1 

p = link flow proportion, for departure time t, origin i and destination j, at link l and 
observation interval h  

d = estimated traffic demand 

c = measured traffic flows 

g = historical static demand 
 
Dynamic matrices are being estimated. No numerical results can be reported at this moment. 
 
3.4 Calibration of a simulation model 

Dynasmart-P (Mahmassani 2004) has been chosen for such an application. It uses a modified 
Greenshields model for the traffic propagation, which takes into account relationship between 
speed and density. 
On major sections, Greenshields traffic flow models are estimated, using time-sliced traffic 
counts. This has been done in a few chosen areas and for different types of roads, ring roads, 
arterials, etc. 
An overall flow display per 2 minutes, combining counts, CCTV (camera) monitoring, road 
work and congestion report are also used to calibrate the running Dynasmart model.  
 

4 Application case 

Actually the complete DSS is being implemented for a large urban area (5th ring road and 
inside) of Beijing. As a concrete application, the DSS recommends also scenarios for incident 
management, which is foreseen and being designed for north part of the city.  
Among others, the complexity of the DSS includes also the large network, mixed traffic and 
large number of vehicles, as well as control plans, road layout and route guidance, which 
makes a pattern-match of a scenario to a problem a huge challenge.  
 

5 Concluding remarks 



 

A large and unprecedented urban DSS is being implemented in Beijing for a large urban 
network with huge amount of mixed traffic. A self-learning mechanism is being implemented 
in the three level decision support process, which is based on best practice and case-based 
reasoning. Key is to select and prepare effective scenarios by historical and simulated cases, 
and then to store and retrieve these scenarios into KBEST for further use. Dynamic simulation 
has been used for offline assessment and the evaluation of relevant scenarios and the KBEST 
provides background for case-based selection. At the moment of writing, development of 
systems is still ongoing and no further numerical results are available at moment. More 
findings will be reported in a later stage. 
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Abstract: Integrated urban transportation models have several benefits over sequential models
including consistent solutions, quicker convergence, and more realistic representation of behavior.
Static models have been integrated using the concept of Supernetworks. However integrated
dynamic transport models are less common. In this paper, activity location, time of participation,
duration, and route choice decisions are jointly modeled in a single unified dynamic framework
referred to as Activity-Travel Networks (ATNs). ATNs is a type of Supernetwork where virtual links
representing activity choices are added to augment the travel network to represent additional choice
dimensions. Each route in the augmented network represents a set of travel and activity arcs.
Therefore, choosing a route is analogous to choosing an activity location, duration, time of
participation, and travel route. The dynamic user equilibrium (DUE) behavior requires that all used
routes (activity-travel sequences) provide equal and greater utility compared to unused routes. An
equivalent variational inequality problem is obtained. A major constraint with developing
equilibrium models with all of the above dimensions is the combinatorial explosion in the number of
path sets. A combinatorial explosion in number of paths renders path-enumeration based solution
algorithms ineffective. In this paper, we present an efficient algorithm to solve the DUE assignment
problem considering simultaneous activity location, time of participation, duration, and route choice
decisions. The algorithm obviates path enumeration. The algorithm is conceptually similar to Dial’s
“Algorithm B” (Dial 2006), which solves the static UE problem. However important modifications
are necessary to implement the algorithm to dynamic networks. We present the algorithm (referred
to as B-Dynamic Algorithm) and discuss specific implementation details of each of the steps.

1. Introduction
Urban transport modeling involves several dimensions of individual choice including activity partici-
pation, location, time of participation, duration, choice of mode, and route. Often the choice models
are sequentially applied with feedback: initially, the choice environment is assumed fixed and the
individual choices are determined. Subsequently, given the individual choices the choice environment
is adjusted. If feedback is involved, the two steps are repeated until the individual choices and the
resulting choice environment are in equilibrium. We also refer to this state as converged solution.
This process of iteratively solving a sequence of models forms the basis of the four-step urban trans-
portation modeling paradigm.

As opposed to the sequential procedure, several studies have explored integrated choice models
particularly with respect to static transport models. Integrated urban transportation models have
several benefits over sequential models including consistent solutions, quicker convergence, and more
realistic representation of behavior. Static urban transport models have been integrated using the
concept of Supernetworks ((Sheffi 1985); also referred to as Hypernetworks, (Sheffi and Daganzo 1979,
1980)). However integrated dynamic transport models are less common.

Dynamic traffic assignment models (Peeta and Ziliaskopoulos 2001) have been developed over the
past two decades and have addressed several of the short-comings of the static traffic assignment
procedures. In particular, DTA models have increased traffic flow and behavior realism and the
explicit modeling of time-varying flows. These advantages allow DTA to be applied to real-time
traffic management, ATIS, and other ITS measures (Mahmassani 2001, Ben-Akiva et al. 2001). While
traditionally DTA models were restricted to determining route choices given an exogenous time-sliced
demand matrix, more recently DTA models that capture two choice dimensions - route and departure
time choice - have been developed (Friesz et al. 1993, Ran et al. 1996, Huang and Lam 2002, Wie
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et al. 2002, Szeto and Lo 2004, Zhang and Zhang 2007). To capture behavioral realism better there
is a need to consider additional choice dimensions within a dynamic traffic assignment framework.

Initial work toward integrating additional choice dimensions in DTA models are (Abdelghany et al.
2001, 2003). Abdelghany et al. (2001) develop dynamic spatial microassignment procedures when
the unit of analysis is trip chains instead of trips. However, they do not model additional choice
dimensions such as departure time, activity location and duration endogenously. Abdelghany et al.
(2003) addresses a more general choice problem. They determine the departure time, route choice
and the sequence of activities simultaneously.

More recent studies in integrated dynamic models include Lam and Huang (2003), Zhang et al.
(2005), Kim et al. (2006), Rieser et al. (2007). Lam and Huang (2003) develop a dynamic equilibrium
model considering activity location, route, and departure time dimensions. Their framework, however,
assumes the duration of activity participation as exogenous. Capturing activity duration is essential
to understand the effect of activity scheduling on traffic congestion. An integrated work activity
scheduling and departure time choice model in a network with bottleneck congestion is developed by
Zhang et al. (2005). However, they consider single activity participation only. A logical extension is
to consider multiple activities and activity chaining decisions. This is the focus of the paper by Kim
et al. (2006). They present an activity chaining model formulated from the perspective of a time use
problem with budget constraints. Their model includes a dynamic traffic assignment simulation model
to obtain network travel times and an iterative day-to-day dynamic process where activity chains
are updated based on the network travel times computed in previous iteration. Whether such an
iterative procedure results in consistent solutions and the performance of the solutions compared to
more holistic frameworks are interesting research questions that merit attention. Rieser et al. (2007)
describe a multi-agent simulation (MATSim) that takes individuals complete activity sequence as
input. Individual’s behavior in terms of their route choice and departure time choice are determined
iteratively with a traffic flow simulator. They describe a conceptual framework to extend the MATSim
to incorporate activity rescheduling and participation decisions.

The current study, extends above studies by integrating activity location, time of participation,
duration, and route choice decisions in a single unified representation framework referred to as
Activity-Travel Networks (ATNs). ATNs are Supernetworks (Sheffi, 1985) where activities are repre-
sented as links in the network. A major hurdle for extending the Supernetwork concept to dynamic
networks considering activities is that the resulting multi-dimensional dynamic choice problem leads
to combinatorially increasing choice dimensions. Therefore existing algorithms that depend on path
enumeration such as route-swapping algorithm are difficult to implement even for moderately sized
networks. We propose a novel extension of Algorithm B (Dial 2006) to dynamic networks, referred
to as Algorithm B-Dynamic, that obviates path enumeration to solve for equilibrium in ATNs. The
basic description of ATNs, the DUE definition, and the motivation for developing a simultaneous
decision framework are presented in the next section. Section 3 describes the proposed B-Dynamic
algorithm. Sections 4 and 5 describe two important steps in the B-Dynamic algorithm: a modified
dynamic shortest path algorithm and computation of link delay functions and path equilibration.
Finally, Section 6 provides some closing remarks on algorithm implementation.

2. ATN Representation and Motivation
ATNs use a network representation where nodes are activity centers that are joined by travel links.
Activities are represented by arcs that both originate and terminate in the same node (activity
centers). Each activity arc is characterized by a unique activity type and an activity duration. An
activity-travel sequence for an individual can be represented as a ‘route’ that includes both travel and
activity arcs. All individuals at the beginning of the model start from ‘home’ and must participate
in a predefined set of activities. All activity-travel sequences that traverses the set of activity arcs in
which an individual participates in are considered feasible sequences. The model time frame may be
set arbitrarily and is presented in a discrete-time setting. Durations of arc-traversal for travel arcs
is always assumed to be a function of flow, while for activity arcs it is assumed fixed. Consistent
with rational behavior assumption, each individual chooses the activity-travel sequence that provides
the maximum generalized utility. However, modeling the network dynamics at an individual level is
computationally intensive. Therefore, we treat all individuals residing in the same ‘home’ node, who
participate in the same set of activities as similar. We accordingly modify the behavioral framework
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Figure 1 Example Activity-Travel Network

to be consistent with Wardrop’s (Wardrop 1952) equilibrium framework. The behavioral rule adopted
is ‘all used routes (activity-travel sequences) provide equal and greater utility compared to unused
routes’. In other words, at equilibrium no individual can improve her utility by unilaterally changing
her travel choice decisions.

A primary motivation of the ATNs representation is to capture the effect of activity and trans-
portation demand-supply dynamics in travel choice decisions. Consider a hypothetical scenario in the
double-diamond network shown in figure 1. The network consists of eight nodes: Home node (H),
Work node (W), four Non-work activity centers (N1-N4), and two intermediate nodes (I1 and I2). The
nodes are connected by twelve arcs: 3, 4, 10, and 11 are the activity arcs and the rest are travel arcs.
Let us call the diamond with the home node as the residential neighborhood diamond (R-diamond)
and the other as business neighborhood diamond (B-diamond). The total demand for travel from
home to work is 100 individuals; all individuals drive alone to work. Further, 50 individuals drive
directly from home to work while 50 individuals make a stop to participate in a non-work activity
en route to work. All individuals have to arrive at work at the same time, (say) T. All travel arcs
have a capacity of 50 vehicles per time unit and free-flow traversal time of one time unit, while the
duration of non-work activity participation (which is also the time for traversal of activity arc) is two
time units. The utility of participating in the non-work activity is 100 utils (let utils be the unit of
measuring utility) while the utility of travel on an arc is -5*(travel time) utils. As mentioned earlier,
the travel arcs have fixed capacities: at free-flow a travel arc traversal would fetch -5 utils, while a
queuing delay by one time unit would result in a payoff of -10 utils.

There exist two possible activity-chain sequence in the double-diamond network: i) Home to Work,
and ii) Home to Non-work activity to Work. The former can be accessed via four different paths while
the latter has eight paths - four paths each that visit a non-work activity center in R-diamond and B-
diamond. Since the utility of participating in the non-work activity in all four nodes is the same, based
on traditional models of utility maximization, they attract equal amount of traffic. Therefore such
an assignment model would result in each of the eight paths that pass through the non-work activity
having a flow of 50/8. The corresponding total free-flow traversal time is 7 time units (therefore start
time is (T − 7)th time unit). For the individuals who drive straight to work, the traversal time is 5
time units; the corresponding flow is divided among the four paths (50/4). However, link 7, with a
capacity of 50 vehicles per time unit, has an upstream demand of 75 vehicles at the start of (T −3)th

time unit. This leads to delay by one time unit for 25 individuals and a loss in overall utility of 125
utils (assuming there is no late arrival penalty).

On the other hand, if traffic dynamics is incorporated in the assignment model, we would obtain
a solution where none of the individuals visit the non-work activity center in the R-diamond. In this
case, there is no delay for any of the individuals and the total overall utility is 125 utils more than
the previous case. The reason for the difference in utilities is the limited capacity of link 7. Ignoring
the traffic flow dynamics, could lead to sub-optimal assignment patterns. Therefore, it is important
to consider transportation demand-supply dynamics.
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Activity demand-supply dynamics also play a similar important role in individual decisions. Exam-
ples include activity centers with access time restrictions, social interaction activities that provide
greater utility with increased participation and capacity restrictions in shopping mall check-out coun-
ters. Consider the example of capacity restrictions in shopping mall check-out counters: current models
that ignore such an activity supply capacity restriction could over-estimate trip-chaining of shopping
activity by commuters or under-estimate non-peak hour shopping trips. If in the double-diamond
network example above, the non-work activity centers located in the B-diamond had the following
modified utility specification: 100 utils if flow on arc is less than or equal to 15 individuals, 75 oth-
erwise; then, the corresponding destination choice and traffic assignment model would result in 15
individuals choosing to participate in the non-work activity in B-diamond while 10-individuals choose
the R-diamond. ATNs can model the above described as well as several other activity demand-supply
dynamics.

2.1. Dynamic User Equilibrium Conditions
Let,
Ac be the set of all possible activity combinations.

Ra
od : Set of routes from origin o to destination d containing activity arcs αA such that they traverse

all activities in activity combination a ∈ Ac. r is a route that belongs to the set Ra
od. Each route

r represents a set of travel and activity arcs. Therefore choosing a route r, results in the choice of
activity location, duration, time of participation and travel route.

Ua,r
od denotes utility derived by individuals departing from o and reaching d, participating in activity

chain a∈Ac using route r.

ha,r
od : Path flow from o to d, participating in activity chain combination a∈Ac using route r.
The temporal dimension in dynamic traffic assignment models (such as departure or arrival time

index) is not associated with the above definitions since all individuals are always traveling on the
network or participating in an activity.

We can now express the DUE conditions as follows:

Ua,r
od =

=U
a

od if ha,r
od > 0

≤Ua

od if ha,r
od = 0

∀o,d,a∈Ac,and r(: r ∈Ra
od) (1)

Subject to the condition that flow on network should satisfy demand. This is expressed as:∑
∀r∈Ra

od

ha,r
od =

∑
∀ih∈(o,d)

ζa
ih

∀a∈Ac, o, d (2)

where, ζa
ih

=
{

1 . . . if activity combination a∈Aih

0 . . . otherwise
U

a

od is the maximum utility derived by individuals departing from o and reaching d, participating
in activity combination a∈Ac using route r.

DUE conditions, however, are not always satisfied in capacitated networks (Szeto and Lo 2006).
Discontinuities in travel time or utility functions could result in non-existence of solutions. These
discontinuities could arise from time discretization or due to capacity restrictions in the network. In
capacitated networks it is possible that packets of flow are broken because of the lack of available
capacity downstream. Any discrete-time model in capacitated networks exposes itself to the above
drawback. Further study is required to understand the properties of DUE in discrete-time capacitated
network models.

In practice, obtaining a zero-tolerance DUE may require unusually long running times. Further,
the DUE may not exist due to discretization of time. A more reasonable solution is ε-DUE (similar to
the ε-UE in Dial (2006)). In ε-DUE, the route, departure time, activity location, and duration choice
of all individuals from an origin participating in the same set of activities are such that the difference
in utility between any two paths is at most ε units.
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2.2. Equivalent variational inequality formulation
The above DUE conditions can now be formulated as an equivalent VI problem.∑

∀a∈Ac

(ha− ĥa)
T
Ua(h)≥ 0 ∀ha ∈Ha and ∀a∈Ac (3)

where,
Ha is the set of feasible route flows traversing all activities in activity combination a, given by (7),
ha is the vector of route flows ∈Ha,
ĥa is the vector of route flows that satisfy the DUE condition in equation 6, and
Ua is a vector whose each element is given by Ua,r

od −U
a

od.

3. B-Dynamic Algorithm
We now present an efficient algorithm to solve the above VI problem. The proposed algorithm is
conceptually similar to Dial’s “Algorithm B” (Dial 2006), which solves the static UE problem. We
summarize Dial’s Algorithm B first and extend it to obtain B-Dynamic algorithm.

In Algorithm B, the network is decomposed into acyclic sub-networks rooted at the origin. This
acyclic sub-network, referred to as a ‘bush’, contains arcs that carry all, and only, flow from the
given origin to a destination. The basic principle of Algorithm B is to ensure the min- and max-cost
paths for each origin specific bush are within the ε tolerance limit. This is achieved iteratively by
equilibrating the current bush and updating it to include any new min-cost paths and equilibrating
again till convergence is achieved. Equilibration of a bush, in turn, is achieved by computing the
min- and max-cost paths, shifting flows between these two paths so that they are equilibrated, and
repeating the process till all paths are equilibrated.

The overall structure of the process for the B-Dynamic Algorithm is exactly similar. However,
the implementation details for each step is different. For example, in the B-Dynamic algorithm, we
have the additional flow differentiating characteristic of activity sequence. Further, the arc flows are
time-varying.

B-Dynamic Algorithm

1 Initialization: For each origin, destination, and activity sequence combination create an initial
bush.

2 Equilibration: For each origin, destination, and activity sequence combination,

2a Construct dynamic min- and max-utility paths from corresponding bush.

2b If difference in utility between min- and max-utility paths is greater than ε, shift flow
from min- to max-utility path such that their utility difference is less than ε. Else, skip to [2d].

2c Re-compute link delay functions. Return to [2a].

2d Check if the max-utility path on the entire network is lesser than the min-utility path of
the bush. If yes, augment the bush with new max-utility paths. Return to [2a]. Else, continue to [3].

3 Termination: For each origin, destination, and activity sequence combination, check if the max-
utility path on the entire network is lesser than the min-utility path of the bush. If yes, terminate.
Else, return to [2].

The initialization step may be any feasible set of network flows. This could be a simple all-or-nothing
assignment on the free-flow shortest path or could be a warm-start from a previously computed
solution. A warm-start is expected to significantly reduce the computation effort similar to that
observed with Algorithm B (Dial 2006). The equilibration step is divided into several sub-procedures.
Equilibration is carried out for every activity-sequence combination from all origins to destinations.
Dynamic min- and max-utility paths are constructed for each bush (corresponding to a unique origin,
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destination, activity-sequence combination). This is achieved through the modified dynamic shortest
path algorithm explained in the next section. If the utility difference between the min- and max-utility
paths are greater than ε, then flow from the min-utility path is shifted onto the max-utility path
such that their utility difference is less than ε. This equilibration step is discussed in Section 5. If the
flows were shifted, the link delays are re-computed and we return to Step 2a. If the utility difference
between min- and max-utility paths within the bush is lesser than ε, the algorithm still needs to
ensure that there are no other paths in the entire network that is better than those included in the
bush. This is Step 2d. It computes the max-utility path on the entire network to check if any other
better paths in the network can be included to the equilibrated bush. If a better path is found, it is
included in the bush and the entire sequence in step 2 is repeated. The algorithm terminates when
all origin, destination, and activity-sequence combinations are equilibrated within the bush and no
better path exists in the network that are not part of the bush. The sub-procedures are explained in
detail below.

4. Modified Dynamic Shortest Path Algorithm
A key step in the B-Dynamic algorithm is the computation of min- and max-utility paths. This is
achieved using a modification to the time dependent shortest path (TDSP) algorithm Ziliaskopoulos
and Mahmassani (1993). The TDSP algorithm provides shortest path labels from an origin to all
nodes or to a destination from all nodes. Since the network is time-dependent and every arc traversal
takes a positive unit of time, the network is acyclic. The shortest path computations can be performed
efficiently in acyclic networks Ahuja et al. (1993).

Given a network G(N,A) where A includes both travel and activity arcs.
Notation:
λi[t, l]: Shortest-path label for node i at time-period t and activity-combination lexicon l

L: Set of all activity-combination lexicon.

Let us say we have two different activities Shop and Eat out; the lexicon set is given by L =
None, Shop, Eat out, Shop+Eat out

SE: Scan eligible list. We have a 2-tuple consisting of (node i, time interval t) as opposed to just
the node. This may significantly reduce the number of computations that need to be made since we
need to check only those arcs that take us to the future time intervals. Recall that maintaining a
scan eligible node list would require all time intervals (including redundant past time intervals) to be
scanned.

FSi: Forward star at node i.

AAi: Set of activity arcs at node i. We store the id k of the activity arc.

lk: Label of activity arc k, for example Shop, Eat out

uk(t): Utility of participating in activity arc k when starting the activity at time t. This utility is
assumed to depend on the arrival time (schedule delay penalty) and the duration of activity partici-
pation.

dk(t): duration of activity arc k.

uij(t): (dis)utility of traveling on arc i− j leaving arc i at time t. uij(t) =−α(t)dij(t), where α is
the value of time.

dij(t): duration of traversing arc i− j leaving arc i at time t

In terms of computational complexity, the TDSP algorithm will need to be repeated at most |L|
times. The number of combinations of activities is given by 2m, where m is the number of activities.
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However, it is reasonable to assume that the number of activity-stops in a single tour are not likely to
be a very large number. When number of activity stops is 5, the TDSP algorithm has to be repeated
at most 2m = 32 times. Further, the actual computation time is likely to be lesser since several of
the activity arcs become redundant if the activity has already been participated in. For example,
if eat-out is an activity the individual participates in, then while computing the labels that include
eat-out activity all subsequent eat-out activity arcs can be ignored from the computation.

The primary difference between the modified TDSP and the traditional TDSP is: for every (node
i, time interval pair t) in the scan eligible list, we scan both travel arcs ((i, j) : j ∈ FSi) as well as
activity arcs (k ∈AAi). The algorithm is presented below.

Step 1 Initialization
λi(t, l) =∞ ∀ (i, t, l)∈ (N,T,L)\(origin,0..T,None)
λorigin(0..T,None) = 0
Insert (origin, 0) into SE list.

Step 2 If SE is empty, then go to step 3.
Else, remove top (node i, time t) pair from SE list.
For each activity combination l ∈L
For each arc (i, j)∈ FSi

If λj[t+ dij[t], l]>λi[t, l] +u′ij[t]
Then, λj[t+ dij[t], l] = λi[t, l] +u′ij[t]
PREDj[t+ dij[t], l] = [i, t]
Insert (j, t+ dij[t]) into SE list.

Else, go to next node j
End Loop

End Loop
For each activity combination lexicon l ∈L
For each activity arc k ∈AAi : lk /∈ l
If λi[t+ dk[t], l+ lk]>λi[t, l] +u′k[t]
Then, λi[t+ dk[t], l+ lk] = λi[t, l] +u′k[t]
PREDi[t+ dk[t], l+ lk] = [i, t]
Insert (i, t+ dk[t]) into SE list.

Else, go to next arc
End Loop

End Loop
Step 3 Stop

5. Computation of Link Delay Values and Path Equilibration
Two additional sub-procedures in the algorithm are computation of link delay values and path equi-
libration.

In this study, we use a simple point queue model of traffic flow. Each link has a free-flow traversal
time and a maximum fixed rate of traffic discharge. The average link delay faced by vehicles departing
at any given time instant can be obtained from the cumulative arrival-departure curve profiles. An
example arrival-departure profile for a link is shown below. Since time is discretized, the curves are
step-functions that have quantum jumps over fixed time intervals. The average delay of vehicles
entering a link at time t is given by the area in the shaded region divided by the total number of
vehicles entering the link at time instant t.

An important point to note in the above implementation of computing the link-delay function is
its independence from path attributes and other links in the network. Since the link-delay function is
essentially at a link level, they can be quickly recomputed for any changes to inflow into a link. For
example, when shifting flow from the min- to max-utility path, step 2c in the algorithm requires us
to re-compute the link-delay only on the affected links. The link independence assumption allows us
to ignore other links in the network thus increasing the efficiency of the algorithm significantly.
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Figure 2 Link Delay Computation

The equilibration of the max- and min-utility paths (say P and P ′) in each bush is the other
important step in the algorithm. This is achieved by solving the following equivalent minimization
problem.

min(f(x)− f ′(c−x))2 (4)

such that,

0≤ x≤ c (5)

where, x is the flow on one of the paths, and c is the total flow that is currently using the two paths.
f(x) is the utility derived by using path P and f ′(c− x) is the utility derived from using path P ′.
The problem is a minimization problem in one variable and can be solved using the golden-section
method. However, the functions f and f ′ do not have analytical expressions. They are obtained from
the point queue model explained above. The point queue model has to be repeatedly simulated by
changing the value of x based on the golden section method. However, this is not an expensive step
since the traffic flow simulation is performed only on the links that are part of the two paths and
not on the entire network. This simulation is likely to be very efficient and therefore the overall path
equilibration step is expected to converge within reasonable computation time.

6. Algorithm Implementation
The main contribution of Dial’s algorithm B (Dial 2006) is it does not require path enumeration.
It achieves this by storing origin-rooted acyclic subnetworks referred to as a ‘bush’. This allows the
algorithm to take advantage of several desirable properties of path-based algorithms such as simple,
intuitive approach, and avoiding tailing and at the same time does not require large memory for
storage.

To compute shortest path on dynamic networks, utilizing a time-expanded graph and using static
shortest path algorithms on the expanded graphs will work. However, such a straight forward extension
of Dial’s algorithm B to dynamic networks using time-expanded graphs will not work. This is because
the topology of a bush changes between iterations. For example, when shifting flow from a path,
the travel time on few links in the path changes. Therefore, the time expanded bush topology will
change; two points in space connected using a longer temporal arc will now be connected with a
shorter temporal arc.

In the implementation of B-Dynamic algorithm we do not utilize time expanded graphs. Graphs
are still held static; however, every node in the bush stores flow-splits to distribute flow coming from
predecessor arcs into successive arcs. These flow-splits are indexed based on the departure time from
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Figure 3 Algorithm Implementation: Flow Splits

the origin to differentiate between paths that are different only in terms of their time dimension. The
flow-split storage is demonstrated in the example below.

The network has a single origin and destination. Traffic originates at node O at three time intervals
[0,1,2]. All traffic passes through node 1 where it splits into two different arcs. Let the table on the
left represent flow splits at node 1 before equilibration step. Note that the time shown in the table is
the time at which the flow departed from the origin. We are not concerned with the time at which the
flow arrives at node 1. This is determined by the traffic flow model. Irrespective of the arrival time at
node 1, the matrix in the figure provides the flow splits onto downstream arcs. Such a representation
does not modify the network structure within iterations. After equilibration only the flow split matrix
values change. The bush topology remains fixed. By holding the bush topology fixed we are able to
equilibrate paths that are fixed to the origin and depart at a fixed departure time interval.

7. Summary
In this paper we utilized a Supernetwork representation framework referred to as Activity-Travel
Networks (ATNs) that integrates activity location, time of participation, duration, and route choice
decisions. It was argued that a major hurdle for extending the Supernetwork concept to dynamic net-
works considering activities and temporal decisions is that the resulting multi-dimensional dynamic
choice problem leads to combinatorially increasing choice dimensions. Therefore existing algorithms
that depend on path enumeration such as route-swapping algorithm are difficult to implement even
for moderately sized networks. We proposed a novel extension of Algorithm B (Dial 2006) to dynamic
networks, referred to as Algorithm B-Dynamic, that obviates path enumeration to solve for equilib-
rium in ATNs.

The paper describes the algorithm and provides a detailed description of sub-procedures to imple-
ment the algorithm. A modified dynamic shortest path algorithm and a novel bush representation
framework were presented. It is anticipated that the algorithm will be able to solve even large net-
works at reasonably fine level of time discretization efficiently. However, theoretical properties of the
proposed algorithm needs to be studied in detail.

The efficient algorithm can be utilized to solve dynamic traffic assignment models both in planning
context and real-time applications. In real-time applications, the benefits of using the algorithm on a
warm-start could make it particularly attractive. The ability to consider additional choice dimensions
such as activity location and duration should provide a more realistic representation of travel behavior.
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Abstract

Several strategies and policies are viewed as an alternative to induce change in people’s
travel behaviour with the aim to reduce congestion on the roads. Modelling adjustment and
changes in the activity scheduling dimensions of an individual due to time-varied network
congestion is necessary to efficiently examine impacts of policies like flexible working hour
schemes, dynamic tolling strategies and time dependent parking fees. This requires a model
that utilises a mechanism based on trade-offs between benefits gained through participation in
an activity and the disutility of travel on the road network in a manner that integrates entire
day activity-travel pattern of an individual. On this basis, a model is proposed that attempts to
integrate dimensions related to individual daily scheduling of activities with the dynamic
network loading models. The model is formulated as a fixed point problem that brings the
system in equilibrium through an iterative feedback mechanism and is solved by first
converting the problem into a gap function and then minimising it through a standard
optimisation algorithm. Travel times on the road network are determined from the dynamic
network loading model and are fed into the utility function which involves disutility
component along with the utility of activity engagement. The marginal activity utility concept
is considered for measuring utility gained through participation in an activity for a particular
amount of time. These predetermined marginal utility profiles for activities are taken as a
function of time-of-day and activity duration.

This paper contains a critical review of relevant literature, a description of the proposed
model framework and finally presents an example implementation for an activity-travel
pattern that consists of a home-work tour. Several hypotheses are tested by conducting
numerical experiments from the model to gain further understanding about the theoretical and
operational underpinnings. These hypotheses include;
 Testing of separate modelling of morning-evening commutes as opposed to combined

modelling i.e. complete home-work tour
 Dispersion of morning and evening peak and the effect on the duration of work activity

when dynamic tolls are incorporated
 The effect of different dynamic network loading models
 The effect of establishing a decision hierarchy of different activity scheduling

dimensions and use of a proper choice model from the family of discrete choice models.
Some meaningful observations are drawn from the obtained results and are explained in the
paper. For example, no differences are found in the combined and separate modelling of
morning-evening commute when marginal utility of activities were considered only as a
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function of time-of-day and on the other hand significant variations in the results are found
when different dynamic loading models were used due their inherited properties and
assumptions. In general, the results obtained from the model give enough indication that the
developed model is robust and yielding predictions as per expectations.

Keywords: Scheduling of activities, Marginal utility of an activity, Dynamic network
loading models

1 Introduction

Modelling congestion in conjunction with trip scheduling has been an active area of
research over the last four decades. The work presented by Vickrey [1] has remained seminal
in this regard. Further extensions and refinement of his work in many dimensions have
resulted in a well-known scheduling theory for the morning commute. Attempts have also
been made to integrate the morning commute with the evening commute (home-work tour)
through the same framework, with an argument that scheduling of the morning work
commute may well depend on the travel cost of the return to home trip, the duration of the
work activity and variation of the utility of the work activity with its start and end times [2].
Several empirical studies have also recognised the fact that due to growing concerns about
congestion on the road network and policies that are aimed at reducing it (e.g. road pricing),
people tend to change their activity patterns. For example, such changes may involve
inclusion or exclusion of an activity from an already planned activity pattern, changes in start
and end times of activities, their durations, changes in mode, destination and route choice [3],
[4]. Therefore, a model capable of reflecting changes in individual activity schedules due to
the conditions on the road network is required to accurately foresee the impact of policies
aimed at reducing congestion.

Recently, Lam and Yin [5] and Lam and Huang [6] proposed a discrete choice
framework in discrete times to model activity, destination and route choice together. They
adopted a variational inequality-based formulation in order to assign traffic dynamically and
brought out mutual consistency between activity choices and travel times. However, the
modelling framework does not model activity duration, which is considered as a vital
dimension for linking the same day activities [2]. Abdelghany and Mahmassani [7]
formulated and analyzed a stochastic dynamic user equilibrium (SDUE) problem in which
drivers simultaneously seek to determine their departure time, route choice and sequence of
their intermediate activities at the origin to minimize their disutility for travel. Their
modelling framework is limited to the morning commute only with three intermediate stops
i.e. it does not deal with the complete activity pattern of an individual for a whole day and
also in their model duration at intermediate stops of the morning commute is treated as a fixed
and a given parameter. To overcome the deficiencies of earlier works, Zhang et al [2]
investigated variation in the departure time within-a-day for the home-work tour as a trade-off
between travel cost and the utility of participation in the work activity. The home-work tour is
linked with work duration and the model follows a hierarchical nested logit structure. In
addition to this, they established an equilibrium condition between the schedule choice pattern
and network congestion by solving a fixed-point problem. Their modelling framework utilised
bottleneck model (i.e. Point-Queue model) for estimation of travel time on a single link
between home and work locations, which was then fed into the utility function. Furthermore,
they considered a single user class and one origin-destination pair linked through a single
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traffic corridor and employed the timing activity utility concept in their modelling framework.
A similar sort of work has been presented by Kim et al [8] with the only difference that
instead of using the Bottleneck model at supply side, they have utilised DYNAMIT (dynamic
traffic assignment package) to assign traffic and obtain time-dependent travel times which are
feedback to demand model to achieve demand-supply equilibrium. Polak and Heydecker [9]
also presented a similar kind of work i.e. combined modelling of home-work tour with
dynamic network congestion, with a difference that utility function of their model do not
incorporate a random error term i.e. they model home-work tour in manner that it provides
deterministic user equilibrium.

In all recent work of activity scheduling modelling with network congestion i.e. [2],
[6], [8] and [9]; it has been noticed that the utility specification of their model includes a
component that measures the utility of activity engagement. This has been calculated through
predetermined time-of-day dependent marginal utility profiles for a particular activity.
However, in a recent paper of Ettema et al [10], it has been reported that time-of-day
dependent marginal utility profile of an activity may not fully explain the utility an individual
derives through activity engagement. They showed that duration based marginal utility
function and incorporation of scheduling constraint may also make significant contribution in
combination with clock-time based marginal utility function for proper measurement of utility
of activity engagement. Further to that the results showed in this paper also support the work
presented in [10] as clock-time based marginal utility function for home and work activities
do not able to integrate morning and evening commute together and thus not serve the
purpose of combined modelling. Therefore, the model proposed in the present paper can be
viewed as a refinement of the earlier models presented under this framework and also a
generalisation and extension of earlier segmented works under a single modelling framework.
Generalisation, in a sense that the modelling framework is able to integrate various forms of
choice models at the demand side and in a similar manner variety of network loading models
can also be assimilate at the supply side. Extension in a sense that it would integrate some
more dimensions of activity scheduling (i.e. duration, sequence, activity start and end timings
and route choice) in order to deal with more complex tours and activity patterns. This
extension is crucial because it provides the basis for application of theoretical concepts
(which were presented earlier only for the simplified examples) in a broader context which is
helpful in examining the practicality of these concepts.

The model proposed in this paper combines scheduling of activities in a day with
network congestion effects in a single framework. The mechanism through which an
individual may vary their activity scheduling dimensions within-a-day is based on a trade-off
between benefits gained through activity participation in relation to the travel cost. The model
considers several user classes and able to analyse complex home-based tours as an individual
daily activity travel pattern. In addition to this, a stochastic dynamic user equilibrium (SDUE)
condition is formulated between scheduling of activities and flows on the network. Activity
scheduling dimensions are modelled using random utility models and network congestion
effects are incorporated through a suitable dynamic network loading model which fulfils the
desirable properties of traffic flow propagation [11]. The model paves the way to
appropriately analyse the impacts of several time dependent policy measures on the overall
individual activity pattern for macro level planning schemes. For example, these policies
could include dynamic tolling strategies, time-dependent parking fees, flexible working hours
and working at home options available to individuals. The next section describes the proposed
modelling framework and discuses the modelling considerations at length followed by a
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mathematical illustration of the model for home-work tour on a single link as an example.
Some hypotheses are numerically tested on this example and results are discussed followed
by the concluding remarks.

2 Components of the proposed model and their modelling considerations

In this section a theoretical framework of the proposed model is presented along with
the description of its components at length. In simple terms, the model contains three major
components: (1) Demand side, (2) Supply side and (3) the component that deals with the
integration of the demand and supply sides.

2.1 Demand side

The Demand side deals with the modelling dimensions involved in the activity
scheduling process such as departure times, activity durations, sequence, location, mode and
route choice [12] and the method follows to model these dimensions together. To set up the
model in this research as a meaningful extension of the work described in the introduction;
departure times (activity start and end times), duration, sequence and route choice are
considered for modelling and the focus remains only on those activity patterns which consists
of a single home-based tour with several combinations of secondary activities around the
main activity of the tour. For the development of the model it is considered that only the list
of activities that an individual needs to perform in a day is given. Therefore, the concern here
is how an individual takes a decision to schedule his/her activities by choosing timings,
duration, sequence and route for the day’s activities. This requires thorough investigation of
the following two main issues
 Approach for modelling activity scheduling dimensions
 Specification of a utility function for scheduling of activities in a given day

About the issue of appropriate approach for modelling activity scheduling dimensions; a
range of activity based modelling systems have been developed using different approaches to
model some of the dimensions of activity scheduling. These modelling systems utilize
econometric principles and heuristic rules (also known as computational process model
(CPM)) to guide simulation of the individual decision process, which actually lead to the
determination of their daily activity schedules. The econometric approach involves using the
systems of equations to capture relationships among the macroscopic indicators of activity
and travel, and to predict the probability of the decision outcome [13]. However, in CPM a set
of heuristic rules are used in the form of a condition-action (If-Then) structure in order to
solve a particular task at hand [14]. The econometric approach allows investigation of the
causal relationships among various characteristics of activities, land use and individuals and
on the other hand CPM due to its explicit nature provides a more flexible approach to
represent complex travel decision making [12]. In this research, the econometric approach is
utilised to model dimensions related to activity scheduling, as this approach is fully
compatible with the requirements of the supply component of the proposed model and also it
provides a useful setting to mathematically solve the problem of equilibrium between the
demand and supply side by incorporating standard optimization algorithms. Within the
umbrella of econometric approaches models related to a discrete choice framework like
Multinomial Logit (MNL) and Nested Logit (NL) etc. can be utilised in this context as these
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models have been used in the literature for modelling scheduling of activities (for example
[15]; [16]; [13]; [17] and [2]). These models also provide flexibility to assess the effects of
correlation and dependence of various scheduling dimensions with each other and their
alternatives. This compels to have a general modelling framework at the demand side, so that
any discrete choice model can be used to determine the choice probabilities.

The second issue within the demand side specification is the definition of a utility
function for scheduling of activities in a given day. In the proposed model, the individual
takes a decision about the modelled scheduling dimensions of his complete activity pattern in
such a manner that maximises his/her overall utility of the activity pattern. It has been
generally accepted that the utility of any activity at a particular time is a function of the
satisfaction of performing activity itself and intensity with which the activity is performed
[18]. Both of them are dependent on time, therefore a concept is emerged which result in a
time-of-day dependent utility of an activity (also termed as marginal utility, expressing the
utility gained from one additional time unit of activity participation). Very recently, Ettema et
al [10] discussed and empirically supported the arguments that an activity utility function
should contain three different components of activity engagement namely time-of-day
preference, satiation effect (duration related) and scheduling constraints. Time-of-day
preference for an activity is captured through a continuous marginal utility function varied
over clock time which mainly represents preference of an individual in participating in an
activity at a particular time-of-day. Satiation effect of an activity is considered using a
marginal utility function which decreases with duration, this basically refers to diminishing
marginal returns and according to that increase in the duration of participation in an activity
results in the decrease of marginal utility obtain from that activity participation. Scheduling
constraints of an activity is included in order to represent strict constraints that are not
reflected completely from time-of-day preference component such as work or school
arrangements and opening hours of stores and other facilities; these constraints are
represented through schedule delay approach presented by Small [19]. This utility function
seems more comprehensive as it contains all the important ingredients from which an
individual derive benefits through activity engagement. In addition to this, Ettema et al [10]
presented the way through which this specification of utility can be operationalised.
Furthermore, this concept is more general in nature and almost all various sorts of activities
are accommodated within it. Therefore, a utility function that approximates the above
characteristics for a component that represents utility of an activity engagement along with
the component that represents disutility indicators such as travel time and travel cost is
adopted in the proposed modelling framework in order to model dimensions related to
scheduling of activities with network congestion.

2.2 Supply side

Supply facet, the second component of the proposed model, assumes that the road
network is given with some known geometric features. The travel time of a particular path
that connects an origin-destination pair is determined using a supply model in order to
represent the congestion effect. For the supply facet the issues that need to be addressed are:
 Dynamic representation
 Macroscopic dynamic network loading models

Regarding dynamic representation; it has been noted that time is very crucial in the
demand side of the model because the utility of the scheduling of a day’s activities is
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measured along the time-of-day. Therefore, a static representation of congestion on the road
network through the supply side would not be compatible with the demand side of the
proposed model. Furthermore, the dynamic version allows explicit representation of reality as
smaller duration departure periods can be assumed and also flow on the network varies
spatially and temporally; the same is not true with the static case in which it is assumed that a
person will reach at his destination within the same departure period [20]. In addition to this,
current advancements in computer and methodology promise that the development of a
dynamic representation is not a big challenge anymore. Therefore, in the proposed modelling
framework, dynamic representation of congestion on the road network is considered.

Concerning the second issue in the supply facet; it has been already mentioned that the
application of the proposed model lies in assessing the macro level planning policies, the
focus therefore remains only on macroscopic or analytical traffic loading models. Whole-link
models in which the travel time is considered only as a function of amount of vehicles on the
link, fulfil the desirable properties (for instance; first-in-first-out (FIFO), flow conservation,
flow propagation, causality, positivity, etc.) required for dynamic traffic assignment [20]. The
linear travel-time model [21], Point-queue model [22] and divided linear travel time model
[23] are categorised within the whole-link models and it is noted that they are relatively
simple in their mathematical structure and require less computational efforts for their
implementation [20]. Additionally, they are also successfully incorporated in many dynamic
traffic assignment studies and the results obtained from them are accepted as a fairly good
approximation of the real time condition of the traffic on the road network [20]. Similar to the
demand side, the supply facet of the proposed model is also generalised in a sense that various
whole-link models can be used. This allows carrying out a comparative and sensitivity
analysis of the results obtained from deployment of these within the supply part.

2.3 Linking demand and supply sides

The third component integrates the demand and supply side of the proposed model. It is
realised that the demand side of the proposed model is dependent on the supply parameters
i.e. the utility function for activity scheduling contains variables like travel time and travel
cost which are actually the products of the supply component of the proposed model.
Similarly, the supply facet of the proposed model requires time varying demand in order to
estimate the travel times required to travel from one point to another on the road network at a
particular time of the day. Therefore, both these components are dependent on each other and
a consistent solution to both constitute a fixed point problem. This integration gives rise to the
stochastic dynamic user equilibrium (SDUE) condition i.e. a point at which both demand and
supply parts are stabilised together. The problem can be solved through a standard
optimisation algorithm by converting it into its equivalent minimisation problem (i.e. gap
function). Figure 1 illustrates the proposed model components and how they are integrated
with each other.

3 Mathematical Illustration of the Model (Home-Work Tour Example)

3.1 Home-Work Tour: General

In the context of the following simplified version of the home-work tour which
containes origin-destination pair that represents home and work locations connected with a
single link between them with car as only model of travel. Also there is no question of
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modelling activity sequence as only two activities are involved. Then the only scheduling
dimensions involved are the choice of departure times for work and from work.

Durations of work and home activities are implicit in this structure and are derived
from departure times along with the travel time to get to work and home. The following figure
further explains this notion

i and j are departure times (i.e. clock-times) from home and work location respectively
Ri and Rj are travel times on the link at their respective departure times for the morning and evening
commute respectively

w and h are duration of home and work activity and are given by

   jiwhiw RRRij   1440,

Time unit is taken in minutes and a full day is considered that comprises 1440minutes

Figure 2: Home-work tour with time cycle
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It is shown in figure 2 that only departure times for work and from work are required to
model at the demand side given that travel time on the link is known at the respective
departure times. Therefore, the activity scheduling for this tour can be defined by a pair of
departures times from home and work denoted by i and j respectively. Here i and j are
assumed as discrete departure times.

Activity scheduling for a tour = (departure time from home, departure time from CBD)
= ( i , j )  Z 2

where, i = 1, 2, . . . , X ; j =  '
wiRi  , . . . 1440; and they belongs to Z representing the set

of integer numbers, we are considering here the duration of each departure time period as one
minute. X represents the maximum possible departure period for the morning commute
keeping in mind the minimum feasible duration of work activity, '

w . Suppose that K is the set

of all possible combinations of (i, j) pairs i.e

K     1440,1,,:, '  jRiXiZjZiji wi 

3.2 Home-Work Tour: Demand Side Specification

The overall utility of activity scheduling for this tour, according to Ettema et al [24]
utility maximisation framework, (which is also adopted in various other researches i.e. [2], [9]
and [10] ) can be expressed as

 TA VVV  maxmax (1)

where, TV is the total utility derived from the trips and AV is the total utility derived from
participation in activities. AT VandV are themselves the sum of utilities of m number of trips

and n number of activities respectively and are given by


m

T
m

T VV (2)


n

A
n

A VV (3)

In the above specification, the utility of a trip made at time t is characterized by its
travel time and travel cost. The utility derived from activity participation is dependent on time
spend on the activity location. The above three equations can be termed as a generalised
utility framework that can accommodate all types of individual daily activity patterns. For
home-work tour, which is the prime concerned here, the total utility can be give as

wh TTwh VVVVV  (4)

where, hV represents utility gained by spending time at home , wV represents benefits

obtained by spending time at work, hTV and wTV are the disutilities of travel from home to

work and work to home respectively. In this way individuals need to trade-off between the
overall travel cost of the two trips and benefits gained in participation in home and work
activities when taking decision of scheduling for the tour i.e. departure time for the morning
and evening commute. The disutility of travel an individual experiences during travelling
from one point to another has been measured by actual travel times and cost spent on
travelling, therefore the disutility component of expression (4) in combination with the
notation used in Figure 1, can be written as

jjii
TT CRCRVV wh   (5)
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where, C is the cost of travel in monetary units,  and  are the negative parameters of travel

times and cost respectively. In the literature of activity scheduling, the major emphasis is
given to find the proper ways to measure utility of participating in an activity. Polak and
Jones [18] introduced the idea of time-of-day dependent marginal utility i.e. there exist a
marginal utility (which may vary over time), expressing the utility gained from one additional
time unit of activity participation. Many researchers has proposed various functional forms
for the marginal utility of an activity, however most common in literature are bell-shaped and
piece-wise constant profiles dependent on clock time ([24], [2], [9] and [6]). Figure 3 shows
marginal utility functional forms for work activity with the general notion that work activity
has higher marginal utility during working hours i.e. 8 to 5.

The above marginal utility profiles shown in figure 3 are strictly dependent on time-
of-day and has been criticised by many researchers as it doesn’t incorporate the activity
fatigue or satiation effect [10]. This is a very likely phenomenon which implies that the utility
derived from one additional time unit of activity participation diminishes with the increase in
duration, this has been ignored in works of [25], [2], [9] and [8]. With these arguments, [26]
and [27] presented duration based marginal utility profiles which incorporates logarithmic
function for measuring utility of an activity and when differentiated gives the following

   1
1'  w
w

ww
wV 


 (6)

where, w denotes the duration of work activity and w is the scaling parameter. It is noted

that according to this function marginal utility of work activity decreases with the increase in
duration. Although, the duration based marginal utility of activity is able to addresses the
short comings of time-of-day dependent marginal utility, it should be noted that relying
entirely on duration based marginal utility for modelling scheduling of the home-work tour is
not practicable as in that case individuals time-of-day preferences in participating work and
home activities are completely ignored. Therefore, both of these ingredients are important to
model scheduling of home-work tour. Additionally, Ettema et al [10] argued that time-of-day
dependent marginal utility functions proposed in the literature are continuous in their nature.
These functions neglect the fact that most of the every day activities are not flexible in terms
of time-of-day, for example work and school arrangement and opening hours of stores and
facilities are the constraints that play vital role in determining the schedule of the various
fixed in time activities. They mentioned that schedule delay formulation presented in [19], is
efficient to deal with such discontinuities. As in this formulation, there exist a certain
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8am 12pm 5pm 10pm

Time of day
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Figure 3: Marginal Utility profiles for Work Activity ( wV ' )
(Examples from Literature, see text)
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preferred start time of each activity; deviations from that time result in a negative utility and
these are termed as early and late arrival penalty.

Based on the above discussion, we can conclude that the scheduling of whole day
activity pattern is dependent on the types of activities actually involved in the pattern. And it
is due to the nature of these activities because of which different components shows their
significance in the total utility measurement. e.g. non-flexible nature of work activity causes
significance of schedule delays parameters and fatigue-less nature of home activity in
comparison to other out-home activities cause irrelevance to duration component. Therefore,
modelling schedules of entire activity pattern is specific to the nature and type of activities
involved in the whole pattern. However, the components identified in [10] for measuring
utility of activity participation provides a profound ground to model scheduling of entire day
tour which comprise of different activities. Therefore for the Home-Work tour model, the
utility function of the following form would provide plausible results

 For home activity; marginal utility based on time of day would be the most significant.
So the overall utility of home participation activity can be given as

    


1440

0
''

jRj

h
i

hh dttVdttVV (7)

 For work activity; duration based marginal utility function and schedule delay
constraints specification would be the most useful [10] i.e. the utility for work activity
is given by

    aRigdttRiVV i

j

Ri
i

ww

i









  

' (8)

where,  tRiV i
w ' is the duration dependent marginal utility function and t is the current

time at which utility is measured for this activity. Another function in the above expression,
 aRig i  represents the scheduling cost posed on an individual in the form of penalty, here

a represents the preferred start time of an activity. Therefore, in accordance with the above
marginal utility and utility specification for home and work activity, the complete home-work
tour utility can be given as a combination of (5) (7) and (8) in a more elaborative form.
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It should be noted that in the above expression the unit of time is taken as minutes and
departure times i and j are represented as an actual clock times, which are expressed as
minutes past midnight. Therefore, the whole day comprises of 1440 minutes starting from the
midnight i.e. 0000 hours. In the considered tour it can be noted that keeping other things

constant for a while the total utility of the tour is a function of travel time iR and jR .

Therefore it can be written as

 jiji RRnV , (10)

To make the above utility framework operational, it is required to estimate
probabilities of choosing scheduling of activities in a tour by using random utility model. For
example, for the MNL model,

   ),( jiVhP jiji K (11)

And for other discrete choice models i.e. NL
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 ),(; jiVmP jiji  K (12)

where, jiP = Probability of choosing alternative (i , j) in activity scheduling choice set of this

tour and  = Vector of additional parameters in the model form. Suppose that Q is the total

number of individuals in the residential zone that are assumed to conduct this type of tour and
are fixed in number. The choice rate of individuals who will depart from home and work at
time i and j respectively is given by

jiji PQq  (13)

The number of trips at departure time i from home to work iq can be determined by

summing over all the combined choices jiq over the departure time j and the same strategy

can be applied to determine the number of trips at departure time j from work to home jq ,

Mathematically,
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jij
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(14)

3.3 Home-Work Tour: Supply Side Specification

As already mentioned, the supply side of the combined model provides dynamic
representation of congestion on the network through estimation of time-dependent travel
times. For this purpose, whole-link models have been utilised that requires inflow profiles
which are basically the outcome of demand side i.e. equation (9) and (10). Here we are using
whole link models in which travel time of the vehicle entering at time i is considered as a
linear function of number of vehicles exist on the link at time i. Therefore, for morning trip

i.e. trip from home to work, travel time iR is given by

 ii xmffR  (15)

where, ix represents the number of vehicles on the link at departure time i , ff is the free-

flow travel time on the link and m represents inverse of the capacity of the link. According, to

linear whole-link model formulations [20], ix is given by flow conservation equation i.e.

difference between the cumulative inflows and outflows at time i assuming that link is empty
at initial time i.e. time at which loading is start. And according to flow propagation equation,
outflows from the link at time i are function of inflows, therefore it can be written as








iii qx  (16)

where,
i

q is the vector that represents inflow iq for the morning commute, i is the functional

parameter that ensures the compatibility of the above equation. From the above equation it
can be shown that travel time experienced by vehicles at time i on the link is basically a
function of inflows provided from demand side of the model such as








iii qvR (17)

And in the similar manner, the travel time for the evening commute can be written as








jjj qvR (18)
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Suppose that iR and jR are the vectors that represents profiles of travel times for trip

to work and home respectively, and R is a vector that contains iR and jR as its elements and

in the same manner q represents a vector whose elements are
i

q and
j

q then a fixed point

problem can be formulated in a general way i.e.






















 qRVPQq (19)

Where, P and V are two dimensional vectors containing elements jiP and jiV ,

respectively. The above equation can also be written as
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qRqRVPQqqq ,, (20)

The solution of equation (20) may result in a SUE equilibrium condition which may
be defined as “At SUE no motorist can improve his/her perceived utility of activity scheduling
in the tour by unilaterally changing activity schedules. This follows directly from the
interpretation that of the choice probability as the probability that the perceived utility of the
chosen activity schedule for the tour is the highest of all the activity schedules for the tour.”

The following mathematical expressions represent an optimization problem of the
above fixed point problem in order to find out perfect solution for 

Let 
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The constraints are; 0, 
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where, 
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4 Numerical Results of Some Hypotheses (Home-Work Tour Example)

4.1 Numerical Experiment setup

The following assumptions are made to practically apply the combined scheduling
model for the home-work tour explained above. It is assumed that car is the only mode
available to individuals with vehicle occupancy equals unity. Suppose that there are in total Q
= 5000 commuters living in the residential zone shown in figure 2. Let us assume that the
feasible departure time is from 0600 hours to 1000 hours for the morning commute (home to
work trip) and minimum possible duration of work activity is taken as 7 hours. The departure
time for the evening commute (work to home trip) is considered from 1400 hours to 1800
hours. Free-flow travel time on the link is considered as 10 minutes with a capacity equals
1800 veh/hr. The travel time parameter is assumed as  = -0.08 £/min [16]. For home activity,
bell shaped marginal utility function is assumed which is dependent on clock-time. This
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represents that the utility of stay-at-home is supposed to be higher at early morning and
evening than the day time because people prefer to stay at home for regular home activities in
normal time such as having a family dinner, watching TV and sleeping. The functional form
proposed in [2] is given by

       1

0
0

exp1exp
)('








tt

U
htV h (22)

where, 0h ,  ,  ,  , 0U are the parameters that controls the shape of the bell-shaped

marginal utility profiles, figure 4 shows an example of the marginal utility distribution with
the following parameters values: 0h =0.03,  = 700,  = 0.01,  =1.0, 0U =10 £.
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Figure 4: Marginal utility profile for Home activities, hV '

For Work activity, the marginal utility is assumed as a function of duration and also for
incorporating time-of-day preference, schedule delay approach is used with a preferred work
activity start time considered as a = 0830 hours. Early and late arrival penalty here is
considered equal with a value  cb -0.04 £/min. The duration dependent marginal utility of

work activity follows the same functional form shown in equation (16) with the parameter
w 18 £-min. The following subsections shows results of some hypotheses tested under this

numerical experiment setup.

4.2 Hypothesis 1

There are no significant differences when the home-work trip and work-home trip are
modelled separately with the network loading model in comparison to the combined
modelling of the home-work tour provided that marginal utility of home and work activity is
considered as a function of time-of-day only

The above hypothesis is tested in order to see the differences in the results when
marginal utility of activity for measurement of utility of activity engagement is considered as
a function of time-of-day (i.e. clock time) in comparison to the model in which the marginal
utility of activity is taken as a function of duration and time-of-day. The earlier works for
scheduling of activities in the home-work tour context (i.e. [25], [24], [2], [8] and [9]) have
considered marginal utility profiles for an activity as a function of clock time only with a
claim that their model integrates both the trips (home-work and work-home trip). Therefore,
testing of this hypothesis actually serves the dual purpose, i.e. on one hand it proves or
disproves the claim earlier researchers have made, and on the other hand it may strengthen
and supports the arguments posed in [10] and the home-work tour model proposed in this
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paper. To test this hypothesis a slight change need to be done in the numerical experiment
setup i.e. marginal utility for work activity is considered here as a function of time-of-day.
The bell-shaped time-of –day dependent marginal utility profile is assumed which provides
high utility around mid-day with an argument that workers start to warm up after arrival at
office and work most efficiently at about mid-day. In the afternoon, workers efficiency keeps
declining until one leaves office. The functional form for time-of-day dependent marginal
utility for work activity is as follows with the values of its parameters which controls its shape

       1

0

exp1exp
)('
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The combined utility for home-work tour with the assumption of time-of-day dependent
marginal utility for home and work activity is given by
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In the separate modelling case, to find out the utility for the morning commute; the
marginal utility of home and work activities are integrated over the half-day period, starting
from midnight and end at 12 noon. For the evening commute utility, the remaining day is
considered which is of the same duration i.e. start at 12:00 noon and end at 12:00 midnight. In
this sense, the whole day is taken for the morning and evening commute, which is equivalent
to what is assumed when both these trips are modelled together. The utility of activity
scheduling for both these trips is given as
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The travel times for the morning and evening commute are derived from the
bottleneck model (point-queue model) and for both these trips two fixed point problems are
solved independently unlike combined home-work tour. For this numerical test, eight
departure periods each of 30 minutes duration were considered for the morning trip as well as
for the evening trip. This suggests that at the demand side we are considering 30 min time
interval and at the supply side the time interval is considered as 1 min, as we need to feedback
the travel times into the demand model, therefore first travel times were averaged for 30 min
duration and then fed into the demand model. The results obtained are shown in the following
figure
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Figure 3: Demand and travel time profiles for combined and separate modelling cases

The above figure revealed that there are absolutely no differences in the demand
distribution profiles of separate and combined modelling cases and same is also true for travel
time profile as well. The possible explanation of this phenomenon lies within the marginal
utility profiles used in this experiment, which are the major source of obtaining utilities. For
example if equation (23) (utility expression for the combined modelling case) is compared
with (24) (utility expressions for separate modelling case), it can be easily shown that

jiji VVV  (25)

The above equation suggests that utility of choosing departure time for morning and
evening commute are independent to each other, this is the consequence of using only time-
of-day specific marginal utility for home and work activities. As these marginal utility
functions assumes that one unit of activity engagement at time-of-day t will always yield the
same utility, irrespective of the activity start and end times. However, if we use activity
duration based marginal utility function then it will fully integrates the morning and evening
commute together and there is no possibility to detach them as utility of morning commute
and evening commute will depend on each other. In the rest of the experiments, we are using
duration based marginal utility function for work activity, which is discussed above as
equation (6). This shows that in earlier works of combined modelling, where marginal utility
of activities is taken only as a function of time-of-day, were not actually combining the
morning and evening trips together.

4.3 Hypothesis 2

There are no significant differences in the model results when dynamic toll is
incorporated on a single link between the home and work location i.e. there is no occurrence
of phenomenon of peak dispersion

To test this hypothesis it is assumed that dynamic tolls are induced to reduce congestion
on the link at peak periods. The same setup is followed as presented in the first experiment,
i.e. 8 departure periods each of 30 min duration with the addition that the tolls are induced
and their levels in this experiment are assumed to change in each 30min time duration so that
it remains compatible with the demand side structure. Figure 2 represents the dynamic tolls
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assumed in this experiment. The utility expression shown in (9) is used here with the same
assumption of different parameters required to run this experiment, as mentioned under
numerical experiment setup.

Figure 4: Demand and travel time profiles for without toll and with toll cases

It is revealed from the above figure that when there is no toll the middle departure
periods contains higher volume of traffic and when dynamic tolls are introduced in a manner
that higher demand departure periods have higher value of tolls, then as a result of this traffic
volume has been shifted towards early departure periods in the morning commute and in the
evening commute it is shifted to the later departure periods to a considerable extent. Further to
that it has been noticed that the average duration of work activity in no toll case is calculated
as 8.76 hours and for with toll case it is around 8.70 hours, which is not a significant change
This suggests that peak is dispersed significantly due to the introduction of tolls and as a
result individuals change their departure times in order to balance the trade-off between
overall travel cost and benefits gained through participation in work and home activities.

4.4 Hypothesis 3

There are no significant differences in the model results when different dynamic loading
models are used at the supply side of the model i.e. Linear travel time and divided linear
travel time model in contrast to Point-Queue model

To test this hypothesis no changes have been done at demand side of the model and in
the numerical setup mentioned above. The only change required to test this hypothesis is the
change of supply model. The experiments were performed using the linear travel time model
[21], divided linear travel time model [23] and Point-Queue model [22]. The following
figures show results at equilibrium conditions.
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Figure 5: Demand and travel time profiles for different supply models

It is revealed from the above figures that travel times obtained from the point-queue
model are lower than other two models. Higher travel times are obtained when linear travel
time model is used. Divided linear travel time model provides moderate values of travel
times. This is due to the inherited properties of these models, as it is already mentioned in the
literature that point –queue model underestimate the travel time when there is no congestion
on the road because this model always gives travel time equal to free flow travel time of the
link unless inflow to the link exceeds its capacity [20]. Linear travel time model estimate the
higher value of travel times because the structure of the model is such that it calculates the
travel time for the incoming vehicle at a particular time by considering all the existing
vehicles on the link at that time, even when there are few vehicles on the link. Therefore, this
model overestimates travel time when there is no congestion on the link and this effect
propagate further which results in higher values of travel time. This property of the linear
travel time model is termed as double counting effect in the DTA literature [20]. Divided
linear travel time model presented by [23] is a result of the modification proposed in the linear
travel time model. This model addresses the overestimation problem exists in the linear travel
time model, as in this model the link is divided into two sections and traffic is supposed to
propagate the first section with the free flow speed. When traffic reaches the second section of
the link, whose free flow travel time is recommended to be equal to the time interval at the
supply side, the flow propagate according to the linear travel time model. This results in
consideration of congestion effects of the vehicles only in second section which is the limited
part of the whole link. All the supply models considered here are linear models i.e. travel time
increases linearly with the flow, however in practical terms it is well observed that travel time
follows a convex curvilinear path. This is still an active area of research that a model would
need to be developed which fulfils all the desirable properties of DTA and allows increase of
travel time in accordance with the empirical observations.
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4.5 Hypothesis 5

There are no significant differences in the model results when different discrete choice
models are used at demand side of the model, i.e. NL model for establishing decision
hierarchy in contrast to MNL model

To test this hypothesis the same numerical setup was used as discussed above with the
only change in the demand model i.e. instead of MNL model, NL model is used. The use of
NL model requires one additional parameter to be defined which actually represents the
correlation structure between the morning departure periods and the evening departure
periods. The structure of the NL model defined is such that first an individual select a
departure period for his/her morning commute and then select the departure period for his/her
return trip to home given the chosen departure period of the morning commute. The
experiments were performed using two different value of the scaling parameter of the NL
model and then compared with the results obtained from the MNL model. The following
figures show the obtained results.

Figure 6: Demand profiles for different demand models i.e MNL and NL

It is revealed from the above figure that, the higher value of scaling parameter of the NL
model (which shows greater significance of this model over MNL model) results in a flat
profile of the demand distribution over the departure periods especially in the evening
commute case, which is normally not near to reality. This suggests that the structure of the NL
model followed here is not yielding the results as per expectation and on this basis it may
conclude that MNL model at the demand side is providing plausible results in comparison
with the NL model.

5 Conclusion

This paper reported progress on planning an integrated model for scheduling of
activities an individual supposed to do in a given day with the representation of road network
congestion effects. A mathematical illustration of the proposed model is presented for a
simplified version of the home-work tour along with the results from the numerical tests
(hypotheses). It has been found out that when marginal utility of an activity is considered as a
function of clock-time only, the model detached the morning and evening commute i.e. the
effect of any change in the morning commute are not transferred to evening commute. This
finding supports the utility specification presented by Ettema et al [10]. This has been proved
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analytically as well but is not presented here as this is beyond the scope of this paper. The
proposed model is behaving well and yielding prediction as per expectation, as the model
allows the dispersion of peak when dynamic tolls are introduced. The numerical tests also
suggested that a care should be taken for the choice of model at the supply side as this would
potentially effects the overall results obtained from the model because of their inherited
properties.

In the future, research work would be carried out to presents the mathematical and
numerical illustration of the proposed model for any realistic medium size network with
complex activity pattern. In general, the model is helpful in examining the impacts of time-
dependent toll, flexible working and schooling policies and time-varied parking charges on
overall schedules of activities i.e. activities duration, their start and end times, their
sequencing and choice of route within the medium size network. The proposed model could
be further extended in various ways: (1) representation of more scheduling dimension like
mode and location choice, (2) incorporation of secondary and tertiary tours within the
framework of the proposed model, (3) linking the proposed model with an activity-generation
model to develop a full activity-based model with supply component, (4) theoretical
examination of the convergence pattern and stability of the proposed model in order to
accurately approach at stochastic dynamic user equilibrium condition and (5) development of
a more integrated generalised package that would be further user friendly and practically
applicable for any reasonable sized road network and activity centres within it.
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Abstract 

This paper presents a method to solve the simultaneous adjustment of a dynamic traffic 
demand matrix, searching for a reliable solution with acceptable computational times for off-
line applications and using as an input traffic counts and speeds, prior O-D matrices and other 
aggregate demand data (demand generation). 
The proposed solving procedure is the SPSA (Simultaneous Perturbation Stochastic 
Approximation [7]) path search optimization method; it can find a good solution when the 
starting point (the seed matrix) is assumed to be “near” the optimal one, working with a 
gradient approximation based on a simultaneous perturbation of each demand variable. 

Keywords: dynamic OD estimation, dynamic traffic assignment, optimization method, 
simulation based approach 

1 Introduction 

The dynamic transport demand, represented by the time dependent origin-destination (O-D) 
matrix, is an essential input in applications that require the monitoring and management of a 
traffic network in real time, on-line, and in applications that evaluate ITS strategies and 
planning studies, off-line. 
In contributions made to the solution of this problem the common approach is to search for a 
dynamic O-D matrix that is “near” an a priori estimate (seed matrix) and that best fits the 
traffic counts, using the mapping of the demand into link flows through the assignment or 
path proportion matrix [4]. 
The temporal O-D matrix is usually represented by several “slices” where each demand slice 
corresponds to a departure interval. The problem can be formulated in a sequential way (so 
the demand is estimated one interval at a time) or in a simultaneous way (the time dependent 
demand for the total period of interest is estimated simultaneously).  
However, the simultaneous estimation of temporal O-D matrices based on assignment 
matrices has been found to be too computationally intensive, even on medium size networks 
[5]-[3]. Other approaches use a sequential estimation [1] or solve the problem for simple 
linear networks such as freeway network [8] where the assignment matrix is trivial.
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More recently Balakrishna [2] proposed an approach that does not use assignment matrices to 
solve the simultaneous O-D adjustment problem, using other traffic measures such as speed 
and density which best represent the congestion. In fact the outflow of a link may be low due 
to low demand or high congestions; the use of speed and density discriminates between these 
two possibilities. 
In this paper the problem of simultaneous estimation of temporal O-D matrices is formulated 
introducing new constraints with respect to aggregate demand data. Moreover, different 
modifications of a solving procedure based on a gradient approximation are proposed. The 
reliable solution and the acceptable computational times observed on a test network 
demonstrated the suitability of the proposed method for off-line applications. 

2 Problem formulation 

The dynamic O-D adjustment problem can be formulated as an optimization problem aiming 
at minimizing the error between actual and estimated observations and the “distance” between 
estimated and a-priori O-D demand flows (seed matrix) in a dynamic context.  
Given: 
a network G = [N,A], where: 

N = nodes; 
A = oriented links; 
nod = number of origin-destination pairs; 

the period of analysis T, divided into nh intervals 

a subset of links AS ∈ equipped with sensors  
the problem is: 
 

( ) ( ) ( ) ( ) ( )[ ]
hhhhhhhnh nnnnnnn fff ssxxvvxxddxxdd xx

ˆ..ˆ,..ˆ..ˆ,..ˆ..ˆ,..minarg.. 1131121110...
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The three term objective function represents the “distance” between observed and simulated 
flows/speeds and the “distance” between the seed matrix and the resulting estimated demand. 

Functions 21, ff and 3f depend on the particular estimation framework, on the type of 

estimator and on the information available [4].  
In the Generalized Least Squares framework (GLS) additional information is available about 
the reliability of measurements; this information can be incorporated as internal weights 

resulting in the variance-covariance matrix, so that the 1f  function for instance assumes the 

following form: 
 

( ) ( ) ( )dxVdxddxx ˆˆˆ..ˆ,.. 1

111 −−= −T

nn hh
f  

 
where  

V = variance-covariance matrix of the vector of sampling errors affecting the estimate d̂ . 
 
If this information is not available, the different objective function terms can be controlled 
using scalar external weights representing the relative confidence of the analyst on 
measurements (speeds/flows) or an a-priori direct observation (seed matrix).  
Lower bound and upper bound constraints are introduced to avoid unfeasible solutions and to 
restrict the search space. 
The generation constraint is introduced both for the reliability of the total number of trips of 
the O-D matrix and to overcome a limitation of the model that sometimes leads to a demand 
overestimation: overestimation of demand can produce prolonged loading (simulation) period 
(i.e., the network takes longer to clear), without significant changes in observed link flows or 
in the corresponding terms of the objective function. The generation constraint compensates 
for the insensitivity of the objective function to these conditions, as demonstrated in more 
details in the next paragraph.  

3 Solution procedure 

The SPSA (Simultaneous Perturbation Stochastic Approximation [7]) path search 
optimization method is used as the solution algorithm: it works with a gradient approximation 
and can find a good solution when the starting point (the seed matrix) is assumed to be “near” 
the optimal one. Considering the generic iteration k, the dynamic matrix for iteration k+1 can 
be computed as: 

)(ˆ
1 kkkk a dgdd −=+  

where: 

kiterationationapproximatgradient

kiterationatsequencegaina

k

k

=

=

)(ˆ dg
 

The gradient approximation is based on a simultaneous perturbation of each component, so all 
elements of dk are randomly perturbed together to obtain two points for which the objective 
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function is evaluated. For two sided simultaneous perturbation (Symmetric Design – SD), it 
is: 

( )( )
( )( ) ( )( )
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where the distribution of the nv-dimensional random perturbation vector ∆ (with nv = nh×nod) 
has to satisfy the conditions that the {∆j

k}are independent and symmetrically distributed about 
0 with finite inverse moments E(|∆j

k|-1) for all k,j. The gradient perturbation is repeated to 
obtain an average approximated gradient that provides more stable results especially when 
function evaluations are noisy. 
The basic SPSA formulation adopts a predefined step rule for the line search along the 
descent direction: 

α)( kA

a
ak

+
=  

where: 
k = iteration; 
a = starting step size; 
A,α = non negative coefficients. 
 
However, in the case of the dynamic O-D estimation problem the application of this basic step 
rule, even on a simple network and with one time slice demand (under this condition only the 
simulation can be considered dynamic), yields an uneven convergence of the objective 
function with relatively poor results still after many iterations. This ineffectiveness led the 
replacement of the basic SPSA step rule by another method: the Golden Section Method 
(GSM), which demonstrated, on the same simple supply and demand conditions, its ability to 
obtain a good convergence in a lower number of iterations. 
 
In this work, other modifications to the SPSA algorithm have been introduced in order to 
reduce the number of objective function evaluations (Dynamic Traffic Assignments, or 
DTAs) needed in any iteration: 
 

1. Asymmetric design (AD) during the gradient approximation calculation to halve the 
number of objective function evaluations required in any simultaneous perturbation: 
 

Asymmetric design: ( )( )
( )( ) ( )( )
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2. A third degree polynomial interpolation (PI) of the objective function to compute the 

new solution along the descendent direction (Fig. 1). 
 

 
Figure 1: Application of PI to compute the new solution at each iteration 

 

3.1 Simulation 

The dynamic simulations required to compute the objective functions are performed by 
DYNAMEQ [6]. 
DYNAMEQ is a dynamic traffic assignment (DTA) model which exploits variants of gradient 
like directions and the method of successive averages (MSA) to determine pre-trip dynamic 
equilibrium path choices.  
The path choices are modelled as decision variables governed by a user optimal principle 
where each driver seeks to minimize the used path travel time.  
All drivers have perfect access to information, which consists of the travel times on all paths 
(used and unused).  
The solution algorithm takes the form of an iterative procedure designed to converge to these 
conditions and consists of two main components: 
  

1. A method to determine a new set of time-dependent path input flows, given the 
experienced path travel times at the previous iteration.  

2. A method to determine the actual link flows and travel times that result from a given 
set of path inflow rates. This is referred to as the network loading component, which is 
carried out using an efficient event-based traffic simulation model. The model 
explicitly represents the operation of traffic signals and realistically captures traffic 
congestion phenomena such as the upstream spill-back of congestion from link to link. 

4 Application 

The SPSA method was applied on a  test network (8 links and 8 nodes, Fig. 2), considering a 
seed matrix characterized by three O-D demand components for a total amount of about 4,000 
veh/h, a simulation period of 50 minutes and different hypotheses on the temporal demand 
distribution: 
 

1. two time slices of 25 minutes each; 
2. five time slices of 10 minutes each. 

 



 6

Five count sections are located on the network; three traffic signals, with the same cycle time 
and with green time equally split between the incoming approaches, are introduced to increase 
the congestion. 
 

 
 

Figure 2:  Test Network   

 
With respect to the basic SPSA formulation, some modifications have been tested for the 
gradient approximation calculation and for the computation of the new solution along the 
descent direction.  
All the tested combinations of demand and solution procedures adopted are reported in Tab. 
1: 
 

Table 1: Different SPSA solution procedure 

number of time slices gradient calculation/step size 

2 SD/GSM SD/PI AD/GSM AD/PI 

5 SD/GSM SD/PI AD/GSM AD/PI 
SD=Symmetric Design 
AD=Asymmetric design 
GSM=Golden Section Method 
PI=Polynomial Interpolation 

 
 
Starting from the simplest temporal case (2 time slices), the results show the effectiveness of 
the proposed methodology.  
The objective function values are stable after 25-30 iterations, except for the AD-PI, where 
the iterations required to reach stability  increase to 90 (Fig. 3). 
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Figure 3. Objective Function trend (2 time slices) 

 
However, a detailed analysis of the values of the objective function terms shows that if the 
percentage difference between observed and simulated flows and speeds is considered as the 
convergence criterion (meaning that the percentage error on each link must be less than a 
fixed value ε), the convergence of the algorithm needs a larger number of iterations when the 
GSM is used (see Tab. 2). 
 

Table 2: Comparison among procedures (2 time slices) 

 Iterations  

for O.F. stabilization 

Iteration 

for convergence 

SPSA SD-GSM 25 126 

SPSA AD-GSM 25 179 

SPSA SD-PI 30 42 

SPSA AD-PI 90 99 

 

 
Results at convergence (Tab. 3) show an optimal correspondence both on flows and on 
speeds, with the highest efficiency obtained by the SPSA SD-PI. 
 

Table 3: Convergence results (2 time slices) 

 Convergence 

 R
2
 

real matrix 

estimated matrix 

R
2
 

traffic counts 

simulated flows 

R
2
 

measured speeds 

simulated speeds 

Number 

of DTA* 

SPSA SD-GSM 0.996 1 0.990 1,512 

SPSA AD-GSM 0.995 0.999 0.992 1,791 

SPSA SD-PI 0.997 0.999 0.992 336 

SPSA AD-PI 0.998 0.999 0.995 595 
* Dynamic Traffic Assignments 
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In the 5 time slice case, the O.F. stabilization seems to need many more iterations in both 
cases where the AD is adopted (AD-GSM/AD-PI). Specifically the AD-GSM is first trapped 
into an area with O.F. values ranging from 10 to 15, and only after a high number of iterations 
(180) it rapidly jumps to a good solution (Fig. 4). 
Looking at the iterations for convergence, however, the difference with respect to the SD is 
no longer seen, since in all the cases approximately 200 iterations are needed (Tab. 4). 
 

 

Figure 4. Objective Function trend (5 time slices) 

 
Table 4: Comparison among procedures (5 time slices) 

 Iterations  

for O.F. stabilization 

Iteration 

for convergence 

SPSA SD-GSM 25 233 

SPSA AD-GSM 190 207 

SPSA SD-PI 60 276 

SPSA AD-PI 110 202 

 

 
In terms of correspondence on flows and speeds, good results are obtained in all cases. Higher 
R2 values are obtained with SPSA SD-PI, but it requires a high number of assignments as well 
(Tab. 5).  
The SPSA AD-PI case demonstrated its ability to find a good solution in both the 2 time slice 
and 5 time slice applications.  
Moreover, in the 5 time slice application, it requires a much lower number of assignments. 
So, considering the need to apply the proposed procedure to solve the off-line estimation of 
temporal O-D matrices, and in particular when the dimension of the problem is very high 
(e.g., in real-world networks), SPSA AD-PI appears to be a good compromise between 
efficiency and efficacy. 
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Table 5: Convergence results (5 time slices) 

 Convergence 

 R
2
 

real matrix 

estimated matrix 

R
2
 

traffic counts 

simulated flows 

R
2
 

measured speeds 

simulated speeds 

Number 

of DTA* 

SPSA SD-GSM 0.941 0.948 0.974 4,194 

SPSA AD-GSM 0.921 0.941 0.986 2,692 

SPSA SD-PI 0.963 0.971 0.976 4,968 

SPSA AD-PI 0.918 0.950 0.967 1,819 
* Dynamic Traffic Assignments 

 
 

4.1 Sensitivity analysis  

A detailed investigation of SPSA AD-PI capability has been conducted on the test network in 
the 5 time slices case using different seed matrices (from a total demand of 2,000 veh/h to 
9,000 veh/h) as an input for the estimation.  
 
To analyze the estimation results, different statistics other than R2, were used as measures of 
the accuracy of solutions. They were applied on the demand values and also on the flows and 
speeds values: 
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where: 
 
x*: estimated variables values 
x: “real” variables values 
nij: number of variables 
 
Test cases that have been simulated can be grouped on the basis of the level of congestion 
implied by the seed matrix with respect to the real matrix (Tab. 6); specifically: 

• same level as the real matrix (Trial 1); 

• lower level than the real matrix (Trials from 2 to 7); 

• higher level than the real matrix (Trial 8). 
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In the first case (Trial 1) results show that SPSA AD-PI can bring a high-quality resulting 
matrix if the seed and the real ones are near enough (optimal results as local optimization 
method, as expected).  
In the second case (Trials from 2 to 7) the algorithm always reaches good correspondence in 
terms of link speeds (with the exception of Trial 6); however, the improvement with respect to 
count and demand terms can be lower and in some case, even if fairly good, unsatisfactory 
(Trials 4, 6 and 7 for link counts and Trials 3, 4, 5 and 7 for the demand matrix). Moreover a 
reduction of the correspondence with the real demand can even be detected in some cases 
(Trials 2, 6 and 7). 
In the last case, if the seed matrix implies more congestion on the network with respect to the 
actual traffic conditions (Trial 8), due to capacity constraints, flows are constant, close to 
counts and independent from the demand levels: in this case, link speeds still act as a sensitive 
variable. 
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Table 6: Sensitivity analysis results 

 Statistic: R
2
 Statistic: MSE Statistic: RME Statistic: RRMSE 

 Fit to Fit to Fit to Fit to 

1 Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Ref. 0.915 0.801 0.668 84·10
4
 46·10

4
 531 0.349 0.202 0.463 0.519 0.362 0.593 

Res. 0.936 0.950 0.977 21·10
4
 70·10

3
 15 0.163 0.053 0.049 0.262 0.141 0.100 

Impr. 2.30% 18.63% 46.23% 74.5% 84.81% 97.17% 53.17% 73.67% 89.44% 49.5% 61.02% 83.19% 

 

2 

Ref. 0.739 0.610 0.456 17·10
5
 83·10

4
 615 0.478 0.269 0.440 0.742 0.485 0.638 

Res. 0.579 0.737 0.858 20·10
5
 37·10

4
 94 0.504 0.124 0.153 0.806 0.325 0.250 

Impr. -21.7% 20.7% 88.2% -18% 55% 84.7% -5.40% 54.01% 65.13% -8.7% 32.92% 60.82% 

 

3   
Ref. 0.588 0.591 0.774 19·10

5
 71·10

4
 396 0.424 0.229 0.404 0.772 0.448 0.512 

Prop. 0.641 0.747 0.956 14·10
5
 35·10

4
 28 0.338 0.096 0.057 0.675 0.315 0.136 

Impr. 9.03% 26.44% 23.42% 23.5% 50.73% 92.94% 20.37% 57.84% 85.84% 12.5% 29.81% 73.43% 

 

4 

Ref. 0.464 0.270 0.744 25·10
5
 12·10

5
 315 0.513 0.293 0.321 0.895 0.593 0.457 

Prop. 0.537 0.451 0.960 20·10
5
 80·10

4
 24 0.437 0.167 0.099 0.795 0.476 0.126 

Impr. 15.81% 66.84% 29.11% 21.2% 35.63% 92.44% 14.88% 43.04% 69.25% 11.2% 19.77% 72.51% 

 

5 

Ref. 0.599 0.303 0.358 27·10
5
 18·10

5
 1097 0.602 0.514 0.676 0.927 0.717 0.852 

Prop. 0.664 0.729 0.939 12·10
5
 35·10

4
 38 0.460 0.117 0.127 0.631 0.316 0.159 

Impr. 10.96% 140.9% 162.5% 53.7% 80.58% 96.51% 23.57% 77.20% 81.28% 31.9% 55.93% 81.33% 

 

6 

Ref. 0.515 0.352 0.534 24·10
5
 14·10

5
 656 0.538 0.392 0.497 0.882 0.620 0.659 

Prop. 0.464 0.354 0.595 25·10
5
 13·10

5
 511 0.528 0.384 0.424 0.899 0.615 0.582 

Impr. -9.91% 0.47% 11.45% -3.8% 1.49% 22.08% 1.85% 2.05% 14.80% -1.9% 0.75% 11.73% 

 

7  
Ref. 0.754 0.610 0.611 15·10

5
 91·10

4
 836 0.435 0.324 0.589 0.694 0.507 0.744 

Prop. 0.678 0.636 0.791 16·10
5
 81·10

4
 273 0.449 0.288 0.318 0.714 0.478 0.425 

Impr. -10.1% 4.19% 29.27% -5.8% 10.82% 67.32% -3.34% 11.30% 46.02% -2.9% 5.57% 42.83% 

 

8  
Ref. 0.948 0.629 0.382 31·10

5
 62 ·10

4
 559 0.649 0.184 0.346 1.003 0.419 0.608 

Prop. 0.926 0.922 0.998 25·10
4
 99·10

3
 2 0.174 0.070 0.025 0.281 0.168 0.038 

Impr. -2.4% 46.7% 161.2% 92.2% 83.9% 99.6% 73.2% 62.2% 92.7% 72% 59.9% 93.7% 

 
To overcome the underlying limitations reported above, when the seed matrix is not close 
enough to the real one, then any term of the objective function must provide an adequate 
contribution to the estimation process: this implies that mainly the link terms, representing the 
distances between observed and simulated flows/speeds, must be properly weighted 
(normalization using an external weight): 
 

( ) ( ) ( ) ( ) ( )( )[ ]
hhhhhhhnh nnnnnnn fff ssxxvvxxddxxdd xx

ˆ..ˆ,..ˆ..ˆ,..ˆ..ˆ,..minarg.. 1131121110...

**
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+⋅⋅+= ≥ αβ  

 
The weights (α, β) can be set after the first iteration of the algorithm, when it is possible to 
evaluate the values of the different terms of the objective function. 
In the case of a seed matrix with less congestion than the actual traffic conditions, first tests 
conducted with normalized terms (in order to balance their weights), have shown optimal 
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results with respect to the no-weight case (8-9% improvement in terms of R2 statistic on 
demand correspondence, 50-100% on flows and speeds correspondence, Tab. 7). 
 

Table 7: Weights on O.F. terms 

 Statistic: R
2
 Statistic: MSE Statistic: RME Statistic: RRMSE 

 Fit to Fit to Fit to Fit to 

2 Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Ref. 0.739 0.610 0.456 17·10
5
 83·10

4
 615 0.478 0.269 0.440 0.742 0.485 0.638 

Res. 0.579 0.737 0.858 20·10
5
 37·10

4
 94 0.504 0.124 0.153 0.806 0.325 0.250 

Impr. -21.7% 20.7% 88.2% -18% 55% 84.7% -5.40% 54.01% 65.13% -8.7% 32.92% 60.82% 

 

2  weighted  

Ref. 0.739 0.610 0.456 17·10
5
 83·10

4
 615 0.478 0.269 0.440 0.742 0.485 0.638 

Prop. 0.802 0.858 0.933 75·10
4
 19·10

4
 42 0.386 0.098 0.117 0.491 0.234 0.166 

Impr. 8.44% 40.65% 104.6% 56.2% 76.7% 93.26% 19.15% 63.54% 73.37% 33.8% 51.69% 74.03% 

 

6 

Ref. 0.515 0.352 0.534 24·10
5
 14·10

5
 656 0.538 0.392 0.497 0.882 0.620 0.659 

Prop. 0.464 0.354 0.595 25·10
5
 13·10

5
 511 0.528 0.384 0.424 0.899 0.615 0.582 

Impr. -9.91% 0.47% 11.45% -3.8% 1.49% 22.08% 1.85% 2.05% 14.80% -1.9% 0.75% 11.73% 

 

6 weighted 

Ref. 0.515 0.352 0.534 24·10
5
 14·10

5
 656 0.538 0.392 0.497 0.882 0.620 0.659 

Prop. 0.561 0.727 0.872 19·10
5
 36·10

4
 78 0.486 0.143 0.187 0.793 0.319 0.228 

Impr. 9.02% 106.5% 63.13% 19.2% 73.48% 88.06% 9.70% 63.44% 62.50% 10.1% 48.50% 65.45% 

 

 

In the case of a seed matrix with more congestion than the actual traffic conditions (Trial 8), 
as can be observed by the results of the procedure without the generation constraint (Fig. 5), a 
poor resulting matrix does not give a poor solution on flows correspondence (and so on the 
respective objective function term); the poor correspondence is obtained only on speed, 
because it is the only sensitive variable.  

Figure 5. Correspondence on flows and speeds without generation constraint 

 
The generation constraint overcomes the poor contribution given by the flows: it has shown 
its efficacy in reducing the total demand level, implying as demonstrated (Tab. 8) optimal 
results for each term of the objective function. 
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Table 8: Introduction of the generation constraint 

 Statistic: R
2
 Statistic: MSE Statistic: RME Statistic: RRMSE 

 Fit to Fit to Fit to Fit to 

8 Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Real 
matrix  counts speeds 

Ref. 0.948 0.629 0.382 31·10
5
 62 ·10

4
 559 0.649 0.184 0.346 1.003 0.419 0.608 

Res. 0.926 0.922 0.998 25·10
4
 99·10

3
 2 0.174 0.070 0.025 0.281 0.168 0.038 

Impr. -2.4% 46.7% 161.2% 92.2% 83.9% 99.6% 73.2% 62.2% 92.7% 72% 59.9% 93.7% 

 

8 without generation constraint 

Ref. 0.948 0.629 0.382 31·10
5
 62 ·10

4
 559 0.649 0.184 0.346 1.003 0.419 0.608 

Prop. 0.947 0.659 0.403 32·10
5
 55·10

4
 523 0.644 0.172 0.324 1.014 0.396 0.588 

Impr. -0.11% 4.78% 5.45% 2.11% -10.5% -6.49% -0.79% -6.46% -6.26% 1.05% -5.41% -3.30% 

5 Conclusion 

In this paper a gradient approximation approach (SPSA) has been applied to solve the 
temporal/dynamic O-D adjustment problem, using as an input traffic counts and speeds, prior 
O-D matrices and other aggregate demand data. 
Different modifications to the basic SPSA were proposed for the gradient (Asymmetric 
Design, AD) and for the step length (Golden Section Method, GSM and Polynomial 
Interpolation, PI); they were tested on a simple test network reaching optimal results in terms 
of correspondence with the observed data and solution reliability.  
In order to apply the procedure on larger networks, the SPSA AD-PI appears to be a good 
compromise between efficiency and efficacy. 
Besides, a detailed investigation of SPSA AD-PI has been conducted starting from different 
seed matrices: it confirms optimal results as local optimization method; differently, when the 
seed matrix is not so close to the real one, the analysis showed that any term of the objective 
function must provide an adequate contribution to the estimation process. This can be 
obtained by properly weighting any of them.  
When the seed matrix is overestimated with respect to the real traffic conditions, a generation 
constraint has been introduced to overcome any further demand overestimation: 
overestimation of demand can produce a prolonged loading (simulation) period, without 
significant changes in simulated link flows and in the corresponding term of the objective 
function. The generation constraint compensates for the insensitivity of the objective function 
to these conditions, reducing the demand level.   
Future research will permit to evaluate also the efficiency and the efficacy of the proposed 
methodology on larger networks originating from practice. 
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A New Gradient Projection Algorithm for the Dynamic User Equilib-
rium Problem
T. L. Friesz1,M. A. Rigdon1and C. Kwon1
1The Pennsylvania State University, U.S.A.

Abstract

This paper describes the implementation of a gradient projection algorithm for dynamic user equilibrium
in conjunction with an approximate network loading model. The approximate network loading model
is obtained from a second order Taylor series approximation of the �ow propagation constraints. This
approximation results in a system of ordinary di¤erential equations representing the network loading
phase given a set of feasible path �ows. Numerical examples are presented for two networks: a 3 arc 3
node network and a 6 arc 5 node network.

Keywords: dynamic user equilibrium, gradient projection algorithm, approximate network loading

1 Introduction

The dynamic user equilibrium (DUE) problem has become a foundation problem in operations research
that has proven very di¢ cult in terms of computation. There are multiple opinions on the proper
representation of DUE though all typically have the following four common components: (1) a delay
model, (2) �ow dynamics, (3) �ow propagation constraints, and (4) a route and departure time choice
model. An excellent review of alternative model formulations is given in Peeta and Ziliaskopoulos [1].This
paper focuses on the in�nite dimensional variational inequality (VI) representation originally proposed
by Friesz et al. [2] and Friesz et al. [3]. As such, this paper will rely upon the notational conventions
utilized therein. The formulation of Friesz et al. [2] is based upon arc exit time functions and has been
employed by a number of authors including Adamo et al. [4], Wu et al. [5], Wu et al. [6], Xu et al. [7]
and Zhu and Marcotte [8].
The main focus of the new gradient projection algorithm presented herein is on an approximation of

the �ow propagation constraints

gpa1 (t+Da1 [xa1 (t)])
�
1 +D0

a1 [xa1 (t)]
�
xa1

�
= hp (t) 8 p 2 P

gpai (t+Dai [xai (t)])
�
1 +D0

ai [xai (t)]
�
xai (t)

�
= gpai�1 (t) 8 p 2 P; i 2 [2;m (p)]

which involve state dependent time shifts in the arguments of the control variables g representing arc
exit �ows. These constraints have proven to be very di¢ cult to address in an exact algorithm. A second
order Taylor series approximation is made to obtain

gpa1 (t+Da1 [xa1 (t)]) � g
p
a1(t) +

dgpa1 (t)

dt
Da1 [xa1 (t)] +

d2gpa1 (t)

dt2
(Da1 [xa1 (t)])

2

2
(1)

8 p 2 P

gpai (t+Dai [xai (t)]) � g
p
ai(t) +

dgpai (t)

dt
Dai [xai (t)] +

d2gpai (t)

dt2
(Dai [xai (t)])

2

2
(2)

8 p 2 P; i 2 [2;m (p)]
These approximations will be used in a network loading phase which will return the arc volumes, arc
delays, and arc exit �ows given a set of path �ows.
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Figure 1: Outline of the gradient projection algorithm

Once the arc delay functions are known for a given set of path �ows the e¤ective path delays may be
computed. After the e¤ective path delays are known, we are left with a reduced problem that involves the
determination of a new set of path �ows as constrained by simple non-negativity and �ow conservation
constraints. Once the new set of path �ows is determined, the network loading phase is conducted again
and so on. Figure 1 illustrates the steps of the algorithm.

2 Approximate Network Loading

By introducing �ctitious variables rpai such that

dgpai (t)

dt
� rpai (t) 8 p 2 P; i 2 [1;m (p)] (3)

and
drpai (t)

dt
=
d2gpai (t)

dt2
8 p 2 P; i 2 [1;m (p)] (4)

the approximations (1) and (2) may be written as the set of �rst order ordinary di¤erential equations
(ODE)

drpa1 (t)

dt
=

2hp (t)

(Da1 [xa1 (t)])
2
�
1 +D0

a1 [xa1 (t)]
�
xa1

� � 2 �gpa1(t) + rpa1 (t)Da1 [xa1 (t)]�
(Da1 [xa1 (t)])

2

� Rpa1 (x; g; r; h) 8 p 2 P (5)

drpai (t)

dt
=

2gpai�1 (t)

(Dai [xai (t)])
2
�
1 +D0

ai [xai (t)]
�
xai

� � 2 �gpai(t) + rpai (t)Dai [xai (t)]�
(Dai [xai (t)])

2

� Rpai (x; g; r) 8 p 2 P; i 2 [2;m (p)] (6)

rpai (t0) = 0 8 p 2 P; i 2 [1;m (p)] (7)

dgpai (t)

dt
= rpai (t) 8 p 2 P; i 2 [1;m (p)] (8)

gpai (t0) = 0 8 p 2 P; i 2 [1;m (p)] (9)
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The state dynamics representing the change in arc volumes x

dxpa1
dt

= hp (t)� gpa1 (t) 8 p 2 P (10)

dxpai
dt

= gpai�1 � g
p
ai (t) 8 p 2 P; i 2 [2;m (p)] (11)

xpai (t0) = x
p
ai;0

8 p 2 P; i 2 [1;m (p)] (12)

may be appended to the above system of ODEs (5) - (8) as originally stated. In addition, di¤erential
equations may be created representing the change in arc delay over time

dDa
dt

=
dDa
dxa

dxa
dt

(13)

Da (t0) = Aa 8 a 2 A (14)

in which
dxa
dt

=
X
p2P

dxpa
dt

8 a 2 A

The combination of the set of ODES (5) - (14) constitutes an approximate network loading phase of the
DUE in which, given a set of path �ows h, the arc exit �ows g, arc volumes x, and arc delays D may be
computed as pure functions of time.

3 The Gradient Projection Algorithm

Once the network loading phase is computed for the given set of path �ows h, the arc exit time functions

�pa1 (t) = t+Da1 (t) 8 p 2 P
�pai (t) = �

p
ai�1 (t) +Da2 (t) 8 p 2 P; i 2 [2;m (p)]

may be computed using information on the delay functions obtained from the network loading where t
is the time of entering the path. After computing the arc exit time functions, the path delay may be
computed as a pure function of time

Dp (t) = �
p
am(p)

(t)� t

and the e¤ective path delay follows

	p (t) = Dp + �p

�
�pam(p)

(t) ; TA

�
in which �p

�
�pam(p)

(t) ; TA

�
represents an early/late arrival penalty as a function of the di¤erence between

the time of exiting the �nal arc in the path am(p) and the desired arrival time TA.
Since we know how to �nd the path delay operator for any given vector of departure rates we update

h by solving the following in�nite dimensional variational inequality for the reduced problem:

�nd h� 2 � such thatX
i2NO

X
j2ND

X
p2Pij

Z tf

t0

	p(t; h
�)
�
hp � h�p

�
dt � 0 8h 2 � (15)

where

� =

8<:h � 0 :
Z tf

t0

X
p2Pij

hp (t) dt = Qij 8i 2 NO; j 2 ND

9=; (16)
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3.1 The Line Integral Conjecture

For this brief technical note we are going to emphasize an equivalent optimal control formulation based
on a line integral that does not enjoy a rigorous mathematical foundation. The algorithm can be used
with other formulations of the DUE problem, especially those based on a gap function. To solve the
reduced problem (15), we consider the in�nite dimensional mathematical program

minJ1 =
X
p2P

Z T

0

hI
0

	p (t; z)) dzp (t) dt s.t. h 2 � (17)

Optimality conditions for this problem are equivalent to (15). Yet this formulation is problematic if the
line integral in (17) is not single valued. To consider this matter further, let us invoke the following notion
of a regular solution:

De�nition 1 [regularity of the equilibrium departure rates] We will say a departure rate vector h is
regular if hp (t) is piecewise smooth for t 2 [0; T ] and has only a �nite number of points tk at which it is
nondi¤erentiable for all p 2 P .

Thus, if we have a dynamic user equibrium for which h (t) is a regular solution, we expect to see path-
speci�c departure rates like that depicted below:

ph

t
kt1−kt 1+kt 2+kt T

As a consequence, the criterion of (17) may be re-stated as

J1 =
NX
k=1

X
p2P

Z T

0

"Z tk

tk�1

	p [t; � (�)]
d�kp
d�
d�

#
dt (18)

where

t0 = 0

tN = T

and
hp = �

k
p (t) t 2 [tk�1; tk] ; p 2 P

refers to the smooth function of time that represents the departure rate between points of non-di¤erentiability.
Furthermore

h = �(t) t 2 [tk�1; tk]
It should be apparent that (18) is comprised of ordinary integrals, not line integrals. Also, only those
subintervals of [0; T ] for which path �ow (departure rate) is non-zero impact the sum (18). Thus, we may
conclude that the line integral intrinsic to (17) is single valued when it is understood be evaluated along
a path of integration consistent with the regular departure rate vector that minimizes J1.
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3.2 Steps of the Gradient Projection Algorithm

Working from the equivalent optimal control problem (17) which is discussed in Section 3.1, the algorithm
is outlined by the following steps:

Step 0. Initialization. Set k = 0. Pick initial departure rates h0 2 � such that each individual path
�ow has the form

h0p =
�
Mp �Rp(Vp � t)2

�
+

8p 2 P

where Mp, Rp and Vp are constants speci�ed exogenously for all p 2 P . Using the network loading and
the path delay construction procedures determine 	0

�
t; h0

�
.

Step 1. Solving the projection subproblem. Find the new iterate using an appropriate �xed step size
� 2 <1++ according to

hk+1 = P�
�
hk � �	

�
t; hk

��
,

The projection subproblem involves the computation of dual variables �ij for all i 2 NO; j 2 ND which
is near computationally free.
Step 2. Updating Delay and Stopping. Using the network loading and the delay construction

procedures, determine 	k+1
�
t; hk+1

�
. IfZ T

0

�
	k+1p

�
t; hk+1

�
�	kp

�
t; hk

��2
dt � " 8p 2 P ,

where " 2 <1++ is a present tolerance, stop and declare

h� � hk+1

Otherwise, set k = k + 1 and go to Step 1.

4 Numerical Examples

In this section, we consider two di¤erent test networks. The �rst network contains 3 arcs and 3 nodes
with 1 origin-destination (O-D) pair and 2 paths. The second network contains 5 nodes and 6 arcs with
2 O-D pairs and 6 paths. Each test problem is solved by the gradient projection algorithm described
herein. Both of the test problems is solved for the same time horizon using the same desired arrival time.
The time horizon of interest for both networks will be from t0 = 8:00 AM until tf = 9:15 AM with a
desired arrival time of TA = 9:00 AM for all destination nodes j 2 ND. A common symmetric early/late
arrival penalty function is used for both examples following the form

0:5 (t+Dp (t)� 9:00am)2

4.1 3 Arc 3 Node Network

In this section, a small network is considered as illustrated in Figure 2. The set of origin nodes is
NO = f1g and the set of destination nodes is ND = f3g. This results in a single origin-destination (OD)
pair, namely (i; j) = (1; 3). Note that there are only two paths for the single OD pair, namely

p1 = f1; 2g
p2 = f1; 3g

There is assumed to be a �xed travel demand of one hundred drivers, Q1;3 = 100 with a desired arrival
time of TA =9:00am 8 j 2 ND.
Figures 3 and 4 illustrate the equilibrium solution which was obtained by the gradient projection

algorithm. Figures 3 and 4 depict the �ows entering paths 1 and 2 and exiting subsequent arcs and the
associated e¤ective path delay for each path, respectively. Note that the peak path �ow corresponds to
the minimum cost. Also note that path 1 carries more �ow than path 2; this is due to the lower congestion
cost of arc 2.
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Figure 2: 3 arc 3 node network
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Figure 3: Path 1 Flows
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Figure 5: 6 arc 5 node network

4.2 6 Arc 5 Node Network

In this section, a network of increased size is considered as illustrated in Figure 5. There are two origin
nodes, NO = f1; 2g and one destination node, ND = f3g, resulting in two OD pairs with travel demand.
Note that there are six total paths for the two OD pairs, namely:

p1 = f3; 6g
p2 = f1; 2; 6g
p3 = f1; 2; 4; 5g
p4 = f3; 4; 5g
p5 = f6g
p6 = f4; 5g

Each origin-destination pair is assumed to have a �xed travel demand of one hundred drivers,

Q1;3 = 100

Q2;3 = 100

with a desired arrival time of TA =9:00am 8 j 2 ND.
The equilibrium solution obtained by the gradient projection algorithm is illustrated in Figures 6 and

7. Figure 6 illustrates the equilibrium path �ows, arc exit �ows and associated e¤ective path delays for
paths carrying �ow between OD pair (1; 3) while Figure 7 shows the same information for paths carrying
�ow between OD pair (2; 3). Note that paths 2 and 3 are not illustrated as they do not carry any �ow.

5 Future Work

For the small test networks presented herein, the algorithm performs very e¢ ciently. Future work entails
numerical examples on larger networks to test the e¢ ciency of the algorithm as problem size increases.
Current plans are to solve the Sioux Falls network which is comprised of 24 nodes and 72 arcs. In addition,
the algorithm is going to be tested using a gap function method to create an equivalent optimization
problem representation of the VI for the reduced problem.
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Abstract 

This work presents a heuristic combining dual variable approximation techniques and method of 
successive averages to determine the time-varying tolls in a generalized transportation network 
with a single destination.  The dual approximation techniques exploit the linear programming 
structure of the underlying assignment problem which uses Cell Transmission Model (CTM) to 
propagate the traffic.  Both the first best and second best time varying tolls can be determined in a 
computationally efficient manner with the heuristic.  Numerical experiments are conducted on 
two networks of different sizes to show the efficacy of the heuristic. From the experiments 
conducted, the proposed heuristic obtains the solutions with the maximum optimality gap of 
2.03%.   
 

Keywords: dynamic congestion pricing, dual variable approximation, method of successive 
average 

1 Introduction 

Congestion pricing is increasingly been seen as a powerful tool for both managing congestion 
and generating revenue for infrastructure maintenance and development.  By carefully levying 
tolls on roadways a more efficient and optimal network flow pattern can be generated.  In 
addition, congestion pricing acts as an effective travel demand management strategy which 
reduces peak period vehicle trips by encouraging people to shift to more efficient modes such as 
transit.  Recently with the increase in the number of highway B-O-T projects tolling is viewed as 
an effective way of generating revenue to offset the construction and maintenance cost of 
infrastructure.  Despite its obvious advantages and increasing public interest, a careful analysis 
has to be conducted before determining tolls as sub-optimal tolls can significantly worsen the 
system performance.  In this regard, numerous studies have been conducted suggesting 
innovative techniques to account for various factors including elasticity of demand, value of time, 
types of tolling etc.  This paper contributes to the growing body of literature in congestion pricing 
by providing a fixed-point formulation and an efficient Method of Successive Average (MSA) 
based heuristic to determine time-varying tolls on networks.  
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Traditionally optimal tolls have been calculated based on Pigouvian taxes (Pigou, 1920) 
where every individual is charged a toll equivalent to the negative externality he/she imposes on 
the other users of the system.  Such tolls are termed marginal social cost prices as they maximize 
the social welfare or system performance (Arnott and Small, 1994; Knight, 1924; Walters, 1961; 
Morrison, 1986).  Outside of maximizing social welfare numerous other models and solution 
algorithms were developed to arrive at optimal first best or second best tolls to optimize other 
objective functions including maximizing revenue generated, minimizing the maximum toll 
collected etc (Hearn and Yildirim, 2001; Yildirim and Hearn, 2005; Yang and Lam, 1996; Labbe, 
Marcotte and Savard, 1998; Ferrari, 2002; Patriksson and Rockafellar, 2002; Verhoef, 2002; 
Lawphongpanich and Hearn, 2004).  However, all of the above works are static in nature and do 
not account for time varying congestion patterns on optimal tolls. 

Vickrey (1969) used the bottleneck model to determine time varying tolls to eliminate 
queuing congestion on a single link.  The single bottleneck model was extended and various other 
issues were tackled by numerous authors including Arnott et. al. (1990),  Arnott and Kraus  
(1998), Yang and Huang (1997).  Braid (1996), DePalma and Lindsey (2000) applied the 
bottleneck model to determine optimal tolls on competing routes connecting a single origin-
destination pair.  Despite providing numerous invaluable insights one of the common deficiencies 
of the bottleneck models is that it assumes traffic is either in free-flow or at zero speed when 
waiting in the queue.  Another approach first proposed by Henderson (1974, 1981) and later 
developed by Chu (1995) provides a method to determine time varying tolls where speed is a 
function of the congestion in the network.  However, the above mentioned works determine 
analytical relationships for time-varying tolls on simplified single or double link networks and do 
not consider the spatial evolution of traffic dynamics on generalized networks. 

Carey and Srinivasan (1993) derive analytical approximate expressions of the externality 
imposed by an individual on other users and hence the congestion tolls on general networks using 
the Kuhn-Tucker optimality conditions.  Wie and Tobin (1998) develop a convex optimal control 
formulation to determine destination based first best dynamic marginal tolls for generalized 
networks.  However, the above work assumes that all the links in the network can be priced.  
More recently, Joksimovic (2005) presented a mathematical program with equilibrium 
constraints formulation to determine the optimal uniform and time varying tolls.  A simple 
iterative grid search approach was proposed by author.  For the road pricing problem all 
combinations were explored explicitly in the work limiting the applicability of the method on real 
world networks. 

Wie (2007) provides a bi-level formulation to determine triangular shaped multi-step 
congestion tolls on general networks to maximize consumer surplus.  Analytical relationship was 
used to determine arc travel times from free flow speed, flow rates and traffic volume which may 
not capture congestion dynamic phenomena like shockwaves.  De Palma (2005) conducts a 
simulation based analysis to determine the impact of six types of link tolling schemes such as flat 
tolls, second best cordon tolls etc.  Approximate heuristic methods based on fitting a quadratic 
response surface were developed to determine nearly optimal tolls. 
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This work presents a fixed-point formulation to determine time-varying tolls in a 
generalized transportation network with single destination.  A MSA-based heuristic is provided 
to determine the optimal road prices for larger networks.  The heuristic can be used to determine 
both first best and second best time varying tolls in a traffic network in a computationally 
efficient manner.  Traffic is propagated using a Cell Transmission Model (CTM) developed by 
Daganzo (1994, 1995) which captures the spatial and temporal evolution of congestion and 
various dynamic phenomena such as link spillovers and shockwaves.  However, this work does 
not account for demand elasticity induced by congestion and toll price values. 

The next section explains the fixed-point formulation and discusses the reformulation of the 
model such that an efficient heuristic can be devised based on the reformulation.   Section 3 
presents the MSA-based heuristic developed in this paper.  An overview of the computational 
runs and some of the insights is presented in Section 4.  Section 5 presents the salient conclusions 
and directions for future research. 

2 Mathematical Formulation 

The objective of dynamic congestion pricing is to determine time varying tolls to be levied on 
links in the network to maximize the system performance when users route themselves in a 
greedy manner.  This is achieved by levying an extra cost on every user based on the negative 
congestion externality the driver imposes on the others due to his decision to travel.  However, 
one has to be careful in determining when, where and how much to be levied as sub-optimal 
tolling can lead to significant worsening of the system performance. 

In this paper, the dynamic congestion pricing is formulated as a fixed-point problem.  A 
reformulation of the fixed-point formulation is then presented to facilitate the design of an 
efficient MSA-based heuristic.  The following notation is employed through the paper. 

Notation 

Sets 

C  = ordinary cells 

SC  = sink cells 

RC  = source cells 

T  = discrete time intervals 
E  = ordinary cell connectors 

SE  = sink cell connectors 

)(iFS  = cell connectors emanating from cell i 

)(iRS  = cell connectors emanating to cell i 
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Parameters 

t

iδ   = ratio of link free flow speed and backward propagation speed for each cell 

  and time interval 

iζ   = initial number of vehicles in cell i 
t

id   = deterministic demand at cell i in time interval t  
t

iN  = maximum number of vehicles allowed in cell i during time interval t 
t

iQ   = maximum number of vehicles that can flow into or flow out of cell i during  

time interval t 

Variables 

t

iφ   = time-dependent tolls imposed in cell i at time interval t 
t

ix   = number of vehicles in cell i at time interval t 
t

ijy   = number of vehicles moving from cell i to cell j at time interval t 

Φ  = vector that represents any feasible System Optimum dynamic traffic assignment 
(SODTA) 

Ξ  = vector that represents any feasible User Optimum dynamic traffic assignment 
(UODTA) 

*Ξ  = vector that represents the “optimal” UODTA 

Functions 

ψ  = cost evaluation of the SODTA 

Ψ  = cost evaluation of the UODTA 
 

With the notation defined above, we present the following fixed-point formulation of the 
dynamic congestion pricing problem. 

Fixed-point Formulation 

0)(),( *'* ≥Ξ−ΞΞΨ t

iφ     D∈Ξ∀    (1) 

 })({)( t

iφψψ +ΦΨ=Φ     D∈Φ∀    (2) 

The UODTA is framed as a variational inequality (Chang, 2004) with generalized cost (Eq. 

(1)).  It can be observed that the user equilibrium flows *Ξ always results in lower total 
generalized route cost than other feasible assignments by rearranging Eq. (1) 

to *'*'* ),(),( ΞΞΨ≥ΞΞΨ t

i

t

i φφ .  Eq. (2) states that evaluating the UODTA with the toll 

corresponds to the SODTA cost )(Φψ  plus the time-varying externality t

iφ  should result in the 

SODTA cost.  The fixed-point formulation serves as a formal representation of the problem. 
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To develop the efficient heuristic to solve Eqs.(1)-(2), we next provide the bi-level 
reformulation based on the Cell Transmission Model (CTM) proposed by Daganzo (1994 and 
1995).  In the upper level, transportation planner decides on the time-dependent tolls in the 
network to minimize the total system travel time (TSTT).  In the lower level, users react to the 
imposed tolls by routing themselves on paths with minimum experienced generalized cost.  To be 
specific, in the lower-level program, dynamic user equilibrium with tolls is formulated as the 
modified variational inequality (VI) formulation as Eq. (1).  The detailed formulation is given as 
follows: 

Min
yx,,φ

( )∑ ∑
∈ ∈

⋅
SEji Tt

t

ijyt
),(

          (3) 

subject to 

0)(),( *'* ≥Ξ−ΞΞΨ t

iφ     D∈Ξ∀     (4) 

where 
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The objective function (Eq. (3)) of the upper-level problem is minimizing the TSTT.  It 
should be noted that, to the best of our knowledge, there is no apparent lower-level objective 
function that characterizes the dynamic user equilibrium traffic assignment with tolls.  Therefore, 
the lower-level program is still framed as a variational inequality in generalized cost (Eq. (4)).  
The generalized cost corresponds to the sum of the tolls paid and the travel time experienced 
scaled up by the users value of time (VOT). 

The feasible region of the lower-level program includes the CTM related constraints since 
we employ the CTM to represent traffic dynamics.  The first CTM constraint is cell mass 
conservation (Eq. (5.1)).  The second states that the traffic flow between two cells cannot exceed 
the number of vehicles occupying the upstream cell (Eq. (5.2)), the remaining capacity of the 
downstream cell (Eq. (5.3)) and the maximum flow that can get out of the upstream cell and into 
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the downstream cell (Eq. (5.4) and Eq. (5.5)).  Eq. (5.6) and Eq. (5.7) constrain the initial 
conditions of network.  Eq. (5.8) enforces that all vehicles must reach their destination by the 
final time interval.  Eq. (5.9) and Eq. (5.10) are the non-negativity constraints. 

The above formulation corresponds to a Mathematical Program with Equilibrium 
Constraints (MPEC) in which there is a discontinuous objective function defined on a non-
convex discontinuous feasible region.  So there are multiple local optima and traditional 
mathematical programming algorithms may not guarantee convergence to a global optimal 
solution.  Even though there has been significant advances made in developing solvers for 
MPECs, most of them are not efficient in solving problems of significant size.   Therefore, a 
MSA-based heuristic is proposed to obtain time varying tolls and the system performance has 
been compared against the System Optimal (SO) solution.  The next section provides an 
overview of the MSA-based heuristic. 

3 Solution Methodology: MSA-Based Heuristic 

Due to the inefficiencies involved in solving the dynamic pricing problem using existing MPEC 
algorithms, a MSA-based heuristic has been developed in this paper.  In the heuristic, appropriate 
tolls are determined using dual variable approximation techniques and averaged with MSA 
techniques across iterations.  Then the user equilibrium under tolls is evaluated using a 
combinatorial heuristic.  The procedure is repeated until convergence.  The next section provides 
an overview of dual variable approximation where time varying tolls are determined for a given 
set of flows using the dual variable approximation procedure. 

3.1 Dual Variable Approximation Procedure 

The fundamental logic behind the dual variable approximation procedure is that dual variables for 
the flow balance, capacity and jam density constraints in the bi-level formulation can be used as a 
proxy for dynamic toll prices.  Dual variables reflect the level of congestion in the network.  If a 
cell is congested the dual variable for that cell will not be zero.  Higher the congestion, greater 
the value of the dual variables associated with that cell.  Therefore, the time varying toll prices 
may be inferred by extracting the dual variables of the above mentioned constraints. 

However, there exists no known technique that can obtain the exact dual variables to this 
specific bi-level program (Eqs. (3)-(5)).  For specific values of user equilibrium flows, the 
corresponding dual variables can be approximated according to upper-level objective function 

based on the single level formulation as shown in Eqs. (6)-(16).  t

i

,0π - t

i

,4π  in the formulation are 

the dual variables of the corresponding constraints.  After solving the UODTA with tolls, the 
occupancies and flow rates of cells at different time intervals can be obtained.  We then 
approximate the dual variables according to the dynamic occupancies and flow rates.  The 
approximation is described as follows. 

Min
yx,,φ

( )∑ ∑
∈ ∈

⋅
SEji Tt

t

ijyt
),(

          (6) 
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i
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iix ζ=0        SCCi \∈∀      (12) 

00 =ijy         Eji ∈∀ ),(      (13) 

0|| =T

ix      SCCi \∈∀      (14) 

0≥t

ix        TtCCi S ∈∈∀ ,\     (15) 

0≥t

ijy      TtEji ∈∈∀ ,),(     (16) 

3.1.1 t

i

,0π  Approximation 

The dual variable associates with Eq. (7) denotes the change of TSTT due to the change of O-D 
demand in cell i at time interval t.  Therefore, to approximate the dual variables, a user is added 
to cell i at time interval t.  The user then follows his/her time-dependent shortest path (TDSP).  

We employ the travel time of the TDSP as the proxy of dual variables t

i

,0π . 

To efficiently approximate dual variable t

i

,0π , we adopt the backward connectivity 

algorithm developed in Lin et al. (2007).  The algorithm finds the travel times of TDSPs without 
explicitly finding the TDSPs and significantly improves the computational efficiency. 

3.1.2 t

i

,1π , t

i

,2π , t

i

,3π and t

i

,4π approximation 

The dual variables t

i

,1π , t

i

,2π , t

i

,3π and t

i

,4π  can be efficiently approximated by complimentary 

slackness conditions.  For instance, the dual variable is zero if the associated constraint is 
binding.  Similarly, we apply the complimentary slackness condition to the dual formulation of 
Eqs. (6)-(16).  Dual variables can be approximated with the techniques.  For details of the dual 
approximation with complimentary slackness conditions, we refer to Lin et al. (2007). 

For a particular set of flows, once the dual variables are approximated, the new prices are 
determined by averaging the dual variables using the MSA procedure (Eq. 17) and then summing 



8 

 

them up (Eq. 18).  It should be noted that the heuristic may oscillate between solutions and fail to 
converge without the MSA procedure. 

iter

iter

iter

itertk

i

itertk

iitertk

i

)1(1,,,,
,, −×

+←
−ππ

π  { }4,3,2,1,0∈∀k       (17) 

∑
=

←
4

0

,,

k

itertk

i

t

i πφ  TtCCi S ∈∈∀ ,\ .         (18) 

Once these prices are imposed, the user equilibrium flows under tolls is calculated using a 
combinatorial procedure described in the next section. 

3.2 Combinatorial Heuristic for UODTA with Tolls 

The purpose of the combinatorial heuristic is to determine the user equilibrium flows when time 
varying tolls are levied on the network.  The heuristic works on the principle of incrementally 
assigning demand onto paths in a time-expanded CTM network and reducing the capacity of the 
cells along the assigned path. 

The combinatorial heuristic can be explained with the help of an example cell network.  
Suppose that we have a 6-cell CTM network (Figure 2) and we generate the time-expanded CTM 
network depicted in Figure 1.  Let the numbers in the cells be the exogenous tolls decided and 

imposed by other procedures.  For simplicity, we assume that the user’s value of time λ  is $1 per 
time unit.  A user departs from cell 1 at the fixed departure time 1 and tries to arrive at the 
destination cell 6. 

 
Figure1:  UODTA with Tolls 
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The heuristic first find the shortest paths in terms of generalized cost from cell 1 to cell 6 at 
different time intervals until (1) a path with zero cost is found or (2) the path to cell 6 at the end 
of planning horizon time 6 is found.  In the example above, four paths can be determined and 
associated generalized path costs are shown in the figure.  For instance, the user will have to pay 

the toll cost $1 and time cost )2(2$ λ×=  if the user decides to take path 1.  The user essentially 

faces these four choices.  Under the rational assumption, the user should choose path 1 instead of 
other three paths since it has the lowest generalized path cost.  The jam densities and saturation 
flow rates along path 1 are then reduced by one unit accordingly.  After assigning the user, the 
heuristic finds the path for the next user based on the same reasoning until all users are assigned 
their paths.  When all the users have been assigned there is no incentive for any user to 
unilaterally shift paths to improve their travel cost.  The procedure of UODTA with the 
exogenous tolls is completed. 

Note that the decision of departure time is implicitly considered in the heuristic.  For 
instance, if the user chooses to follow path 4, the user essentially decides to stay in cell 1 for three 
time intervals and depart at time interval 4 instead of time 1.   

3.3 MSA-based Heuristic Overview 

This section provides a summary of the MSA-based heuristic to determine the dynamic prices.  
To be precise, the pseudo code of the heuristic is presented as follows: 

Pseudo code of the MSA-based Heuristic 

Data: t

i

t

i

t

i

t

i dQN δ,,,  TtCi ∈∈∀ ,  , MAX_ITERATION 

Step 0: Set  iter = 1,  0=t

iφ  TtCCi S ∈∈∀ ,\  

Step 1: Solve the UODTA with tolls t

iφ  TtCCi S ∈∈∀ ,\  by heuristics proposed in pervious 

section to obtain t

ix TtCCi S ∈∈∀ ,\ , t

ijy TtEji ∈∈∀ ,),(  and TSTT. 

Step 2: Approximate dual variables itert

i

itert

i

itert

i

itert

i

itert

i

,,4,,3,,2,,1,,0 ,,,, πππππ  based on the solution in 

Step 1 

Step 3: If the stopping criterion is met, stop and report tolls t

iφ  TtCCi S ∈∈∀ ,\ .  That is, if users 

cannot unilaterally change paths to benefit themselves.  Otherwise, go to Step 4. 
Step 4: Use method of successive average (MSA) type equation to average the dual variables 

approximated.  That is, 

 
iter

iter

iter

itertk

i

itertk

iitertk

i

)1(1,,,,
,, −×

+←
−ππ

π  { }4,3,2,1,0∈∀k   

Step 5: Set ∑
=

←
4

0

,,

k

itertk

i

t

i πφ  TtCCi S ∈∈∀ ,\ . 

Step 6: Set iter = iter +1.  
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 If iter > MAX_ITERATION, stop and report tolls t

iφ  TtCCi S ∈∈∀ ,\ . 

Otherwise, go to Step 1. 
 

The input data of the heuristic includes the time-dependent jam density t

iN , saturation flow 

rates t

iQ , O-D demand t

id , shockwave parameter t

iδ  and number of maximum iterations.  In Step 

0, the iteration counter and tolls are initialized with 1 and 0’s respectively.   UODTA with tolls 
are then solved in Step 1.  To determine the time-varying tolls, the dual variable approximation 
techniques are employed in Step 2.  If the stopping criterion is met in Step 3, the heuristic stops.  
Otherwise, it continues Step 4 to average the tolls with MSA techniques, set the new tolls in Step 
5, increments the counter in Step 6 and repeats the procedure. 

4 Numerical Experiments 

Based on the suggested VOT by Oregon Department of Transportation (2003), the average VOT 
for automobile drivers is $15.31/hour.  We employ this homogeneous VOT for all users in the 
rest of the paper.  The 6-cell CTM network contains 6 cells and 6 cell connectors depicted in 
Figure 2.  There are two source cells (cell 1 and cell 2) and one sink cell (cell 6) in the network.  

 

Figure 2: The 6-cell CTM Network 

The time-varying characteristics of the network (jam density Ni
t, saturation flow rate Qi

t) 
are described in Table 1.  The planning period is eight time intervals with two OD pairs.  The 
seven time-dependent OD demands are given in Table 2. 
 

Table 1: Characteristics of  

6-cell CTM Network 

Cell Ni
t Qi

t 

1 +inf 1 

2 +inf 1 

3 2 1 

4 2 1 

5 2 1 

6 +inf +inf 
 

Table 2: Time-dependent OD Demands for 

 6-cell CTM Network 

 Origin Destination 

Time 1 
1 6 

2 6 

Time 2 

1 6 

1 6 

2 6 

2 6 

Time 3 2 6 
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4.1 First Best Pricing 

In the 6-cell CTM network, we experiment both the first best pricing and second best pricing.  In 
the first best pricing, tolls are allowed to be levied in all cells in the network.  We, hence, apply 
the dual variable approximation techniques to determine the time-varying tolls for all cells.  To 
compare the solution obtained by the heuristic, we solve the SODTA with CPLEX using the 
SODTA LP formulation proposed in Ziliaskopoulos (2000).  The numerical results together with 
the SODTA are summarized in Table 3. 
 

Table 3: First Best Pricing 

SODTA: 

cell(time)

���� UODTA 

without 

Tolls: 

cell(time)

���� UODTA 

with Tolls: 

cell(time)

���� ���� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-
6(3)� 1(1)-
3(2)-4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-
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6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

UODTA 

without 

Tolls: 

cell(time)

���� UODTA 

with Tolls: 

cell(time)

���� ���� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-
6(3)� 1(1)-
3(2)-4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
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2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
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25� TSTT 

= 20� �  

UODTA 

with Tolls: 

cell(time)

���� ���� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-
6(3)� 1(1)-
3(2)-4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-
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6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

���� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-
6(3)� 1(1)-
3(2)-4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-
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5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(1)-3(2)-
4(3)-

6(4)� 1(1)-
5(2)-

6(3)� 1(1)-
3(2)-4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(
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2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(1)-5(2)-
6(3)� 1(1)-
3(2)-4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-
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6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(1)-3(2)-



19 

 

4(3)-

6(4)� � 2(

1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-
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6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

� 2(1)-

5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
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2(5)-2(6)-
5(7)-

6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(1)-5(2)-
6(3)� 2(1)- 
2(2)-5(3)-
6(4)� 2(1)-

5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(
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3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(1)- 2(2)-
5(3)-

6(4)� 2(1)-
5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
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1(3)-3(4)-
4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(1)-5(2)-

6(3)� � 1(

2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
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1(3)-3(4)-
4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

� 1(2)-

3(3)-4(4)-
6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-
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6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(2)-3(3)-
4(4)-

6(5)� 1(2)- 
1(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
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5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(2)- 1(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-
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5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(2)-3(3)-
4(4)-

6(5)� � 1(

2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
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20� TSTT 
= 

25� TSTT 

= 20� �  

� 1(2)-

1(3)-3(4)-
4(5)-

6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(2)-1(3)-
3(4)-4(5)-
6(6)� 2(2)-
2(3)-2(4)-
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5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(2)-2(3)-
2(4)-5(5)-
6(6)� 2(2)-

5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
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5(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(2)-5(3)-

6(4)� � 2(

2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-
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5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

� 2(2)-

5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(2)-5(3)-
6(4)� 2(3)-
2(4)-2(5)-

5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-
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6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(3)-2(4)-
2(5)-5(6)-
6(7)� 2(3)-

5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
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25� TSTT 

= 20� �  

2(3)-5(4)-

6(5)� � 2(

2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

� 2(2)-

2(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 



34 

 

= 
25� TSTT 

= 20� �  

2(2)-2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

1(2)-3(3)-
4(4)-

6(5)� 1(2)-
1(3)-3(4)-

4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  
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1(2)-1(3)-
3(4)-4(5)-

6(6)� � 2(

3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

� 2(3)-

2(4)-5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 
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= 20� �  

2(2)-2(3)-
2(4)-2(5)-
2(6)-5(7)-
6(8)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

2(2)-2(3)-
2(4)-5(5)-

6(6)� � TS

TT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

� TSTT = 

20� TSTT 
= 

25� TSTT 

= 20� �  

TSTT = 
20� TSTT 

= 
25� TSTT 

= 20� �  

TSTT = 
25� TSTT 

= 20� �  

TSTT = 

20� �  

�  

 
As 

can be 
seen 
from the 
table, 
without 
imposing 
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the tolls 
in this 
network, 
the 
UODTA 
results in 
the total 
system 
travel 
time of 
25.  
However
, the total 
system 
travel 
time 
decrease 
to 20 
with the 
tolls 
determin
ed by the 
procedur
e 
proposed
.  
Though 
with the 
slightly 
differenc
e in the 
user 
paths, 
the 
MSA-
based 
heuristic 
obtains 
the 
equivale
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nt 
SODTA 
solution.  
The 
optimalit
y gap of 
the 
proposed 
heuristic 
is 0% in 
this 
network. 

4.2 

Second 

Best 

Pricing 

Next, we 
test the 
second 
best 
pricing 
by not 
allowing 
tolls in 
different 
cell 
across 
the 
planning 
horizon.  
As can 
be seen 
from the 
summari
zed 
results in 
Table 4, 
if cell 5 
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is not 
allowed 
to be 
tolled, 
the 
resulting 
TSTT is 
5 units 
worse 
than 
when it 
is 
allowed.  
Users 
tend to 
choose 
the toll-
free cell 
5 in that 
scenario.  
Essential
ly, the 
user 
behavior
s shift 
back to 
UODTA 
without 
tolls.  
Compari
ng with 
UODTA 
without 
tolls in 
previous 
table, we 
can see 
that cell 
5 is more 
appealin
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g to 
users and 
6 out of 
7 users 
choose to 
pass cell 
5 in that 
case.  
Congesti
on in cell 
5 then 
follows.  
Therefor
e, 
imposing 
tolls in 
cell 5 
can lead 
to better 
system 
performa
nce by 
shifting 
users to 
alternativ
e routes 
(cell 1-
cell 3-
cell 4-
cell 6).  
On the 
other 
hand, 
imposing 
tolls in 
cells 1-4 
does not 
lead to 
any 
system 
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improve
ment.  
This 
again 
proves 
that the 
dual 
variables 
approxi
mated 
accuratel
y locate 
the 
congesti
on, 
which 
means 
that the 
dual 
variables 
can serve 
as the 
descent 
direction 
when 
devising 
congesti
on 
reduction 
measures
. 
 

 

Table 4: 

Second 

Best 

Pricing 

���� Cell that 
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are not 

allowed to 

be 

tolled���� ����

Cell that 

are not 

allowed to 

be 

tolled���� ����

���� ���� Cell 

1���� Cell 

2���� Cell 

3���� Cell 

4���� Cell 

5���� ���� Path 

���� Cell 

1���� Cell 

2���� Cell 

3���� Cell 

4���� Cell 

5���� ���� Path 

Cell 

1���� Cell 

2���� Cell 

3���� Cell 

4���� Cell 

5���� ���� Path 

Cell 

2���� Cell 

3���� Cell 

4���� Cell 

5���� ���� Path 

Cell 

3���� Cell 

4���� Cell 

5���� ���� Path 

Cell 

4���� Cell 

5���� ���� Path 

Cell 

5���� ���� Path 

���� Path 

Path 

cell(time)

���� 1(1)-
3(2)-4(3)-
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6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-

6(3)� � ����

1(1)-3(2)-
4(3)-

6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-

6(3)� � ����

1(1)-3(2)-
4(3)-

6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-

6(3)� � ����

1(1)-3(2)-
4(3)-

6(4)� 1(1)-
3(2)-4(3)-
6(4)� 1(1)-

5(2)-

6(3)� � ����

1(1)-3(2)-
4(3)-

6(4)� 1(1)-
5(2)-

6(3)� � ����

1(1)-5(2)-

6(3)� � ����

� ���� 2(1)-

5(2)-
6(3)� 2(1)-

5(2)-
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6(3)� 2(1)-
5(2)-

6(3)� 2(1)-
5(2)-

6(3)� 2(1)-
2(2)-5(3)-

6(4)� � ����

���� 2(1)-
5(2)-

6(3)� 2(1)-
5(2)-

6(3)� 2(1)-
5(2)-

6(3)� 2(1)-
5(2)-

6(3)� 2(1)-
2(2)-5(3)-

6(4)� � ����

2(1)-5(2)-
6(3)� 2(1)-

5(2)-
6(3)� 2(1)-

5(2)-
6(3)� 2(1)-

5(2)-
6(3)� 2(1)-
2(2)-5(3)-

6(4)� � ����

2(1)-5(2)-
6(3)� 2(1)-

5(2)-
6(3)� 2(1)-

5(2)-
6(3)� 2(1)-
2(2)-5(3)-

6(4)� � ����

2(1)-5(2)-
6(3)� 2(1)-

5(2)-
6(3)� 2(1)-
2(2)-5(3)-

6(4)� � ����

2(1)-5(2)-
6(3)� 2(1)-
2(2)-5(3)-

6(4)� � ����

2(1)-2(2)-
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5(3)-

6(4)� � ����

� ���� 1(2)-

3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-5(4)-

6(5)� � ����

���� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-5(4)-

6(5)� � ����

1(2)-3(3)-
4(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-5(4)-

6(5)� � ����

1(2)-3(3)-
4(4)-

6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
3(3)-4(4)-
6(5)� 1(2)-
1(3)-5(4)-

6(5)� � ����

1(2)-3(3)-
4(4)-

6(5)� 1(2)-
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3(3)-4(4)-
6(5)� 1(2)-
1(3)-5(4)-

6(5)� � ����

1(2)-3(3)-
4(4)-

6(5)� 1(2)-
1(3)-5(4)-

6(5)� � ����

1(2)-1(3)-
5(4)-

6(5)� � ����

� ���� 2(2)-

5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � ����

���� 2(2)-
5(3)-

6(4)� 2(2)-
5(3)-

6(4)� 2(2)-
5(3)-

6(4)� 2(2)-
5(3)-

6(4)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � ����

2(2)-5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � ����
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2(2)-5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � ����

2(2)-5(3)-
6(4)� 2(2)-

5(3)-
6(4)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � ����

2(2)-5(3)-
6(4)� 2(2)-
2(3)-2(4)-

5(5)-

6(6)� � ����

2(2)-2(3)-
2(4)-5(5)-

6(6)� � ����

� ���� 2(3)-

5(4)-
6(5)� 2(3)-

5(4)-
6(5)� 2(3)-

5(4)-
6(5)� 2(3)-

5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � ����

���� 2(3)-
5(4)-

6(5)� 2(3)-
5(4)-

6(5)� 2(3)-
5(4)-

6(5)� 2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-

6(5)� � ����

2(3)-5(4)-
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6(5)� 2(3)-
5(4)-

6(5)� 2(3)-
5(4)-

6(5)� 2(3)-
5(4)-

6(5)� 1(2)-
3(3)-4(4)-

6(5)� � ����

2(3)-5(4)-
6(5)� 2(3)-

5(4)-
6(5)� 2(3)-

5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � ����

2(3)-5(4)-
6(5)� 2(3)-

5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � ����

2(3)-5(4)-
6(5)� 1(2)-
3(3)-4(4)-

6(5)� � ����

1(2)-3(3)-
4(4)-

6(5)� � ����

� ���� 1(2)-

1(3)-3(4)-
4(5)-

6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 2(3)-
2(4)-2(5)-

5(6)-

6(7)� � ����

���� 1(2)-
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1(3)-3(4)-
4(5)-

6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 2(3)-
2(4)-2(5)-

5(6)-

6(7)� � ����

1(2)-1(3)-
3(4)-4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 2(3)-
2(4)-2(5)-

5(6)-

6(7)� � ����

1(2)-1(3)-
3(4)-4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 2(3)-
2(4)-2(5)-

5(6)-

6(7)� � ����

1(2)-1(3)-
3(4)-4(5)-
6(6)� 1(2)-
1(3)-3(4)-

4(5)-
6(6)� 2(3)-
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2(4)-2(5)-
5(6)-

6(7)� � ����

1(2)-1(3)-
3(4)-4(5)-
6(6)� 2(3)-
2(4)-2(5)-

5(6)-

6(7)� � ����

2(3)-2(4)-
2(5)-5(6)-

6(7)� � ����

� ���� 2(2)-

2(3)-2(4)-
5(5)-

6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-

6(8)� � T

STT���� 20�

���� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-

6(8)� � T
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STT���� 20�

2(2)-2(3)-
2(4)-5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-

6(8)� � T

STT���� 20�

2(2)-2(3)-
2(4)-5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-

6(8)� � T

STT���� 20�

2(2)-2(3)-
2(4)-5(5)-
6(6)� 2(2)-
2(3)-2(4)-

5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-

5(7)-

6(8)� � T

STT���� 20�

2(2)-2(3)-
2(4)-5(5)-
6(6)� 2(2)-
2(3)-2(4)-
2(5)-2(6)-
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5(7)-

6(8)� � T

STT���� 20�

2(2)-2(3)-
2(4)-2(5)-
2(6)-5(7)-

6(8)� � T

STT���� 20�

� TSTT����

TSTT���� 20
� 20� 20�

20� 20� 20
� 20� 25�

20� 20� 20

� 25� �  

20� 20� 25

� �  

20� 25� �  

25� �  

�  

 
Ne

xt, we 
conduct 
the 
sensitivit
y 
analysis 
of the 
VOT 
with the 
first best 
pricing 
scenario.  
It can be 
observed 
from 
Table 5 
that 
when the 
VOT is 
higher 
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( λ×4  

and λ×5
), users 
are less 
sensitive 
to tolls 
imposed.  
In other 
words, 
users 
tend to 
choose 
routes 
with less 
travel 
times 
instead 
of 
choosing 
route 
with 
lower 
toll cost.  
The 
effect 
results in 
worse 
system 
performa
nce in 
these two 
cases.  
On the 
other 
hand, 
when 
VOT is 
lower, 
the users 
are 
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relatively 
more 
sensitive 
to tolls.  
Hence 
better 
total 
system 
performa
nce can 
be 
achieved 
with 
effective 
tolls. 
 

Table 5: 

First 

Best 

Pricing 

with 

Different 

VOT 

(

31.15$=λ
) 

VOT 

($/hour)����

TSTT���� ����

���� λ � 20�

λ � 20� �

20� �

� λ×2 �

λ×2 � 20

� � λ×3
� 20� �

20� �

� λ×3 �

λ×3 � 20



55 

 

� � λ×4
� 22� �

20� �

� λ×4 �

λ×4 � 22

� � λ×5
� 22� �  

22� �

� λ×5 �

λ×5 � 22

� �  

22� �  

 

 

4.4 68-cell CTM Network 

Next, we conduct the experiments on larger network to further investigate the performance of the 
proposed heuristic.  The 68-cell CTM network (depicted in Figure 3) consists of 68 cells and 74 
cell connectors, including three source cells (cell 1, 2 and 3) and one sink cell (cell 68).  The cells 
in the center represent the freeway and the outer and cross cells represent arterial streets.  The 
deterministic time-varying O-D demand and time-dependent network characteristics are 
described in the Table 6 and Table 7.  The network data is from Lin et al. (2007). 

Table 6: Time-dependent OD Demand for  

68-cell CTM Network 

Cell Destination Demand (vph1) 

1 68 1,800 

2 68 3,600 

3 68 1,800 
1 demand is uniformly distributed over the  

planning period 

Table 7: Characteristics of 

 68-cell CTM Network 

Cell Ni
t Qi

t 

1, 3 +inf 8 

2 +inf 12 

68 +inf +inf 

Freeway Cells1  20 12 

Arterial Cells2  10 8 
1 other than cell 2 and cell 68 

2 other than cell 1 and cell 3 

 
To obtain the comparable solution, we again solved the SODTA with CPLEX.  For 

network of this size, the LP formulation is composed of 49,982 constraints and 21,443 variables.   
The number of constraints and variables grow significantly with the network size.  Algorithm that 
is capable of dealing with large-scale LPs may be necessary for even larger network (Li et al., 
2003).  Note that it is computational difficult to employ exact algorithm to solve the bi-level 
formulation or the VI based congestion pricing problem.  With the combinatorial nature of the 
dual variable approximation and the MSA procedures, the proposed heuristic in fact has the 
potential to scale.  The computational results of this network are summarized in Table 8. 
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As can be seen from the results, the maximum optimality gap of the proposed heuristic is 
2.03% with different demand levels.  It should be noted that the heuristic proposed does not allow 
fractional flows, while the SODTA LP formulation does.  The fractional flow issues can 
potentially lead to the gap in the numerical solutions. 
 

 

Figure 3: 68-cell CTM Network 

Table 8: TSTT for Different O-D Demand in the 68-cell CTM Network 
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Demand (D) Heuristics (H) SODTA (S) UODTA Convergence Iteration 






 −

S

SH
 

1.0*D 7,956 7,812 7,956 58 1.84% 

1.5*D 12,439 12,382 15,782 71 0.46% 

2.0*D 23,858 23,384 27,716 95 2.03% 

2.5*D 37,797 37,391 42,317 * 1.09% 

3.0*D 62,370 62,024 69,177 * 0.56% 

*Fail to converge before reaching iteration limit 100 

5 Conclusion   

Congestion pricing is increasingly been seen as a powerful tool for both managing congestion 
and generating revenue for infrastructure maintenance and development.  This paper contributes 
to the growing body of literature in congestion pricing by providing the mathematical 
formulations and an efficient MSA-based heuristic to determine time-varying tolls on networks.  
Extensive numerical experiments have been conducted on networks with various sizes to show 
the effectiveness and efficiency of the proposed heuristic.  From the preliminary results, the 
heuristic finds solutions with the maximum optimality gap of 2.03% among all cases. 

One advantage of the proposed heuristic is that users’ decision on departure time is 
implicitly considered without extra work.  Besides, the second-best pricing can be easily 
incorporated into the solution procedure by simply skipping the dual variable approximation 
procedure in predefined cells at specified time intervals.   From the computational point of view, 
the proposed heuristic even benefits from second best pricing due to the fewer dual variable 
approximation procedures required.  In addition, user heterogeneity can be incorporated into the 

solution procedures by using the different VOT value λ for different users. 
Though the overall heuristic provide a general framework that can efficiently solve 

dynamic congestion pricing problem with reasonable optimality gaps, the dual variable 
approximation procedures obtain merely the proxy of dual variables in single-destination 
networks.  Exploring the multiple-destinations problem and finding the exact dual variables are 
the potential future extension of this work. 

Another possible future extension is the elastic user demand when tolls are levied on the 
network.  The inclusion of elastic demand in the dynamic context can increase the computational 
complexity dramatically.  The efforts are left to the future research. 

6 Reference 

[1] Arnott, R., A. de Palma and R. Lindsey (1990). "Economics of a bottleneck", Journal of 

Urban Economics 27 11-30. 
[2] Arnott, R., Small, K.(1994). “The economics of traffic congestion”, American  Scientists, 

20(2), 123–127 . 



58 

 

[3] Arnott, R., Kraus, M. (1998). “When are Anonymous Congestion Charges Consistent with 
Marginal Cost Pricing”, Journal of Public Economics 67, 45–64. 

[4] Braid, R.M., (1996). “Peak-load Pricing of a Transport Facility with an Unpriced 
Substitute”, Journal of Urban Economics 40, 179–197. 

[5] Chang, E. J. (2004). “Time-Varying Intermodal Person Trip Assignment” Ph.D. 

Dissertation, Northwestern University. 
[6] Chu, X. (1995) "Endogenous trip scheduling: the Henderson approach reformulated and 

compared with the Vickrey approach", Journal of Urban Economics 37 324-343. 
[7] Carey, M., Srinivasan, A. (1993). “Externalities, Average and Marginal Costs, and Tolls on 

Congested Networks with Timevarying Flows”, Operations Research 41 (1), 217–231. 
[8] Daganzo, C.F. (1994). “The Cell Transmission Model: A Dynamic Representation of 

Highway Traffic Consistent with the Hydrodynamic Theory”, Transportation research 

Part B, vol. 28B, No.4, pp. 269-287. 
[9] Daganzo, C.F. (1995). “The Cell Transmission Model, Part II: Network Traffic”, 

Transportation Research Part B, Vol. 29B, No. 2, pp. 79-93. 
[10] De Palma, A., Lindsey, R., (2000). “Private Toll Roads: Competition under Various 

Ownership Regimes”, Annals of Regional Science 34 (1), 13–35. 
[11] De Palma, A., Kilani, M., and Lindsey, R. (2005). “Congestion Pricing on a Road Network 

: A study using the Dynamic Equilibrium Simulator METROPOLIS”, Transportation 

Research Part A, 39, pp 588-611. 
[12] Ferrari, P. (2002). “Road network toll pricing and social welfare”, Transportation 

Research, Part B, 36 (5), 471–483. 
[13] Hearn, D.W., Yildirim, M.B. (2001). “A toll pricing framework for traffic assignment 

problems with elastic demands”, Current Trends in Transportation and Network Analysis: 
Miscellanea in Honor of Michael Florian, M. Gendreau, P. Marcotte (eds.), Kluwer 
Academic Publishers, Dordrecht, The Netherlands. 

[14] Henderson J.V. (1974) "Road congestion: a reconsideration of pricing theory", Journal of 

Urban Economics 1 346-365. 
[15] Henderson J.V. (1981) "The economics of staggered work hours", Journal of Urban 

Economics 9 349-364. 
[16] Joksimovic D., Bliemer, M.C.J and Bovy, P.H.L (2005) “Optimal Toll Design Problem In 

Dynamic Traffic Networks with Joint route and Departure time choice”. Journal of the 

Transportation Research Board, No 1923, pp 61-72. 
[17] Knight, F.H.,(1924). “Some Fallacies in the Interpretation of Social Cost”, Quarterly 

Journal of Economics, 38, 582-606. 
[18] Labbe, M., Marcotte, P., Savard, G. (1998). “A bilevel model of taxation and its application 

to optimal highway pricing”, Management Science, 44 (12), 1608–1622. 
[19] Lawphongpanich,S., Hearn, D.W. (2004). “An MPEC approach to second best toll 

pricing”, Mathematical Programming, Series B. 



59 

 

[20] Li, Y., Waller, S.T. and Ziliaskopoulos, T. (2003). A Decomposition Scheme for System 
Optimal Dynamic Traffic Assignment Models, Transportation Research Record, Vol. 3, 
No. 4, pp. 441-455. 

[21] Lin, D.-Y., Karoonsoontawong, A. and Waller, S.T. (2007). “A Dantzig-Wolfe 
Decomposition Based Heuristic Scheme for Bi-level Dynamic Network Design Problem”, 
Technical Paper, University of Texas at Austin.  

[22] Morrison, S.A. (1986). “A Survey of Road Pricing”, Transportation Research, 20A (2), 87-
97. 

[23] Patriksson, M., Rockafellar, R.T. (2002). ”A mathematical model and descent algorithm for 
bilevel traffic management”, Transportation Science, 36 (3), 271–291. 

[24] Policy and Economic Analysis Unit (2003). The Value-of-Travel Time: Estimates of the 
Hourly Value of Time for Vehicles in Oregon 2003, Oregon Department of Transportation. 

[25] Verhoef, E.T. (2002).”Second-best congestion pricing in general networks: Algorithms for 
finding second-best optimal toll levels and toll points”, Transportation Research Part B, 
36(8), 707–729. 

[26] Vickrey, W.S. (1969). “Congestion Theory and Transport Investment”, American 

Economic Review 59 (Papers and Proceedings) 251-260. 
[27] Walters, A.A. (1961). “The Theory and Measurement of Private and Social Cost of 

Highway Congestion”, Econometrica, 29, 676-699. 
[28] Wie, B-W, (2007). “Dynamic Stackelberg Equilibrium Congestion Pricing”, 

Transportation Research Part C, 15, pp 154-174. 
[29] Wie, B., and R. L. Tobin (1998). “Dynamic Congestion Pricing Models for General Traffic 

Networks” Transportation Record Part B, Vol. 32, No. 5, pp. 313–327. 
[30] Yang, H., Lam, W.H.K. (1996). “Optimal road tolls under conditions of queuing and 

congestion”, Transportation Research Part A, 30(5), 319–332. 
[31] Yang, H., Huang, H.-J., (1997). “Analysis of Time-varying Pricing of a Bottleneck with 

Elastic Demand using Optimal Control Theory”, Transportation Research Part B, 31B (6), 
425–440. 

[32] Yildrim, M.B., Hearn, D.W. (2005). “A first best toll pricing/next term framework for 
variable demand traffic assignment problems”, Transportation Research Part B, 39, 659-
678. 

[33] Ziliaskopoulos, A. K. (2000). A Linear Programming Model for the Single Destination 
System Optimum Dynamic Traffic Assignment Problem. Transportation Science, Vol. 34, 
No. 1, pp. 37-49. 



 

Dynamic system optimal assignments  

 

BG Heydecker  
Centre for Transport Studies, University College London, England 

 

ben@transport.ucl.ac.uk 

1 Abstract 

Dynamic system optimal (DSO) traffic assignment can be formulated conveniently as a 

mathematical programme with the objective of minimising the total costs associated with 

travel. At the solution to this, the sum of personal cost of travel and marginal effect on the 

cost caused to other travellers will have the same value for each traveller during the same 

peak period. In order for this solution to represent a practical configuration of traffic on the 

network, the first-in first-out (FIFO) discipline should be respected: thus at each instant, the 

expected travel time on each link should be identical for all entering traffic. 

 

Merchant and Nemhauser identified this as an important problem to address, and since then it 

has attracted some attention in the literature. Chow (2007) has developed a formulation of this 

as an optimal control problem, and has established necessary conditions on the solution. In 

doing this, he has highlighted the difficulty of calculating a general exact solution: this arises 

because the current state, which influences travellers’ own costs, depends on past 

assignments, whilst the cost externality depends on future assignments. This compound 

temporal / contra-temporal influence of assignments on current marginal costs makes solution 

by time order (either forward or backwards) ineffective.  

 

Papageorgiou (1990) incorporated FIFO behaviour into the structure of a dynamic model of 

multi-commodity network flow. Carey (1992) showed that dynamic traffic assignment, 

including both user equilibrium and system optimal formulations, are non-convex because of 

FIFO traffic behaviour and identified issues that arise from this. He later (Carey, 1995) 

investigated the pricing implications of the FIFO requirement. However, when a sufficiently 

simple form of Daganzo’s (1993) cell transmission model is adopted to describe traffic flow, 

DSO can be formulated as a linear programme subject to the approximation that traffic is not 

compelled to flow (Ziliaskopoulos, 2000). A particular benefit of adopting this formulation is 

that it brings all the existence and uniqueness properties of linear programming formulations 

together with convenient solution methods. We investigate there the particular problem that 

arises in this formulation that it admits solutions in which some traffic is held back locally if 

that is sufficiently advantageous to other traffic that it improves the objective of optimisation. 

Further analysis shows that this can be represented as a FIFO violation. 

 



 

In this paper, we explore these consequences of adopting a linear-programming 

approximation for the calculation of DSO assignments. In particular, we investigate how 

violations to the FIFO requirement can arise in DSO solutions, and interpret their nature when 

they do so. Whilst these represent departures from the ordinary behaviour of traffic, we can 

interpret them in terms of opportunities by which network performance could be improved. 

Alongside these aspects of the solutions, the computational advantages of the approximate 

linear-programming formulation are noted. 
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The General Link Transmission Model for Dynamic Network 
Loading and a comparison with the DUE algorithm 
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Abstract 

The Continuous Dynamic Network Loading problem is here addressed for given splitting 
rates, hence allowing for implicit path enumeration. To this aim, a macroscopic flow model 
for road links based on the Kinematic Wave Theory is coupled with an node model with 
priority rules at intersections, thus reproducing congested networks including queue spillback. 
The result is the General link Transmission Model, which extends previous results to the case 
of any concave fundamental diagram and node topology, without introducing spatial 
discretization of links into cells. The GLTM is compared with the DUE algorithm in terms of 
solution accuracy, computation efficiency and memory usage. 

Keywords: dynamic traffic assignment, queue spillback, implicit path enumeration with 
splitting rates, macroscopic flow model with concave fundamental diagram, kinematic 
wave theory with cumulative flows. 

1 Introduction 

In the context of within-day Dynamic Traffic Assignment (DTA) the spatial propagation of 
flows takes a time which depends on the use of the network. The Continuous Dynamic 
Network Loading (CDNL) problem (see for example [1]) consists in determining the link 
flows corresponding to given transport demand and route choices through a performance 
model yielding travel times as a function of flows, where all such variables are temporal 
profiles. 
Route choices may be defined globally as path probabilities, or approximated locally as 
splitting rates, either in terms of turn probabilities or in terms of arc conditional probabilities 
at nodes. Under the assumption that all users of a given class directed to a same destination 
make the same route choices in probabilistic terms, once they have reached the same node of 
the network at the same time of the day, regardless the path followed till that point (i.e. they 
behave according to a sequential approach), splitting rates distinguished by destination can 
well reproduce path probabilities, thus allowing for implicit path enumeration. It’s worth 
noting that for deterministic and logit route choice the sequential approach is equivalent to the 
classic joint approach [2]. If the splitting rates are not destination specific, then the 
consistency with the o-d demand flows is not guaranteed in correspondence of travel time 
variations; nevertheless, for some applications this rough approximation is acceptable and 
allows for the solution of the problem on large networks with fine-grained time discretization. 
The main traffic facts that should inform the performance model are the prevalence of vehicle 
queues (hypercritical congestion) and their backward propagation, called spillback, specially 
in the urban context, and the difference in the desired speed among drivers (hypocritical 
congestion), specially in the extra-urban context. 
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These phenomena are satisfactorily reproduced through the Theory of Kinematic Waves 
(KWT), which implements on each link the macroscopic flow paradigm of representing 
vehicles as a partially compressible mono-dimensional fluid, and through its extension to the 
network, which requires a node model to propagate flow states among adjacent links 
involving priority rules. However, many authors addressing DTA encourage the use of a 
simplified model reproducing only vertical queues without spillback and hypocritical 
congestion, where the main state variable becomes the link occupancy [3], since its 
separability in time and space allows for an easier formulation of the problem. The most 
popular approach to solve the CDNL based on the simplified KWT, where the fundamental 
diagram has by definition a triangular shape, is the Cell Transmission Model (CTM) proposed 
by Daganzo [4], [5]. The CTM, besides the limitation from the modelling point of view 
regarding the shape of the fundamental diagram, from a computational point of view suffers 
the spatial discretization of links both in terms of efficiency and accuracy. 
Recently, a new approach has been developed by Yperman [6] to address on a network the 
simplified KWT without spatial discretization of links into cells, therefore called the Link 
Transmission Model (LTM), which is based on the solution in terms of the cumulative flows 
proposed by Newell [7]. Independently, we [8] have proposed a similar approach to solve the 
CDNL in the case where the fundamental diagram is any concave function. 
In this paper we present the General Link Transmission Model (GLTM), that is the extension 
of the LTM to any concave fundamental diagram and node topology, and compare it with the 
DUE algorithm proposed in [9] and implemented in Visum [10]. The GLTM has been applied 
to practical instances of the CDNL problem on large real datasets in the context of traffic 
signal setting [11] and info-mobility [12] proving to be robust and efficient. 

2 Macroscopic models 

The link performance models aimed at reproducing travel times as a function of link flows 
under the macroscopic fluid paradigm can be classified into two groups: space-continuous and 
space-discrete. 
Space-continuous models are typically formulated as a system of differential equations in 
time and space, which is solved through finite difference methods. Such models yield 
accurate results, but require considerable computing resources, since their algorithmic 
implementation relies on a dense space discretization; for this reason they are also referred to 
as point-based. Altogether, they are very effective but poorly efficient. Among them we recall 
METANET, proposed in [13], which derives from a second order approximation of vehicle 
trajectories, and the CTM. 
Space-discrete models do not require any space discretization, and for this reason are also 
referred to as link-based. They can be in turn divided into whole link models and wave 
models. 
Whole link models (e.g. [14] and [15]) yield link performances as a function of the space-
average density (i.e. the number of vehicles on the link) without considering the propagation 
of flow states along the link. But this way the representation of hypocritical congestion 
becomes more and more ineffective as the length of the link increases, so that they may be 
suitable only to represent hypercritical congestion in terms of vertical queues on short links 
[16]; on the other hand, since spillback is not considered, queues shall not be longer than 
links. Despite such major deficiencies, these models are widely used in DTA because of their 
simplicity (e.g. [17] and [18]). 
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Wave models, based on the KWT, take (implicitly) into account the propagation of flow 
states, yielding link performances as a function of the traffic conditions that the vehicle 
encounters by traveling along the link. They require minimal computing resources, and yield 
realistic results both in urban and extra-urban contexts. These models have been first 
developed for bottlenecks with constant capacity, as in [19], [20] and [21]; that is, when only 
two speeds may occur on the link: the free-flow speed and the queue speed. Recently, in [22] 
and [9], they have been extended to the case of long links and time-varying capacity. 

3 Review of the Kinematic Wave Theory based on cumulative flows 

The link is assumed to be a homogenous channel of length L > 0, whose physical capacity is 
reduced at the initial and end points by two time-varying bottlenecks, called respectively the 
entry capacity and the exit capacity. 
The cumulative flow N(x,τ) is the number of vehicles that passed point x∈[0, L] before time τ. 
This function is actually discontinuous, but we can consider a smooth approximation that 
makes it C2 without changing the essence of the traffic phenomenon. In this case, under the 
assumption that no vehicle is created or destroyed along the link, the points in the time-space 
plane such that N(x,τ) = n represent the trajectory of the n-th vehicle; except if no vehicle is 
traveling, where the contour line degenerates in an area.  
Let q(x,τ) and k(x,τ) be the flow and the density of vehicles on point x at time τ, defined 
respectively as: 
q(x,τ) = ∂N(x,τ) / ∂τ , (1) 
k(x,τ) = -∂N(x,τ) / ∂x . (2) 
Let us analyze the trajectory of the vehicle travelling at point (x,τ) in the time-space plane. If 
we consider the cumulative flow N(x,τ) as the elevation of the point, this is like aiming to 
determine the contour line passing through (x,τ). Therefore, we are formally seeking a 
direction dx/dτ in the time-space plane such that: 
dN(x,τ) = ∂N(x,τ) / ∂x ⋅ dx + ∂N(x,τ) / ∂τ ⋅ dτ = -k(x,τ) ⋅ dx + q(x,τ) ⋅ dτ = 0 . (3) 
Denoting v(x,τ) this direction, which is indeed the speed of the vehicle, we have: 
v(x,τ) = q(x,τ) / k(x,τ) . (4) 
Based on the Schwarz’s theorem we have the following mass conservation law: 
∂2N(x,τ) / ∂τ∂x - ∂2N(x,τ) / ∂x∂τ = ∂q(x,τ) / ∂x + ∂k(x,τ) / ∂τ = 0 . (5) 
To analyze the propagation of traffic states, let us look at the time-space plane for the points 
in the neighborhood of (x,τ) which are affected by the its same flow. If we consider the flow 
as the elevation of the point, this is like aiming to determine the contour line passing through 
(x,τ). Therefore, we are formally seeking a direction dx/dτ in the time-space plane such that: 
dq(x,τ) = ∂q(x,τ) / ∂x ⋅ dx + ∂q(x,τ) / ∂τ ⋅ dτ = -∂k(x,τ) / ∂τ ⋅ dx + ∂q(x,τ) / ∂τ ⋅ dτ = 0 . (6) 
Denoting w(x,τ) this direction, which is indeed the speed of the propagation wave, base on 
equation (5) we have: 
w(x,τ) = ∂q(x,τ) / ∂k(x,τ) . (7) 
Moreover, based on the Green’s theorem we have the following energy conservation law: 
N(x2,τ2) - N(x1,τ1) = ∫C(1-2) dN(x,τ) = ∫C(1-2) q(x,τ)⋅dτ - k(x,τ)⋅dx , (8) 
where C(1-2) is any curve in the time-space plane that connects point (x1, τ1) to (x2, τ2); this 
relation will be the cornerstone of our link model. 
The fundamental diagram q(k) is an experimental relation between flow and density that holds 
for stationary traffic. Classical forms are the triangular shape and the parabolic shape. We will 
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consider any concave function passing through the origin, having a maximum flow Φ > 0, 
called physical capacity, in correspondence of the critical density K > 0, and getting again to 
zero at the jam density J > K. Then, for every flow q∈[0, Φ] there are two possible densities 
on the fundamental diagram: the first one, denoted k°(q), corresponds to a hypocritical state; 
the second one, denoted k+(q), corresponds to a hypercritical state. The derivative of the 
fundamental diagram at k = 0 and at k = J, which are referred to respectively as the free flow 
speed V > 0 and the jam wave speed W < 0, represent the maximum vehicle speed and the 
minimum wave speed. 
 

 
Figure 1: The fundamental diagram. 

 
The KWT is based on the assumption that the fundamental diagram holds also for non-
stationary traffic, which implies that vehicles adapt their speed instantaneously with infinite 
accelerations, thus yielding a first order approximation of trajectories. This is formally 
expressed as follows: 
q(x,τ) = q(k(x,τ)) . (9) 
Using the fundamental diagram we can introduce two functions of the flow yielding the 
vehicle speed respectively for hypocritical and hypercritical states: 
v°(q) = q / k°(q) , v+(q) = q / k+(q) . (10) 
Since in the KWT the local points such that dq(x,τ) = 0 are characterized by the same flow 
states, also ∂q(x,τ) / ∂k(x,τ) is constant there, i.e. the local wave w(x,τ) will keep propagating 
with the same slope, thus yielding a straight line in the time-space plane. Using the 
fundamental diagram we can introduce two functions of the flow yielding the wave speed 
respectively for hypocritical and hypercritical states: 
w°(q) = 1 / [dk°(q) / dq] , w+(q) = 1 / [dk+(q) / dq] . (11) 
To resolve the interactions and the conflicts among vehicle trajectories and among wave 
trajectories, we will exploit the following two general properties of the fluid paradigm: 
a) the First In First Out (FIFO) rule, stating that no overtaking among vehicles can occur on 
the link;  
b) the Newell-Luke Minimum Principle (NLMP), claiming that among all possible states 
which may affect a given point of a link the one yielding the minimum cumulative flow 
dominates the others. 
Based on the above relations and considerations we can reproduce the traffic pattern at any 
time and on any point along the link for given boundary conditions. In general, at a given 
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instant the link can be divided into two subsequent segments based on the nature of the 
prevailing flow states: in the first segment the forward-propagating hypocritical flow states 
that derive form boundary conditions at the initial point prevail on the backward-propagating 
hypercritical flow states that derive form boundary conditions at the end point; in the second 
segment the opposite situation holds, so that vehicles travel in a queue. Concerning the limit 
cases: when the second segment disappears, there is no queue on the link and we have the so 
called free flow condition; when the first segment disappears, the queue occupies the whole 
link and we have the so called spillback condition. 
Given that our aim is to use the above link model in a dynamic network loading, we are 
mainly interested here on how flow states propagate from one terminal point of the link to the 
other and vice versa, and whether the boundary condition at a terminal point prevails on the 
flow state coming from the other terminal point. Exploiting the energy conservation law, we 
will now address the forward propagation of hypocritical inflows directly to the end point and 
the backward propagation of hypercritical outflows directly to the initial point, since this 
allows us to easily formulate the boundary conditions in terms of vertical queue, vertical 
storage, sending flow and receiving flow, as explained in the following section, without the 
need of handling the detail of flow states along the link. 
Let F(τ) = N(0, τ) and E(τ) = N(L, τ) be respectively the cumulative inflow and outflow at 
time τ, i.e. the number of vehicles that passed respectively the initial point and the end point 
of the link until that instant. By definition, the inflow and outflow rates are then given by: 
f(τ) = dF(τ) / dτ ,  (12) 
e(τ) = dE(τ) / dτ . (13) 
The instant u(τ) ≥ τ when the forward kinematic wave generated at time τ on the initial point 
of the link by the hypocritical inflow f(τ) reaches the end point is given by: 
u(τ) = τ + L / w°( f(τ)) . (14) 
In general, u(τ) is not invertible, since more than one kinematic wave generated on the initial 
point may reach the end point at the same time. The integration of dN(x,τ) along the kinematic 
wave from (x1, τ1) = (0, τ) to (x2, τ2) = (L, u(τ)) is easy since the flow state is constant there, 
then based on (8) we have: 
Ĥ(τ) = F(τ) + f(τ) ⋅ L / w°( f(τ)) - L ⋅ k°( f(τ)) = F(τ) + L ⋅ Δk°( f(τ)) , (15) 
where Ĥ(τ) = N(L, u(τ)) if f(τ) is the prevailing flow state at (L, u(τ)), while function Δk°(q) is 
implicitly defined in Figure 1. Based on the NLMP, among all forward kinematic waves that 
reach the end point at time τ the one yielding the minimum cumulative flow, denoted H(τ), 
dominates the others: 
H(τ) = min{Ĥ(σ): u(σ) = τ} . (16) 
The instant z(τ) ≥ τ when the backward kinematic wave generated at time τ on the end point 
of the link by the hypercritical outflow e(τ) reaches the initial point is given by: 
z(τ) = τ - L / w+(e(τ)) . (17) 
As above, z(τ) is not invertible, since more than one kinematic wave generated on the end 
point may reach the initial point at the same time. Again, the integration of dN(x,τ) along the 
kinematic wave from (x1, τ1) = (L, τ) to (x2, τ2) = (0, z(τ)) is easy since the flow state is 
constant there, then based on (8) we have: 
Ĝ(τ) = E(τ) - e(τ) ⋅ L / w+(e(τ)) + L ⋅ k+(e(τ)) = E(τ) + L ⋅ J + L ⋅ Δk+(e(τ)) , (18) 
where Ĝ(τ) = N(0, z(τ)) if e(τ) is the prevailing flow state at (0, z(τ)), while function Δk+(q) is 
implicitly defined in Figure 1. Based on the NLMP, among all backward kinematic waves that 
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reach the initial point at time τ the one yielding the minimum cumulative flow, denoted G(τ), 
dominates the others: 
G(τ) = min{Ĝ(σ): z(σ) = τ} . (19) 
It’s worth noticing that in (16) and (19) we did not impose, respectively, the condition that the 
inflow and the outflow which generates the wave should be hypocritical and hypercritical. In 
the following we will show that this is not a mistake, indeed, by proving respectively that:  
a) given an hypercritical state at the initial point of the link, the forward propagation of the 
corresponding hypocritical flow can never prevail at the end point;  
b) given an hypocritical state at the end point of the link, the backward propagation of the 
corresponding hypercritical flow can never prevail at the initial point. 
We will develop the proof of assertion b), which is less intuitive. Let e be the hypocritical 
outflow occurring at the generic time τ2 . The backward propagation of the corresponding 
hypercritical flow based on (18) yields: 
G(τ3) = E(τ2) + L ⋅ J + L ⋅ Δk+(e) , 
where τ3 = τ2 - L / w+(e) . 
Since the flow state of e is hypocritical, it has been generated at the initial point in such a way 
that based on (15) we have: 
E(τ2) = F(τ1) + L ⋅ Δk°(e) ,  
where τ1 = τ2 - L / w°(e) . 
We now show that F(τ3) is smaller that G(τ3), which implies that the actual inflow at τ3 is 
hypocritical, i.e. the back propagation is useless but harmless. Since the inflow during the 
interval [τ1 , τ3] is by definition not higher than the physical capacity Φ, we shall prove that: 
F(τ3) ≤ F(τ1) + (τ3 - τ1) ⋅ Φ < G(τ3) . 
Manipulating the above relations we obtain: 
Φ / w°(e) - Φ / w+(e) < Δk°(e) + J + Δk+(e) , 
which based on Figure 1 is patently true. 
Applying a similar reasoning one can prove the validity of assertion a). 

4 The link model 

Let D(τ) be the cumulative demand at time τ, i.e. the number of vehicles generated (or 
attracted, if negative) along the link until that instant. The latter is introduced to represent, 
besides travel demand entering and exiting the network that is modelled by specific dummy 
links, any adjustment to the number of vehicles that one may force on road links to match 
external measures in real-time applications. This way we are aware to compromise the 
assumption that no vehicle is created or destroyed on the link at the price of some modelling 
inconsistencies, e.g. in this case the contour line of N(x,τ) don’t represent anymore vehicle 
trajectories. Therefore D(τ) is intended to be flat with sporadic discontinuities, and can be 
assumed to be null by most rigorous readers.  
The vertical queue at time τ, denoted S(τ), is defined as:  
a) the vehicles entered at the initial point of the link that propagating forward have reached 
the end point no later than time τ, as if no queue was present there, represented by H(τ); 
b) minus the vehicles that exited the link no later than time τ, represented by E(τ); 
c) plus the vehicles generated on the link no later than time τ, represented by D(τ); 
S(τ) = H(τ) - E(τ) + D(τ) . (20) 
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At the end point of the link a forward-propagating hypocritical flow state may actually occur 
at time τ only when S(τ) = 0, which identifies the free flow condition. Indeed, for S(τ) > 0 we 
have E(τ) < H(τ), which based on the NLMP means that hypercritical boundary conditions are 
prevailing, i.e. a queue of vehicles to exit the link is present. 
The vertical storage at time τ, denoted R(τ), is defined as: 
a) the storage capacity given by L ⋅ J, plus the free spaces left by the vehicles at the end point 
of the link that propagating backward have reached the initial point no later than time τ, as if a 
queue was present there, both represented by G(τ); 
b) minus the vehicles that entered the link no later than time τ, represented by F(τ); 
b) minus the vehicles generated on the link no later than time τ, represented by D(τ); 
R(τ) = G(τ) - F(τ) - D(τ) . (21) 
At the initial point of the link a back-propagating hypercritical flow state may actually occur 
at time τ only when R(τ) = 0, which identifies the spillback condition. Indeed, for R(τ) > 0 we 
have F(τ) < G(τ), which based on the NLMP means that hypocritical boundary conditions are 
prevailing, i.e. no spillback to enter the link is present since if there is a queue it has not 
reached the initial point yet. 
The actual number of vehicles on the link N(τ) at time τ is given by: 
N(τ) = F(τ) - E(τ) + D(τ) . (22) 
This is higher than S(τ), which does not include the vehicles that are travelling forward along 
the link, and is lower than L ⋅ J - R(τ), which includes free space that are travelling backward 
along the link: 
L ⋅ J - R(τ) ≥ N(τ) ≥ S(τ) . (23) 
In general, the physical capacity Φ of the link is reduced both at the initial point, to reproduce 
access restrictions (e.g. limited traffic zones), and at the end point, to reproduce intersection 
regulations (e.g. traffic signals). The entry and exit capacity are modelled here respectively 
through the time dependent shares μ(τ) and η(τ) that multiply the physical capacity. 
Finally, the boundary conditions of the link model, that allow for combining it together with 
the node model described in the following section so as to perform the dynamic network 
loading, are represented by the so called: 
a) sending flow, at the end point, i.e. the maximum flow received by the forward star that the 
link can send; 
b) receiving flow, at the initial point, i.e. the maximum flow sent by the backward star that the 
link can receive. 
The sending flow s(τ) at time τ results from the minimum between: 
a) the maximum flow that can exit the link under free flow conditions, which for dτ → 0 is 
given by dH(τ) / dτ + dD(τ) / dτ, if the vertical queue S(τ) is null, and tends to infinity 
otherwise; 
b) the exit capacity, given by the current reduction η(τ) of the physical capacity Φ; 
s(τ) = min{S(τ) / dτ + dH(τ) / dτ + dD(τ) / dτ , η(τ) ⋅ Φ} . (24) 
Analogously, the receiving flow r(τ) at time τ results therefore from the minimum between: 
a) the maximum flow that can enter the link under spillback conditions, which for dτ → 0 is 
given by dG(τ) / dτ - dD(τ) / dτ, if the vertical storage R(τ) is null, and tends to infinity 
otherwise; 
b) the entry capacity, given by the current reduction μ(τ) of the physical capacity Φ; 
r(τ) = min{R(τ) / dτ + dG(τ) / dτ - dD(τ) / dτ , μ(τ) ⋅ Φ} . (25) 
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Under the assumption that the vehicle osmosis represented by D(τ) is concentrated just before 
the end point, i.e. vehicles are generated and attracted in the vertical queue, the FIFO rule can 
be expressed formally as: 
F(τ) = E(t(τ)) - D(t(τ)) ,  (26) 
where t(τ) is the exit time of a vehicle entering the link at time τ. On this basis, once the 
cumulative inflow and outflow temporal profiles are known, the exit time temporal profile can 
be easily determined as: 
t(τ) = max{L / V, min{σ: F(τ) = E(σ) - D(σ)}} , (27) 
where the max min operator is needed to handle the case of null inflows. 

5 The node model 

The road network is modeled as usual in terms of an oriented graph G = (X, A), where X is the 
set of nodes, each representing an intersection where roads merge and diverge, and A ⊆ X × X 
is the set of links, each representing a road that connects two intersections. The initial node of 
a link a∈A is denote TL(a) and referred to as the tail, while its final node is denote HD(a) and 
referred to as the head. The backward star of x∈X is denoted BS(x) = {b∈A: y = TL(b)}, while 
the forward star of x∈X is denoted FS(x) = {a∈A: y = HD(a)}. In this section, any references 
to time is omitted in the notation, since all relations informing the node model regard a single 
instant, while the reference to the link, which has been omitted so far is, introduced. 
The link model presented in the previous section provides the main input for the node model, 
that are the sending and receiving flows. In turn, the output of the node model are the inflow 
and outflow rates, that constitute the main input for the link model. 
In a merging x∈N, where no routing may occur, the problem is to split the receiving flow rb of 
the link b≡FS(x) available at time τ among the links belonging to its backward star, whose 
outflows compete to get through the intersection. In principle, we assume that the available 
receiving flow is partitioned proportionally to the priority of each link a∈BS(x), defined by 
ϕab ⋅ ηa ⋅ Φa , where ϕab is the priority coefficient of turn ab. This way it may happen that for 
some link c the turn flow fcb is lower than the share of receiving flow assigned to it, so that 
only a lesser portion of the latter is actually exploited. Let ωcb be 1 for such links and 0 for the 
others. The rest of the entry capacity rb - ∑c∈BS(x) fcb ⋅ ωcb shall then be partitioned among the 
links that are not in spillback from link b. On this basis, the receiving flow rab of turn ab is 
given by:  
rab = (rb - ∑c∈BS(x) fcb ⋅ ωcb) ⋅ (ϕab ⋅ ηa ⋅ Φa) / (∑c∈BS(x) ϕcb ⋅ ηc ⋅ Φc ⋅ ωcb) , (28) 
ωab = 1, if fab < rab ; ωab = 0, otherwise . (29) 
The partition set expressed by the coefficients ωab can be easily proved to be unique, and it 
can be simply obtained by iteratively adding to an initially empty set each link a∈BS(x) such 
that fab < rab , as in [9]. 
Path choice is represented here by the splitting rate pab, expressing the probability that the 
next link of the path is b∈FS(x) for vehicles coming from link a∈BS(x), so that the sending 
flow sab of turn ab is given by: 
sab = sa ⋅ pab . (30) 
In a diversion x∈N, where routing takes place, the problem is to determine at the generic time 
τ the most severe reduction, if any, to the sending flow sab from link a≡BS(x) among those 
produced by the receiving flow rab of each link b∈FS(x) and by the turn capacity Φab. In order 
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to ensure the FIFO rule applied to the vehicles exiting from link a, the share of sending flow 
ρa that actually gets through is the same for all links b∈FS(x): 
ρa = fab / sab = ea / sa , (31) 
ρa = min{1, Φab / sab , rab / sab : b∈FS(x), sab > 0} . (32) 
When considering a generic node x∈N with both mergings and diversions, the above relations 
shall hold jointly. Finally the resulting inflows and outflows are simply given as follows: 
fb = ∑a∈BS(x) fab , (33) 
ea = ∑b∈FS(x) fab . (34) 
In the particular case where node x∈N works like several separate mergings, i.e. when: 
fab > 0 ⇒ fac = 0, ∀ a∈BS(x), ∀ b∈FS(x), ∀ c∈FS(x), with b ≠ c,  
we introduce the hypothesis that drivers do not occupy the intersection if they can’t cross it 
due to the presence of a queue on their successive link, but wait until the necessary space 
becomes available. Indeed, our model is not capable of addressing the deterioration of 
performances due to a misusage of the intersection capacity. 

6 Problem formulation and solution algorithm 

Based on (24), (20), (14)-(16), (12) and (25), (21), (17)-(19), (13) we can formalize the 
proposed link model as the following functional, for each link a∈A and time τ: 
(sa(τ), ra(τ)) = Γa

τ( fa(σ), ea(σ): σ < τ) .  (35) 
The link model is separable in space but non-separable in time. 
Based on (28)-(34) we can formalize the proposed node model as the following functional, for 
each node x∈X and time τ: 
( fb(τ), ea(τ): a∈BS(x), b∈FS(x)) = Ψx

τ(sa(τ), rb(τ): a∈BS(x), b∈FS(x)) .  (36) 
The node model is separable in time but non-separable in space. 
Given the above link and node models, we can formulate the Continuous Dynamic Network 
Loading problem as the system of differential equations (35)-(36), which can be solved in 
chronological order. 
To address numerically the problem we shall discretize the time horizon into intervals of 
equal duration Δτ (e.g. 10 sec) that satisfy the following two conditions: 
a) no kinematic wave generated at any time τ on a link terminal (initial or end point) can 
reach the other terminal before time τ+Δτ; 
b) no kinematic wave generated at any time τ on a link terminal can reach the other terminal 
after time τ+Τ. 
Condition a) reflect the theoretical need to compute the sending and receiving flows of a 
given time interval based on the inflows and outflows already computed for the previous time 
intervals. 
Condition b) is consistent with the practical need of setting an upper bound in time to the 
direct effects of any propagating flow state, so that Τ (e.g. 30 min) identifies the duration of a 
look-ahead time window. It is convenient to define the entire period of simulation as a 
multiple of Τ. Let then λ be the number of time intervals that make up the look-ahead time 
window: Τ = λ ⋅ Δτ, and let ν be the number of time windows that make up the simulation 
period. While analyzing the m-th look-ahead time window, the i-th time instant is: 
τi = T0 +τi + (m-1) ⋅ T + i ⋅ Δτ , (37) 
where T0 is the initial instant of the simulation, with m∈[1, ν] and i∈[0, 2⋅λ]. We need to 
handle two look-ahead windows at the time, since while analyzing the first one the generated 
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kinematic waves may reach the other terminal point during the next one. A fictitious time 
instant τ2⋅λ+1 = ∞ is useful to avoid some checks in the propagation algorithm. Results for each 
link and turn can be memorized for pre-specified times. 
To satisfy condition b) and enhance model flexibility it is useful to define separately the 
hypocritical and hypercritical branches of the fundamental diagram, while it is necessary to 
introduce an upper bound ϖ on the absolute value of the wave speeds.. For example, in the 
numerical applications we considered the following polynomial form, defined for k∈[κ, K]: 
q(k) = Φ / υ ⋅ (1 - (1 - (k-κ) ⋅ Ω ⋅ υ ⋅ (1-γ) / Φ)1 / (1-γ)) , (38) 
where |Ω| is the maximum wave speed, κ is the corresponding density, γ is a shape parameter, 
and υ = 1 - (ϖ / |Ω|)1/γ. In particular, it is:  
Ω = V > 0, κ = 0, for hypocritical flows; Ω = W < 0, κ = J, for hypercritical flows. The 
resulting functions that express the density and the wave speed in terms of the flow are: 
k(q) = κ + Φ / Ω / υ / (1-γ) ⋅ (1 - (1 - υ ⋅ q / Φ) 1-γ) , (39) 
w(q) = Ω ⋅ (1 - υ ⋅ q / Φ) γ . (40) 
The critical density K = k(Φ) for hypocritical flows must be not greater than for hypercritical 
flows, otherwise the two branches would overlap; to avoid faults, in this case we shall 
increase J accordingly. For γ = ½ and γ → 0, the fundamental diagram assumes respectively a 
parabolic and a trapezoidal shape; the latter reduces to the classical case of simplified 
kinematic waves. 
To force the satisfaction of conditions a) and b), respectively, the length of the too short links 
is suitably increased and the too long links are dived into a suitable number of equally long 
segments. 
We now present the solution algorithm, which is based on the numerical approximation that 
during each time interval τ∈(τi-1 , τi] flows rates are assumed to constant, i.e. ya(τ) = ya

i , so 
that cumulative flows are linear, i.e. Ya(τ) = Ya

i-1 + (τ - τi-1) ⋅ (Ya
i - Ya

i-1) / (τi - τi-1) . 
 
function GLTM 
for each a∈A    * initialization 
 Fa

0 = 0 , Ea
0 = - La ⋅ fa

0 ⋅ va°( fa
0) , Da

0 = Sa
0  

 for i = 0 to 2 ⋅ λ: Ha
i = ∞ , Ga

i = ∞ 
 ja = 0 , ua = τ0 + La / wa°( fa

0) , Ha = Fa
0 + La ⋅ Δka°( fa

0) 
 loop until τja > ua : Ha

ja = Ha - fa
0 ⋅ (ua - τja) , ja = ja + 1 

 ha = 0 , za = τ0 - La / wa
+( fa

0) , Ga = Ea
0 + La ⋅ Ja + La ⋅ Δka

+(ea
0) 

 loop until τha > za : Ga
ha = Ga - ea

0 ⋅ (za - τha) , ha = ha + 1 
for m = 1 to ν    * for each look-ahead window in chronological order 
 for i = 1 to λ    * for each time interval in chronological order 
  for each a∈A 
   sa

i = max{0, min{(Ha
i - Ea

i-1 + Da
i) / Δτ , ηa

i ⋅ Φa}}    * compute sending flows 
   ra

i = max{0, min{(Ga
i - Fa

i-1 - Da
i) / Δτ , μa

i ⋅ Φa}}    * compute receiving flows 
  for each x∈N call NP    * compute each node model 
  for each a∈A 
   call FP , call BP    * propagate waves 
   Fa

i = Fa
i-1 + fa

i ⋅ Δτ , Ea
i = Ea

i-1 + ea
i ⋅ Δτ    * cumulative flow update 

 for each a∈A    * switch to the next the look-ahead window 
  Fa

0 = Fa
λ , Ea

0 = Ea
λ , Da

0 = Da
λ 
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  ja = ja - λ , ua = ua - λ ⋅ Δτ , ha = ha - λ , za = za - λ ⋅ Δτ 
  for i = 0 to λ: Ha

i = Ha
λ + i , Ha

λ + i = ∞ , Ga
i = Ga

λ + i , Ga
λ + i = ∞ 

call ET    * compute exit times 
 
In the initialization, Sa

0 is the initial vertical queue and fa
0 is the initial hypocritical flow. 

Consistently with the formulation where the sending and receiving flows depend on previous 
inflows and outflows, in the above calculation the vertical queue and the vertical storage are 
evaluated at the initial instant τi-1 of the i-th time interval currently processed, thus yielding: 
Sa

i-1 + Ha
i - Ha

i-1 + Da
i - Da

i-1 = Ha
i-1 - Ea

i-1 + Da
i-1 + Ha

i - Ha
i-1 + Da

i - Da
i-1 = Ha

i - Ea
i-1 + Da

i , 
Ra

i-1 + Ga
i - Ga

i-1 - Da
i + Da

i-1 = Ga
i-1 - Fa

i-1 - Da
i-1 + Ga

i - Ga
i-1 - Da

i + Da
i-1 = Ga

i - Fa
i-1 - Da

i , 
where Ha

i - Ha
i-1 is the number of vehicles reaching the end point during the i-th time interval, 

if no queue is occurring, and Ga
i - Ga

i-1 is the vehicle space available to enter the link during 
the i-th time interval, if spillback is occurring. Based on condition a), no vehicle that entered 
the link during the i-th time interval can exit during the same interval, and no vehicle space 
freed during the i-th time interval at the end point of the link is available during the same 
interval at the initial point, therefore, Ha

i and Ga
i are already known at this moment of the 

computation, despite fa
i and ea

i are still to be calculated. 
The numerical solution of equations (14)-(15)-(16) and (17)-(18)-(19) can be easily addressed 
under the assumption that the inflows and outflows, respectively, are constant in each time 
interval, and that the resulting discontinuities yield a fan of kinematic waves. In this case, to 
the constant flow qi during the interval (τi-1 , τi] at one terminal point corresponds a linear 
cumulative flow at the other terminal point, that is a segment in the time-vehicles plane 
between the points (t0 = t(τi-1, qi-1), Q0 = Q(τi-1, qi-1)) - (t1 = t(τi, qi-1), Q1 = Q(τi, qi-1)), where 
functions t(τ, q) and Q(τ, q) express (14) or (17) and (15) or (18), respectively, for the two 
cases. If we connect these segments through additional segments between the points (t1, Q1) - 
(t2 = t(τi, qi), Q2 = Q(τi, qi)), then H(τ) or G(τ) can be obtained as the minimum number of 
vehicles among the values taken at time τ by the segments that are defined at such instant. It is 
worth pointing out that connecting the segments through straight lines implies an 
approximation, since the points (t(τi, q), Q(τi, q)) for q∈[qi , qi+1] form actually a curve in the 
time-vehicles plane.  
For the generic time interval i, the following algorithms scans first the additional segment 
between the points (t0, Q0) - (t1, Q1) seeking for any τj such that t0 ≤ τj ≤ t1, and then the 
segment between the points (t1, Q1) - (t2, Q2) seeking for any τj such that t1 ≤ τj ≤ t2. While 
scanning, if the value taken at τj by the segment under analysis is lower than the current 
estimate of the cumulative flow H(τj) or G(τj), respectively, then the latter is updated to the 
former; this way, at the end of the two procedures H(τ) and G(τ) are at each τi the lower 
envelope of all above segments; elsewhere a piecewise linear approximation is considered. 
 
function FP    * forward propagation of the inflow 
j = ja , t0 = ua , Q0 = Ha 
t1 = τi-1 + La / wa°( fa

i) , t2 = τi + La / wa°( fa
i) 

Q1 = Fa
i-1 + La ⋅ Δka°( fa

i) , Q2 = Fa
i-1 + fa

i ⋅ Δτ+ La ⋅ Δka°( fa
i) 

if t1 ≥ t0 then 
 loop until τj ≥ t1 
  Q = Q0 + (τj - t0) ⋅ (Q1 - Q0) / (t1 - t0) , if Ha

j > Q then Ha
j = Q , j = j + 1 

else 
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 j = j - 1 
 loop until τj ≤ t1 
  Q = Q0 + (τj - t0) ⋅ (Q1 - Q0) / (t1 - t0) , if Ha

j > Q then Ha
j = Q , j = j - 1 

 j = j + 1 
loop until τj ≥ t2 
 Q = Q1 + (τj - t1) ⋅ (Q2 - Q1) / (t2 - t1) , if Ha

j > Q then Ha
j = Q , j = j + 1 

ja = j , ua = t2 , Ha = Q2 
 
function BP    * backward propagation of the outflow 
j = ha , t0 = za , Q0 = Ga 
t1 = τi-1 - La / wa

+(ea
i) , t2 = τi - La / wa

+(ea
i) 

Q1 = Ea
i-1 + La ⋅ Ja + La ⋅ Δka

+(ea
i) , Q2 = Ea

i-1 + ea
i ⋅ Δτ + La ⋅ Ja + La ⋅ Δka

+(ea
i) 

if t1 ≥ t0 then 
 loop until τj ≥ t1 
  Q = Q0 + (τj - t0) ⋅ (Q1 - Q0) / (t1 - t0) , if Ga

j > Q then Ga
j = Q , j = j + 1 

else 
 j = j - 1 
 loop until τj ≤ t1 
  Q = Q0 + (τj - t0) ⋅ (Q1 - Q0) / (t1 - t0) , if Ga

j > Q then Ga
j = Q , j = j - 1 

 j = j + 1 
loop until τj ≥ t2 
 Q = Q1 + (τj - t1) ⋅ (Q2 - Q1) / (t2 - t1) , if Ga

j > Q then Ga
j = Q , j = j + 1 

ha = j , za = t2 , Ga = Q2 
 
The node model is implemented by means of two loops, the external one cycling until the 
receiving flows are fully exploited, the internal one cycling until the receiving flows still 
available are properly shared. At the end of each external loop all the flow variables are 
reduced to take into account the vehicles that already got through the node. The interesting 
feature of this approach is that at the most |FS(x)| external loops and |BS(x)| internal loops are 
needed, since each time at least one receiving flow is fully exploited and one sending flow 
exits the spillback set, respectively.  
 
function NP    * node propagation of flows 
* initialization of flows and auxiliary variables 
for each b∈FS(x) 
 fb

i = 0 
 rb = rb

i    * receiving flow to be shared among the BS 
for each a∈BS(x) 
 ea

i = 0 
 sa = sa

i    * sending flow to be served by the FS 
 for each b∈FS(x) 
  fab

i = 0 
  sab = sa

i ⋅ pab
i    * the turn sending flow depends on the slipping rate 

  Φab = Φab
i    * the turn capacity 

  ϕa = ϕab
i ⋅ ηa

i ⋅ Φa , ψa = ηa
i ⋅ Φa 

LFS = 0    * external loop, until the receiving flows are fully exploited 
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loop until LFS = 1 
 LFS = 1 
 for each b∈FS(x)  
  if rb < 1 / ∞ then    * rb can remain slightly positive for numerical approximations 
   for each a∈BS(x)  
    * link a gets closed, since link b cannot accept any more flow from it 
    if sa > 0 and sab > 0 then sa = 0 
  else 
   r = rb    * initialize the receiving flow still available 
   ϕ = 0 , ψ = 0    * initialize the total priority 
   for each a∈BS(x)  
    if sa > 0 then 
     if sab > 0 then 
      rab = 0    * initialize the share of receiving flow 
      qa = min{sab , Φab}    * initialize the sending flow to be still served 
      ωa = 0    * add link a to the spillback set 
      ϕ = ϕ + ϕa , ψ = ψ + ψa    * add link a to the total priority 
     else 
      ωa = 1 
    else 
     ωa = 1 
   LBS = 0    * internal loop, until the receiving flow still available is properly shared 
   loop until LBS = 1 or ψ = 0 
    LBS = 1 
    θ = ϕ 
    if θ > 0 then ξ = r / ϕ else ξ = r / ψ 
    for each a∈BS(x) 
     if ωa = 0 then 
      * the share is proportional to priorities 
      if θ > 0 then Δr = ξ ⋅ ϕa else Δr = ξ ⋅ ψa 
      if Δr ≥ qa then  
       r = r - qa 
       rab = rab + Δr  
       qa = 0 
       ωa = 1    * remove link a from the spillback set 
       ϕ = ϕ - ϕa , ψ = ψ - ψa    * remove link a from the total priority 
       if Δr > qa then LBS = 0    * loop again, since Δr - qa is unused 
      else 
       r = r - Δr 
       rab = rab + Δr 
       qa = qa - Δr 
  for each a∈BS(x)  
   if sa > 0 then 
    ρa = min{1, Φab / sab , rab / sab : b∈FS(x), sab > 0} 
    if ρa = 1 then 
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     sa = 0    * close link a, since its remaining sending flows can be served 
    else 
     LFS = 0    * loop again, since on some b∈FS(x) there is still receiving flow 
    if ρa > 0 then 
     for each b∈FS(x)  
      if sab > 0 then    * update the receiving and sending flows 
       rb = rb - ρa ⋅ sab 
       sab = sab - ρa ⋅ sab 
       Φab = Φab - ρa ⋅ sab 
       fab

i = fab
i + ρa ⋅ sab 

   else 
    ρa = 1 
for each a∈BS(x) 
 for each b∈FS(x) 
  fb

i = fb
i + fab

i 
  ea

i = ea
i + fab

i 
 
The ψ variables are introduced only to substitute the priorities when all those remaining in the 
spillback set are zero, which may happen in some particular cases, e.g. in roundabouts. 
It is very interesting from the point of view of computational resources that to implement the 
above algorithms the only vectors that must actually have a temporal dimension in memory 
are Ha

i and Ga
i; indeed fa

i, ea
i, Fa

i, Ea
i, sa

i, ra
i are needed only at the current time, while Da

i, 
ηa

i, μa
i, Φab

i, ϕab
i, pab

i are input of the model and can be retrieved on the fly from given 
temporal profiles. 
Once the whole simulation is completed, the exit times can be compute based on the 
cumulative inflows and outflows that have been memorized through the following algorithm. 
 
function ET    * compute exit times 
for each a∈A 
 ta

0 = τ0 + La / Va 
 j = 1 
 for i = 1 to λ⋅ν 
  until Ea

j - Da
j ≥ Fa

i do j = j +1 
  if Fa

i = Fa
i-1 then 

   ta
i = max{τi + La / Va , ta

i-1} 
  else 
   ta

i = τj-1 + (Fa
i - Ea

j-1 + Da
j-1) ⋅ (τj - τj-1) / (Ea

j - Da
j - Ea

j-1 + Da
j-1) 

 
The cycle aims at finding, for each instant τi in chronological order, the earliest instant τj such 
that Ea

j-1 < Fa
i ≤ Ea

j. Since the outflow is by definition constant during the interval (τj-1 , τj], 
the cumulative outflow increases linearly with slope (Ea

j - Ea
j-1) / (τj - τj-1) . Therefore, in the 

general case where Fa
i > Fa

i-1, the exit time ta
i results from a simple proportion. In the 

particular case where no vehicle enters the link in the interval (τi-1 , τi], the exit time ta
i may be 

undetermined; it is thus set by definition as the maximum between the free flow exit time, 
given by τi + La / Va , and the exit time ta

i-1. 
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We now summarize the main features of the proposed algorithm. In terms of memory usage, 
which is the critical issue, the GLTM only requires to store two link vectors for each instant 
of two look-ahead time windows. Moreover, the duration of the latter can be freely chosen by 
the modeler, since the too long links are automatically split into segments. However, if one 
reduces too much the look-ahead time window, no memory gain is obtained since the number 
of link segments increase accordingly, while numerical noise is added to the simulation. In 
terms of computation efficiency, the GLTM has a linear complexity, given by the product 
between the number of links segments and the number of simulation intervals. Just to give an 
idea of its performances, the procedure runs on the whole Regione Emilia-Romagna (2,400 
nodes and 6,800 links) for the whole day (14,400 time intervals of 6 sec each) in only 2 min. 
The GLTM can well be implemented with splitting rates specific for each destination, but this 
in not really convenient, since the equilibrium issue is more efficiently addressed through the 
DUE model, as explained in the next section. 

7 Comparison between the GLTM and the DUE 

These two models share the same theoretical assumptions, but are based on a diametric vision 
of the problem: the first one solves the CDNL for each temporal layer in chronological order, 
but requires to satisfy the acyclic rule on time discretization, i.e., any vehicle entering a link in 
a given interval will exit no earlier than the next interval; the second one considers the 
reciprocal relations between link temporal profiles of travel times and flows, but requires 
iterating until convergence of a fixed point problem is reached. Specifically, each iteration of 
DUE has a complexity equal to the complete run of GLTM divided by the interval scale 
factor. Moreover, DUE in presence of path alternatives achieves the equilibrium jointly with 
the solution to the resulting CDNL problem.  
By aggregating on large time intervals the results of the GLTM, which is a more robust 
model, we can determine the level of approximation to the solution of the CLDN provided by 
the DUE algorithm, which is a more efficient model when we are interested in the within-day 
evolution of traffic every say 10 minutes rather than in a detailed description of macroscopic 
flows second-by-second. The comparison between the two methods is carried out based on 
the solution to the CDNL problem for an extra-urban corridor of 10 km (the Venezia-Mestre 
belt, in Italy), where no path choice is possible, so that no equilibrium issue arises. The 
GLTM is first applied with time intervals of 1 sec. Then the DUE is applied to the same 
dataset for increasing time intervals of 6, 60 and 600 sec, with the aim of computing for each 
experiment the distribution of the differences in terms of inflow and travel time for every link 
and time interval. This way it is possible to evaluate the amount of numerical noise induced 
by the linear approximations introduced into the DUE model for long time intervals.  
 

Table 1: Standard deviation of DUE with respect to the GLTM. 

Δτ (sec) N (veh) t (sec) 
aggregation deviation deviation

6 6.62 15.10
60 7.71 15.48

600 7.84 16.00
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The differences are contained into an acceptable range, but more important, the effect of 
linearization for long time intervals is very small, which provides a valid justification for the 
use of DUE when only aggregate results are needed. 

8 Conclusions 

The GLTM presented in this paper has been applied successfully as a simulation engine in the 
solution of a signal synchronization problem based on a genetic algorithm, which by its nature 
requires many fast runs of the black box, and to extend in space and time the traffic measured 
by probe vehicles in a travel time estimation problem, which requires short term predictions 
on large congested networks. 
The model proved to be flexible, reliable and easy to calibrate, as well as efficient in the use 
of memory and CPU. It is then recommended when route choice is not crucial or elastic, 
otherwise DUE is preferable, since it is specifically designed for the equilibrium problem. 
However, also in the latter case, it is very useful to run the GLTM at the end of DUE based on 
the equilibrium splitting rates, so as to achieve a fine grained solution of the resulting CDNL. 
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Abstract 
 
In this paper we propose an analytical route-based model to solve the dynamic traffic 
assignment problem given an exogenous origin-destination demand matrix with continuous 
flows. In particular, we focus on the route choice component which is responsible for 
achieving dynamic user-equilibrium assignments (DUE). DUE is established by using an 
iterative process, whereby in every iteration, a continuous correction function is used to 
propose changes to the demand proportions for the alternative routes for all departure times. 
The proposed changes are based on travel times obtained from the dynamic network loading 
(DNL) component. Due to the dynamic nature of the system, and the interactions between 
flows departing at different times, evaluation of the exact effect of flow shifts on travel times 
require a solution of the DNL model, which is relatively time consuming. To cope with this 
challenge we offer a novel concept of dynamic correction function that determines corrections 
to traffic demand allocations at a given departure time, while considering the changes made in 
earlier departure times. The proposed algorithm is examined in comparison to MSA as well as 
other non-dynamic continuous correction functions. Numerical results are evaluated both 
graphically and by global measures of performance for both equilibrium convergence and 
DNL consistency. 

Keywords: Route Choice; Dynamic User Equilibrium; Correction Function; Algorithm 
Convergence.  
 
 

1.  Introduction 
 
The goal of traffic assignment models is to analyze user route choice and the way traffic 
spreads throughout the transportation network. Dynamic traffic assignments allow for the 
presentation of drivers reactions to changes occurring over time, in the driving conditions that 
they choose, while these main changes are being caused by and as a result of traffic 
congestion, other drivers’ decisions, and changes in the traffic networks being examined. 
These models include three main sub-models: a demand model, a traffic performance model, 
and a route choice model. 

We focus here on the route choice model, which determines the division of traffic to 
alternative routes for every given origin-destination pair, by entry time to the network. We 
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aim to find dynamic user equilibrium, which is a generalization of the user equilibrium 
principle presented by Wardrop (1952), stating that the cost of travel of every route being 
used is not higher than the travel cost of any alternative route. In the dynamic case this 
condition should hold for every entry time. In deterministic conditions, no user can improve 
his situation by transferring to an alternative route, under the assumption that users are 
rational and that it is their intention to choose the shortest route to the required destination. 
We assume here that origin-destination flows by departure time are fixed and determined 
exogenously, although extensions to variable demand and departure time choice are possible. 
See for example the discussion in Heydecker and Addison (2006). 

The underlying traffic performance is captured by an analytic macroscopic continuous-
flow Dynamic Network Loading (DNL) model that combines propagation of flows along 
route trajectories with queue accumulation according to the kinematic waves (LWR) model in 
a reasonably consistent manner (Blumberg and Bar-Gera, 2006). 

General formulation of DUE requires consideration of continuous time, denoted by t . 
On the other hand, most of this paper is devoted to practical algorithms that require 

discretization of time into intervals of the form, [ , ]t tτ δτ τ= − = , which will be denoted for 

short by the index τ . For simplicity, let us assume that travel cost of traffic entering to route 

r  at time t  and designated by ( )rC t  includes only route travel time. The instantaneous route 

demand (veh/h) at time t  at the entry to route r  is denoted by ( )rd t . The total instantaneous 

demand assigned to alternative route from origin p  to destination q  at time t  is denoted by 

( )
pq

T t . Hence, 

(1)                                               ( ) ( )   , 
pq

r pq

r Z

d t T t t pq
∈

= ∀ ∀∑ . 

The general Dynamic User Equilibrium (DUE) condition in continuous time is 

(2)                               

*

*

0  ( ) ( )
( )      ,  , 

0  ( ) ( )

r pq

r pq

r pq

C t C t
d t r Z pq t

C t C t

> ⇒ =
∀ ∈ ∀ ∀

= ⇒ ≥
 

Where * ( )
pq

C t  indicates the minimal travel cost from origin p  to destination q  at time t , and 

pqZ  is a set that include all alternative routes between this origin-destination pair. That is to 

say, at every point of time t , travel cost for each route in use ( )rC t , is equal to the minimal 

travel cost of the relevant origin-destination pair, and is not higher than the travel cost of any 
alternative route. 

In the discrete version we assume that the demands are constant within each interval, so 

( ) ( )r rd t d τ=  for all tτ δτ τ− < < ; and similarly ( ) ( )
pq pq

T t T τ=  for all tτ δτ τ− < < . Hence,  

(3)                                              ( ) ( )   , 
pq

r pq

r Z

d T pqτ τ τ
∈

= ∀ ∀∑ .                              

Travel times are determined by the model, so they cannot be assumed nor forced to be 
constant within an interval. Therefore, a key dilemma in the formulation of a discrete DUE 
model is which travel time should be associated with an interval of departure times. 
Heydecker and Verlander (1999) showed that the most computationally stable option is to 
associate with each interval, the travel time at the end of the interval that is defined: 

( ) ( )r rC C tτ τ= = . They refer to this option as "predictive" equilibrium, since it is as if 

travelers within an interval rely on the prediction for the end of the interval in their decisions.  
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With this definition the discrete DUE condition can be stated as: 

(4)                              

*

*

0  ( ) ( )
( )      ,  , 

0  ( ) ( )

r pq

r pq

r pq

C C
d r Z pq

C C

τ τ
τ τ

τ τ

> ⇒ =
∀ ∈ ∀ ∀

= ⇒ ≥
 

The remainder of this paper deals with the discrete formulation (eq. (3-(4). 
The algorithms proposed in this paper, are based on two fundamental expressions. The 

Excess cost of a single route, denoted by ( )rλ τ , is defined as the difference between the 

travel cost on route r  and the minimal travel cost from origin p  to destination q . So that, 

(5)                            *( ) ( ) ( ) ( )     ,  , 
r r r pq pq

EC C C r Z pqτ λ τ τ τ τ= = − ∀ ∈ ∀ ∀ . 

Total excess cost of traffic travelling on the route r , denoted by ( )rρ τ , is  

(6)          *( ) ( ) ( ) ( ( ) ( )) ( ) ( )     ,  , r r r r pq r r pqTEC d C C d EC r Z pqτ ρ τ τ τ τ τ τ τ= = ⋅ − = ⋅ ∀ ∈ ∀ ∀ . 

In perfect equilibrium the TEC of all routes should be zero.  
Convergence is measured by the Global Excess Cost (GEC), which is the summation of 

the total excess travel costs for all departure times, in all the alternative routes and for all 
origin-destination pairs. 

(7)                                              ( )
pq

r

pq r Z

GEC TEC
τ

τ ε
∈

= ≤∑ ∑ ∑  

This paper is structured as follows. Section 2 is dedicated to the description of the 
network loading method. Section 3 is dedicated for the statement of our proposed route choice 
algorithms. Numerical and graphical results will be given in section 4 and some conclusions 
end the paper in section 5. 
 
 

2.  Dynamic Network Loading Model 
 
Most existing approaches for dynamic network loading (DNL) can be classified into traffic 
flow models and route models. Traffic flow models (e.g. LWR model) are good for modeling 
accumulating queues while their ability to incorporate correct propagation of flow along 
routes is limited. The use of trajectory in route models (e.g. Friesz et al. 2003) allows for 
better consistency management in terms of FIFO; however, the use of exit time functions, that 
often characterizes continues route models, makes it impossible to represent accumulated 
queues properly and particularly spillback.  

The DNL model used here combines the advantages of both approaches (Blumberg and 
Bar-Gera, 2006). Anticipated Arrival Order (AAO), as defined hereon, is used to determine 
turning behavior at diverge nodes. The entire solution is iterative (non-chronological), where 
in each iteration the AAO for the entire modeling horizon is determined by trajectories; and 
then, a traffic behavior model uses the AAO to determine cumulative volumes for the entire 
horizon. In this section we present a brief overview of the DNL model, including: the 
construction of trajectories from actual cumulative volumes; the computation of anticipated 
cumulative volumes and their AAO interpretation; the single link LWR solution; and the 
network traffic flow computations. 

The route model propagates flows along trajectories. Given actual cumulative volumes 
on every link, we determine expected travel times by associating every entering cumulative 

volume with an equal exit cumulative volume. For every departure time τ  a trajectory is 
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constructed along each route � that accumulates travel time along the links. (The expected 
travel time for a given entrance time determines the exit time, which is the entrance time to 

the next link.) The resulting arrival time to node � is denoted by ( , , )t r n τ . 

Every trajectory has an associated route cumulative volume, which is the cumulative 

route demand ( )rD τ
 
at the time of departure, τ , and also the anticipated route cumulative 

volume to node
 
n  by time ( , , )t r n τ . Anticipated route cumulative volumes at other times are 

determined by linear interpolation. The total anticipated cumulative volume at the 

entrance/exit of link
 
n  (of length 

aL ) by time t , denoted by (0, ) / ( , )a a au t u L t , is the sum of 

anticipated cumulative route volumes.  
Anticipated cumulative volumes are interpreted as representing an Anticipated Arrival 

Order (AAO) to diverge nodes in the following sense. Suppose that by a certain time t  the 

anticipated cumulative volumes at the entrance of diverge downstream links 1a  and 2a  are 

1
(0, ) 1000

a
u t =

 
and 

2
(0, ) 2000

a
u t = . We cannot be when these vehicles will really arrive, but 

we do anticipate that they will arrive together; so we expect actual cumulative volumes will 

reach these values together 
1
(0, ') 1000av t =  and 

2
(0, ') 2000av t = , although possibly at a 

different time 't t≠ . Formally this is depicted by the AAO functions: 
1a

y  from au  to 
1a

u  and 

2a
y  from au  to 

2a
u  (where a  is the diverge upstream link), defined as a continuous piecewise 

linear monotonically non-decreasing functions such that 

(8)                                    ( ( , )) (0, )   ; 1,2,3...
i ia a a ay u L t u t t c t cδ= ∀ = ⋅ = .                                

The way AAO functions are used will be described following the discussion of traffic 
behavior. We assume that traffic behavior on each link is described by (triangular) flow-

density relationship ( )F k . Following Daganzo (2005ab), consider an observer, sitting in a 

helicopter for example, that travels from 1 1( , )x t  to 2 2( , )x t , 2 1t t> , at constant speed 

2 1 2 1( ) /( )s x x t t= − − . The change in cumulative volume per unit time measured by this 

observer is 

(9)                       ( ) ( ( ) )
v v

dv dt dx f dt k dx f ks dt F k ks dt
t x

∂ ∂
= ⋅ + ⋅ = ⋅ − ⋅ = − = −
∂ ∂

. 

Note that for a given observer speed the rate of change has a maximum value denoted by 

(10)                                                    ( ) max( ( ) )
k

Q s F k ks= − .  

For piecewise linear observer trajectory 0 0{ 0, 0;.....; , } ( , )n np x t x x t t P x t= = = = = ∈ , 

(11)                                 1
1

1 1

( , ) ( ) ( ) ( );   
n

i i
i i i i

i i i

x x
v x t p Q s t t s

t t

−
−

= −

−
≤ ∆ = ⋅ − =

−∑ . 

Since the model is deterministic, every delay must have a reason, hence  

(12)                                       ( , ) min{ ( ) : ( , )}v x t p p P x t= ∆ ∀ ∈ . 

See Blumberg and Bar-Gera (2006) for additional details.  
Traffic behavior computations are performed chronologically over the entire network. 

Given the cumulative volumes until time t , single link behavior (eq. (12) is used to determine 
temporary cumulative volumes at time t , denoted by v' . Actual cumulative volumes are 
determined by node behavior. At merge nodes according to predetermined merge ratios. At 
diverge nodes AAO is used to determine turning proportions. To be specific, at a diverge 
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node with upstream link a ; downstream links 1a , 2a ; and temporary cumulative volumes, 
' ( , )a av L t , 

1

' (0, )
a

v t , 
2

' (0, )
a

v t ; the actual cumulative volumes are 

(13)                               ' '( , ) max{ ( , ) : ( ) (0, ) 1, 2}
i ia a a a a av L t v v L t y v v t i= ≤ ≤ = , 

(14)                                              (0, ) ( ( , ));   1, 2
i ia a a av t y v L t i= = . 

The independent DNL problem (without route demand changes) is solved by an 
iterative process. Initial AAO is determined using free flow trajectories. In every subsequent 

iteration, k , the traffic flow model is used to compute actual cumulative volumes k
v  using 

the AAO from the previous iteration, represented by anticipated cumulative volumes k-1u ; 

then, anticipated cumulative volumes, ku , are updated using trajectories that are based on kv . 
Solution consistency is measured by the sum of absolute differences between the route level 
solution and the traffic level solution at the entrance to all diverge links 

(15)                                              (0, ) (0, )a a

a t

SD u t v t= −∑∑ . 

Due to the iterative nature of the DNL algorithm, it can be integrated together with 
route demand changes into a DUE model in two ways. The first and more basic option is the 
"reset" option, meaning that the initial anticipated cumulative volumes are based on free flow 
trajectories, during all DUE iterations. The second option is to "reuse" trajectories obtained at 
the end of the previous DUE iteration as a starting point for the DNL iterations. Results for 
both integration options using different numbers of inner DNL iterations are presented in 
section 4. 
 
 

3.  DUE Route Choice Algorithms 
 
Various route choice algorithms have been proposed over the years, all using iterative 
processes. One can describe the general iterative process in the following manner: 

(16)                               1 1 1(1 ) ( )j j j j j j j j
Fα α α− − −= − ⋅ + ⋅ = + ⋅d d d d ∆

 In this description we view F  as a correction function, namely, some general function 

suggesting a change to the demand flow matrix d  containing the demands for all routes and 

all departure intervals. The suggested change is dependent on the demand flow matrix 1j−d  of 

the previous iteration. The solution jd  for iteration j  is the weighted average of the proposed 

solution 1( )j
F

−d  in iteration j  and of the solution 1j−d  attained in iteration 1j − , where jα  

represents the step size in iteration j . Similarly, one can present correction function that 

expresses the proposed change matrix j
∆  in iteration j , which is defined as the difference 

between the proposed solution in iteration j  and the actual solution in iteration 1j − ; 
1 1( )j j j

F
− −= −∆ d d . 
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Figure 1: Structure of the solution algorithm for the DUE model 

 
Finding an efficient correction function is a key challenge when developing a dynamic route 
choice algorithm. The system's dynamics complicates the evaluation of the effects of 
transferring a single vehicle from one route to another. Applying a change to the demand 
vector for departure time τ , involves changes in travel times for vehicles entering the 
network at later times. When the applied change is made for origins that are located relatively 
close to downstream sections of other routes, it can even influence travel times of vehicles 
that entered at earlier times and didn't complete their journey in the downstream shared 
sections (Han, 2007). Unlike static models, where the effects of a shift can be easily 
determined using volume delay functions, estimating the same value in a dynamic model 
requires a complete solution of a DNL problem, which is quite expensive computationally. 
Therefore, we consider here only algorithms that operate in a parallel manner, addressing all 
departure times, all alternative routes and all origin-destination pairs at once, and resolving 
the DNL problem only once in every iteration, after all demands have been updated. The 
general structure of our proposed algorithms is shown schematically in Figure 1. In this 

algorithm the route choice iterations are outer iterations, denoted by index j , and the DNL 

iterations are inner iterations, denoted by index k . 
The widely popular method of successive average (MSA), as applied to DUE (e.g. 

Mahut et al., 2007), fits into this structure by considering All-Or-Nothing (AON) assignment 
to minimum cost route as the correction function:  

(17)                    

1( )      * arg min( ( ))ˆˆ ( )  ( )
0            

              ,  , 

j

pq rj

r

pq

T if r r C
F d

otherwise

r Z pq

τ τ
τ

τ

− = ∈
= ⇒ = 


∀ ∈ ∀ ∀

d d
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As such, the MSA correction function is not continuous, in the sense that very similar current 
solutions may lead to very different suggested (AON) solutions. To overcome this problem, 

step sizes must decrease. The predetermined step size, 1j

j
α = , fulfills the two following 

conditions: 2( )  , j j

j j

Mα α< →∞∑ ∑  (M is a finite number). Robbins and Monro (1951) 

proved that under these conditions convergence is guaranteed even under very mild 
assumptions about the behavior of the correction function. Even so, MSA convergence 
performance is known to be rather poor.

 
On the other hand, in continuous correction functions the ratios between proposed 

correction and optimal correction (per dimension) are bounded, thus, properly chosen 
constant step size leads to efficient convergence. Bar-Gera and Boyce (2006) demonstrated 
the effectiveness of continuous correction functions with constant step size for static 
assignment.

 
In this research we further examine the performance of three algorithms using 

continuous correction functions for a dynamic route choice model. Subsection 3.1 provides 
the details of the first two algorithms, EC and TEC, while the more sophisticated DEC 
algorithm, which we consider as the main innovation of our work, is described in subsection 
3.2. 
 
3.1. EC and TEC Algorithms 

 
The methods presented hereon are based on the EC and TEC terms defined previously 

(section 1). The proposed change ( )j

r τ∆  on the route r for external iteration j  is: 

(18)                            

1 1

'

'

1

( )      * arg min( ( ))

( )

( )        

              ,  , 

pq

j j

r r
j r Z
r

j

r

pq

X if r r C

X otherwise

r Z pq

τ τ
τ

τ

τ

− −

∈

−

 = ∈


∆ = 
−

∀ ∈ ∀ ∀

∑

 

Where ( )rX τ  represents the EC, ( )rλ τ , on route r  for the EC algorithm, and the TEC, ( )rρ τ
, on route r  for the TEC algorithm.  

In order to avoid situations of negative demand values allocation during the correction 
process, we ensure that the following condition is satisfied: 

(19)                                     

1

1
1

  * arg min( ( ))

( )
  ( ) max ( ),

 ,  , 

j

r

j
j j r
r r j

pq

if r r C

d
then X

r Z pq

τ

τ
τ τ

α

τ

−

−
−

≠ ∈

 
∆ = − − 

 
∀ ∈ ∀ ∀

 

Meaning, the maximum possible change in the demand for a route that isn’t the shortest, is the 
traffic demand flow divided by the step size. Hence, in a practical way, the proposed change 
is computed in the following manner: 
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(20)                           

1 1

'

' ,

1
1

( )      * arg min( ( ))

( )
( )

max ( ),     

              ,  , 

pq

j j

r r

r r r Z
j

jr
j r

r j

pq

if r r C

d
X otherwise

r Z pq

τ τ

τ
τ

τ
α

τ

− −

≠ ∈

−
−

 ∆ = ∈


∆ =    − − 
  

∀ ∈ ∀ ∀

∑

 

As a result, the proposed change in the shortest route represents the total proposed changes on 
all other alternative routes. 

The two algorithms suggested above carry out corrections in the allocation of traffic, 
while taking into account excess travel costs. In difference to the EC algorithm, the proposed 
change in the TEC algorithm is affected amongst other things, by the route demand flow, so 
that the excess travel cost of a route having higher vehicles flow receives greater significance.  

As stated earlier, corrections carried out by the two algorithms operate in parallel; they 
address in once all departure times, all ODs, etc. However, they deal with each departure time 
separately and by that, ignoring the interaction between traffic entering the network at 
different times. For that reason we refer to EC and TEC algorithms as static continuous 
algorithms.    
 
3.2. Dynamic Excess Cost (DEC) Algorithm 
 
The system’s stabilization (to equilibrium) is attained in stages. Late departure times require 
more iterations for achieving convergence than those required by earlier departure times. As a 
result, while a user-equilibrium in earlier departure times is still far; the use of a static 
correction function is likely to cause erroneous corrections in the traffic assignment for late 
departure times. In opposed to the static continuous functions discussed above, the major 
contribution of this research is the proposal of a dynamic continuous correction algorithm, 
namely, dynamic excess cost (DEC) algorithm, that performs changes in the allocation of 
traffic flows which are dependent upon changes carried out in earlier departures. 

As a starting point we examine the option of using the proposed change in the EC 

algorithm less the total proposed changes in earlier departure times until time iτ . Formally, 

the proposed change ( )j

r τ∆  on route r  for an external iteration j  according to this option 

will be: 

(21)                   

1
1 1

'

' 0

1
1

0

0

( ) ( )      * arg min( ( ))

( )

( ) ( )       

              ,  , 

              ( ) 0

pq

i
j j j

r i r s r i

r Z sj

r i
i

j j

r i r s

s

pq i

j

r

if r r C

otherwise

r Z pq

while

λ τ τ τ

τ

λ τ τ

τ

τ

−
− −

∈ =

−
−

=


− ∆ = ∈


∆ = 

− − ∆

∀ ∈ ∀ ∀

∆ =

∑ ∑

∑
 

The change proposed by (21) may cause feasibility violation as in the EC and TEC 
algorithms. It may also lead to opposite flow shifts, from lower cost route to a higher cost 
route. This can happen when the proposed EC change on the shortest route for a given 
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departure time 
iτ  is positive, but smaller than the sum of actual changes made in earlier 

departure times 1 2 1, ,..., iτ τ τ − . In such cases we decided not to shift any flow at all in the 

current iteration, and to wait until the situation will clarify in subsequent iterations. To 
prevent both feasibility violation and opposite flow shifts we ensure that the following 
condition is satisfied: 
(22)  

1

1 11 1
1 1

0 0

  * arg min( ( ))

( ) ( )
  ( ) max min 0, ( ) ( ) , mid 0, ( ) ( ),

 ,  , 

j

r i

j ji i
j j j j jr i r i
r i r i r s r i r sj j

s s

pq i

if r r C

d d
then

r Z pq

τ

τ τ
τ λ τ τ λ τ τ

α α

τ

−

− −− −
− −

= =

≠ ∈

    
∆ = − − ∆ − = − − ∆ −     

    
∀ ∈ ∀ ∀

∑ ∑

  
And thus, in a practical way, the proposed change is computed as follows: 

(23)                     

1 1

'

' ,

11
1

0

0

( )      * arg min( ( ))

( )
( )

mid 0, ( ) ( ),     

              ,  , 

              ( ) 0

pq

j j

r i r i

r r r Z
j

jr i i
j j r i

r i r s j
s

pq i

j

r

if r r C

d
otherwise

r Z pq

while

τ τ

τ
τ

λ τ τ
α

τ

τ

− −

≠ ∈

−−
−

=

 ∆ = ∈


∆ =    − − ∆ − 
  

∀ ∈ ∀ ∀

∆ =

∑

∑
 

 
 

4.  Computational Results 
 
The traffic network for numerical analyses appears in Figure 2. The squares A-F represent 
interchanges, which are expanded as illustrated for B and E. The network presents a loop 
road, typical to many cities. It consists of 30 road links and 18 potential routes. The values 
shown in the figure along the links represent their lengths in km. The network includes 9 

merge nodes and 9 diverging nodes. The chosen time interval is 0.0025 hδτ = , and origin-

destination demand flows are: [1 ,4 ]( ) 1000 /o fT veh hτ =  , [3 ,6 ]( ) 1000 /o fT veh hτ =  ,

[5 ,2 ]( ) 3000 /    0.5 3o fT veh hτ τ= ∀ < ≤ . These values are higher than the exit capacity at the 

destinations, which leads to the development of queues. The model was implemented in 
JAVA with Excel interface. All runs were conducted on a 3.4GHz 2GB RAM windows XP 
pc. 

We start with the analysis of the integration method. Figure 3 Figure 4 present DNL 
solution consistency for the two integration methods, "DNL with reset" and "DNL with 
reuse". TEC correction function was chosen arbitrarily for the purpose of this analysis. Both 

methods achieve the best possible consistency SD 2.5≅  (for the given resolution) in three 
inner iterations during practically all outer iterations.  
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Figure 2: Example network 

 
When DNL solution is reset to free flow velocities in the first inner iteration, the initial 

consistency is very poor, and the consistency in the second iteration is modest and similar 
through most of the outer iterations. When the DNL solution reuses travel times from the 
previous outer iteration, better consistency results are obtained in the first two inner iterations. 
This improvement is more noticeable as the DUE solution convergence and route demand 
changes reduce. In fact, after about 50 minutes of CPU time, the second inner iteration has 
similar consistency to the third inner iteration.  

Similar trends were observed for other correction functions. Saving inner iterations 
reduces computation time and allows more outer iterations to be performed, in order to 
achieve better DUE convergence. Less consistent DNL solution in preliminary outer iterations 
is not a critical concern, since route demands are still far from equilibrium anyways. 
Therefore, a choice of two inner iterations reusing travel times from previous outer iterations 
seems the most promising integration method. 

Optimal step sizes for each correction function were determined by extensive 
experimentation. The chosen step size for the static continuous correction functions (TEC and 

EC algorithms) is 1α = . The chosen step size for the dynamic continuous correction function 

is 500α = . Figure 5 describes the GEC convergence criterion for the study period for the 4 
algorithms examined. The first distinction amongst the static continuous correction functions 
is sufficiently clear, and supports the finding that there is an influence of the given weight on 
the traffic demands in the correction process. In contrast to the static algorithms that converge 
slowly, the DEC algorithm converges to low GEC value after 9 minutes of running time. 
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Figure 3: DNL with reset Integration - Consistency (SD Measure) 

 
 

 

Figure 4: DNL with reuse Integration - Consistency (SD Measure) 
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Figure 5: Convergence 

 
Figure 6, 7 and 8 describe, for the different correction functions, the travel times on 

alternative routes 1 2,c c  for origin-destination pair [5 , 2 ]o f  and the proportion of traffic flow 

on route 2c  after 9 minutes. Figure 8 shows the exceptional convergence of the DEC solution. 

In this solution vehicles entering the network from time 0.7t =  and onwards are divided 

equally between route 1c  and route 2c , and their travel times are identical on both alternative 

routes, as they should in an equilibrium solution. 
The use of the static continuous correction function, for example the TEC algorithm, 

creates oscillations which is apparent in traffic demands as well as route travel times. These 
oscillations appear to be the reason for the slow convergence of these methods. In contrast, 
oscillations do not exist in the dynamic algorithm and the convergence is much faster.  

The convergence in the MSA algorithm is almost identical to the TEC algorithm, yet 
still slow because in the vicinity of the UE solution, there is still an extreme fluctuation 
because of the character of the algorithm that carries out extreme corrections in traffic 
assignment independent of the difference between the alternative route travel costs. 
 
 

5.  Conclusions and Future Research 
 
In this paper we presented three algorithms (EC, TEC and DEC) for solving the DUE 
problem, differed by the so called correction function, the mechanism that determines the 
changes to the demand proportions matrix performed at each iteration. The common among 
the proposed correction functions is their being continuous, implying that similar conditions 
lead to similar suggested solutions. It was demonstrated here that, as in static assignments, the 
use of continuous correction functions that is followed by constant step sizes, leads to DUE 
solutions which are more stable than solutions that are based on non continuous functions (i.e. 
MSA), especially in the vicinity of convergence.  



  

 13

 

Figure 6: TEC Algorithm - Predicted Equilibrium Proportion & Travel Times 

 

 

Figure 7: MSA Algorithm - Predicted Equilibrium Proportion & Travel Times 

 

 

Figure 8: DEC Algorithm - Predicted Equilibrium Proportion & Travel Times 

 
Most notably is the fact that properly designed continuous correction functions, that 

consider simultaneously all correlated affects associated with the dynamic nature of the 
system, such as the variety of ODs, the different departure times and especially the interaction 
between traffic entering the network at different times, result in most efficient convergence. 
The results achieved by the proposed algorithm confirm that it is superior to all other 
examined algorithms in achieving faster and better convergence.        

The dynamic network loading (DNL) component used in this research is based on a 
unique iterative (non chronological) approach, having the advantageous of addressing both 
the behavior of traffic at different roadway elements as well as the propagation of flow along 
routes. Being iterative, an additional goal of this research was to find a way to integrate the 
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DNL component with the route choice component in a way that minimizes the computational 
effort. This objective was fulfilled using a "reuse" concept, in which the results obtained by 
the DNL component at the end of previous DUE iteration are those starting the DNL 
procedure at the next DUE iteration. The "reuse" concept reduced the need for DNL iterations 
to a minimum of two inner iterations.  

Continuous correction functions in general and dynamic algorithms in particular have 
the potential to show the way toward practical DUE models. Future research should consider 
other dynamic functions as well, and examine their efficiency on larger networks. 
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Abstract 

Most existing studies on dynamic user equilibrium (DUE) assignments are based on 
continuous traffic flow scheme.  However, modelling behaviour of individual vehicles is also 
important because traffic flow consists of individual vehicles in nature.  One methodology to 
describe such system is the non-cooperative game theory in which vehicles are players and 
vehicles’ route choices are strategies.  There are studies analysing static assignments by the 
game theory and it is known that such game is a potential game in which pure Nash 
equilibrium exists.  However, due to temporal asymmetry, analysing such game in DUE 
assignments is relatively difficult.  This study examines existence of pure Nash equilibrium in 
DUE assignments.  A network structure where existence of equilibrium is guaranteed is 
shown.  Then, an example where no pure Nash equilibrium exists is exhibited.  Based upon 
these results, the effect of network structures on existence of the DUE solution is discussed. 

Keywords: dynamic user equilibrium, pure Nash equilibrium, game theory 

1 Introduction 

In most traffic assignment models, traffic flow is considered as “continuous flow” and 
numbers of vehicles are counted by continuous numbers.  The concept of Wardrop’s first 
principle has been mainly adopted to define equilibrium of traffic flow where flow is 
continuous and many studies have investigated characteristics of Wardrop’s equilibrium.  In 
the area of dynamic user equilibrium (DUE) assignment theories, existence of DUE has been 
proved by Smith and Winsten [1] by using Schauder’s fixed point theorem. 

Although the concept of continuous traffic flow is common and seems to be adequate, it 
should be pointed out that traffic flow consists of “individual vehicles” in the real world.  Any 
vehicle cannot be divided more and therefore traffic volume should be counted by an integer.   

There are two reasons for introducing a methodology dealing with individual vehicles in 
traffic assignments problems, especially in dynamic traffic assignment problems.  One reason 
is adaptability to traffic simulation models.  Traffic simulation, which is popular for 
evaluating traffic flow, simulates route choice behaviour of each individual vehicle.  The 
other reason is difficulties in numerical calculations of continuous traffic flow in dynamic 
traffic assignments.  Although theories of dynamic traffic assignments describe traffic flow by 
a function of time, most studies discretise time variables.  This discretisation is necessary for 
numerical tests in theories of dynamic traffic assignments because computers can only handle 
finite precision numbers.  However, this discretisation does not correspond to characteristics 
of traffic flow in the real world and can make unexpected result.  Related discussion is found 
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in existing studies (see [2] for example).  This problem can be overcome by considering 
traffic flow as individual vehicles because no discretisation or other modification of the 
original model is needed for implementing the model in computers. 

The concept of pure Nash equilibrium can be adopted instead of Wardrop’s equilibrium 
to consider behaviour of individual vehicles.  Assume that departure time of every vehicle is 
determined externally and only route choice is the option of vehicles.  The traffic assignment 
problem under this setting can be considered as a normal form game where all drivers are 
players and all possible routes of each vehicle are its strategies.  Although the size of the table 
can be huge, a solution may be found easily in some cases by applying learning rules of the 
game theory (see [3] for example).  However, it is known that existence of the solution of 
pure Nash equilibrium is not generally guaranteed and, of course, the solution cannot be 
found by any methodology when it does not exist. 

Studies on static traffic assignments with the game theory have been made by Rosenthal 
[4].  Such game is classified into “potential games” in game theory.  The existence of pure 
Nash equilibrium is guaranteed if the game is a potential game [5].  However, due to temporal 
asymmetry of dynamic traffic assignments, games describing DUE are not potential games.  
Therefore, different approach should be employed to examine existence of equilibrium. 

This study considers issues on existence of equilibrium of the pure Nash game which 
represents vehicles’ route choice behaviour.  This study mainly discusses on the effect of 
network structures.  Two approaches are adopted.  First, a network structure where existence 
of equilibrium is guaranteed is shown.  Then, an example where no solution of pure Nash 
equilibrium exists is exhibited.  Based upon these results, effects of network structures on 
existence of the solution are discussed. 
 

2 Definition of DUE Game 

A game of DUE assignments (“DUE game” in short) is defined in this section.  The game 
proposed in this study is a normal form non-cooperative game.  Nash equilibrium of this game 
is considered as user equilibrium of dynamic traffic assignments.  Section 2.1 will define the 
elements of this game, while section 2.2 will define Nash equilibrium of this game. 
 
2.1 Elements of the DUE game 

The DUE game consists of a road network, vehicles travelling through the network, route 
choice sets of the vehicles, and a loading scheme of vehicles that will determine travel times 
of vehicles.  Details are explained as follow. 
 
Network 
A road network consisting of nodes and links are considered.  A set of nodes is denoted by N  
and a set of links is denoted by L .  Each link is denoted by a pair of start and end nodes, that 
is ( ),s e , where ,s e N∈  and s  is the upstream node of this link.  There is no link having the 
same start and end nodes of another link, meaning that showing the pair of node is enough to 
specify the link.  There are two types of links.  One is a “free flow link”, whose travel time is 
always constant.  The other is a “bottleneck link”, whose travel time can vary due to 
congestion.  A set of bottleneck links is denoted by CL . 



 

Players of the game 
Each vehicle is considered as a player of the game.  A set of vehicles is denoted by D  and the 
number of the vehicles is denoted by D . 
 
Origin, destination, and departure time choice 
Departure time of each vehicle is given externally and never changes.  This is denoted by Orig

it , 
where i D∈ .  All vehicles have different departure time from that of others.  Each vehicle has 
its unique origin node and destination node, which is give externally and does not change. 
 
Route choice and its descriptions 
Each vehicle can choose a route to travel between its origin and destination.  Any non-cyclic 
route is permitted.  A set of route of vehicle i D∈  is denoted by iR .  Each route is described 

by a list of nodes like ( )1, , rr n n= … , where ir R∈ , r  is the number of nodes in route r , and 

1, , rn n N∈…  are nodes consisting of route r .  Adjacent nodes in the list must be directly 
connected by a link and nodes appearing earlier in the list must be situated upstream than 
links appearing later.  A simple example is shown in figure 1.  Several notations describing 
the structure of routes are defined as follow: 
 

( )1 2,CL r r    A set of bottleneck links shared by routes 1r  and 2r . 

( )1 2,N r r    A set of common nodes of routes 1r  and 2r . 

( ),PREL r n , ( ),AFTL r n  A set of bottleneck links on route r  before or after node n . 

1n r∈    Node  1n  is included by route r . 

( )1 2,n n r∈    Link  ( )1 2,n n  is included by route r . 
 
For example, ( ) ( ){ } ( ) { }1 2 2 3 1 2 2 3, , ,  , ,CL r r n n N r r n n= = , 1 1n r∈  , and ( )5 2 2,n n r∈  in the 
network of figure 1. 

All vehicles can have an option to give up travelling if it is determined explicitly.  Fixed 
opportunity cost will be imposed to a vehicle not travelling.  This option is identical to 
travelling between the origin and destination via a virtual free flow link. 
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Figure 1:  A simple example of network structure and notations 



 

Travel time 
Travel times of all vehicles are determined by a loading model (its detail will be explained 
later) when route choices of all vehicles are determined.  Travel cost of each vehicle is equal 
to its travel time and denoted by ( )iT r , where ( )1, Dr r=r …  and i ir R∈ .  The vector r , 

referred to as “route choice vector”, represents all vehicles’ route choice.  Also, the 
description ( ), i

i iT r −r , where ( )1 1 1, , , ,i
i i Dr r r r−
− +=r … …  will be used instead of ( )iT r  when a 

route choice of certain vehicle should be clearly stated.  Time when vehicle i  passes through 
node n  is denoted by ( );it n r , ( ); , i

i it n r −r .  Note that this is defined only when route ir  

includes node n , that is, in r∈ .  Also, ( ); Orig
i it n t=r  if n  is i ’s origin. 

 
Loading scheme 
The bottleneck model with the vertical queue scheme is adopted.  Because this study 
considers traffic flow consisting of individual vehicles, the bottleneck model is redefined as: 
 
(1) Each link has its own free flow travel time and the minimum headway. 
(2) Link travel time of a vehicle is equal to its free flow travel time if the headway to its 

leading vehicle is greater than the minimum headway of this link.  Otherwise the vehicle 
must wait on this link so as to maintain the minimum headway, which will cause the delay 
on this link. 

 
Apparently, the capacity of this link is equal to the inverse number of the minimum headway. 
 
2.2 Definition of Nash equilibrium 

A normal form game is considered to describe equilibrium.  In this game, each vehicle is a 
player whose strategy set is identical to its route choice set.  Because this study only considers 
pure Nash equilibrium, each vehicle i D∈  must choose only one route from its route choice 
set iR .  In pure Nash equilibrium of this game, any vehicle chooses a route that minimises its 
travel time.  This condition corresponds to the situation where all the vehicles choose best 
response strategy, which is mathematically described as 
 
 ( ) ( ), ,    for     and  i i

i i i iT r T s s R i D− −≤ ∀ ∈ ∀ ∈r r . (1) 
 
This definition is identical to typical definitions of Nash equilibrium.  Note that the number of 
pure Nash equilibrium solutions can vary, meaning that there may be no solution or multiple 
solutions satisfying equation (1).  This study will analyse whether equation (1) has a solution 
(regardless of how many solutions exist) or not. 
 

 

 



 

3 A concept of Dividable Network 

Prior to analysing the existence, a concept of “dividable network” is introduced.  This is an 
important condition to derive existence of pure Nash equilibrium of the DUE game.   

In dividable networks, all the routes can be grouped into sets of routes.  Firstly, a set of 
routes having a same node is defined as ( ) { }, ,iG n r n r r R i D= ∈ ∀ ∈ ∀ ∈ , where n N∈ .  This 
is referred to as a “group (of routes)”.  Then, a set of nodes Γ  satisfying 
 
 ( ) ( )1 2 1 2 1 2     for , ,G n G n n n n n=∅ ∀ ∈Γ ≠∩  (2) 
 
 ( ) ( ) ( )1 2 1 2 1 2,   for , , , ,C i j i jL r r r G n r G n n n n n=∅ ∀ ∈ ∀ ∈ ∀ ∈Γ ≠  (3) 
 
 ( ) ( ) ( ), , =   for , ,PRE AFTL r n L s n r s G n n∅ ∀ ∈ ∈Γ∩  (4) 
 
 ( ) ( )2 1 2 1   for   , , , ,ir G n r r R i D n r G n∈ ∀ ∈ ∀ ∈ ∃ ∈Γ ∈ , (5) 
 
where ∅  is a null set, is defined.  The set Γ  divides routes of vehicles into one or more 
groups, where all routes in the same group has a common shared node.  The set Γ  is referred 
to as “common node set” and its element is referred to as “common node”.  Condition (3) 
guarantees that two routes belonging to different groups share no bottleneck link, meaning 
that they do not interact with each other via congestion in the network.  Condition (4) means 
that any bottleneck link appearing before the common node on a route must not appear after 
the common node on any other routes.  All routes of a vehicle must belong to the same group 
due to (5), meaning that vehicles are also classified into one of this group. 

Networks in which there is a common node set Γ  satisfying (2), (3), and  
 
 ( ) i

n i D

G n R
∈Γ ∈

=∪ ∪ . (6) 

 
is referred to as “dividable network” in this study.  Due to equation (6), all the routes and 
vehicles will be divided into the groups by using the set Γ . 

A typical example of dividable networks is a single origin network, where all the 
vehicles depart from the same origin (figure 2).  This network structures was employed by 
Kuwahara and Akamatasu [6] for solving DUE solutions with a continuous traffic flow model 
and fixed departure times.  This network structure represents “evening peak congestion”, 
where people leave from their offices in a city centre to residential zones.  Another typical 
example is a single destination network, where all the vehicles arrive at the same destination.  
This network structure represents “morning peak congestion”.  Figure 3 shows another typical 
network.  This network has only one common node and referred to as a single common node 
network.  Apparently, a single origin/destination network is a special case of this network but 
single common node networks can have multiple origins and destinations in general. 

Figure 4 shows a more general example not belonging to single common node networks.  
Note that all bottleneck links (a,b), (b,c), and (c,a) are exclusively used by vehicles departing 
A*, B*, and C* respectively and therefore all the conditions (2)-(6) can be satisfied by setting 

{ }* * *A ,B ,CΓ = . 
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Figure 2:  An example of single origin/destination networks 
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Figure 3:  An example of single common node networks 
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Figure 4:  A general example of dividable networks  



 

4 Existence of Pure Nash Equilibrium in Dividable Networks 

This section will prove existence of pure Nash equilibrium in dividable networks.  To prove 
general cases, two special cases, single origin networks and single destination networks, will 
be examined first.  Then general cases are considered by using theorems in these two special 
cases. 
 
4.1 Existence of pure Nash equilibrium in single origin networks 

Existence of pure Nash equilibrium can be proved easily in single origin networks. 
 
Theorem 1:  If a network has only one origin node, pure Nash equilibrium exists. 
 
Proof of theorem 1:  This proof derives the existence by proposing a methodology for finding 
an equilibrium solution, which is very similar to that proposed by Kuwahara and Akamatsu 
[6].  Denote all the vehicles by the order of departure time from the origin, that is, let 

{ }1,2,3, ,D D= … , where vehicle with smaller number departs earlier.  A loading procedure 
is shown as follow: 
 
0.  Let ( )1, , Do o=r … , where io  means that vehicle i  does not travel.  Set 1i = . 

1. Find a shortest route of vehicle i  under the route choice of i−r .  This is mathematically 
described as 
 ( )arg min ,

i

i
i i

r R
r T r −

∈
= r . (7) 

2.  Update r  by replacing vehicle i ’s route choice with ir  solved by (7). 
3.  Increment i .  Go back to step 1 unless i D= . 
 
Because of the FIFO principle and causality of the bottleneck model, any vehicle departing 
later cannot overtake any vehicle departing earlier that chooses a shortest route.  Therefore, 
shortest routes determined by step 1 keep being shortest routes during this iteration.  This 
means that route list r  will satisfy equation (1) after finishing the iteration.                   (QED) 
 
4.2 Existence of pure Nash equilibrium in single destination networks 

Single destination networks have the unique destination for all vehicles.  As all vehicles arrive 
at this destination, arrival times of vehicles can be used for sorting vehicles by time.  However, 
unlike the case of single origin networks, the order of arrival cannot be determined before 
performing the assignment.  A “trial-and-error” methodology should be used to fix the order 
of arrival.  This is shown in the proof of theorem 2: 
 
Theorem 2:  If a network has only one destination node, pure Nash equilibrium exists. 
 
Proof of theorem 2:  This proof derives the existence by proposing a methodology for finding 
an equilibrium solution like theorem 1.  Denote all the vehicles by the order of departure time 



 

from the origin, that is, let { }1,2,3, ,D D= … , where vehicle with smaller number departs 
earlier.  A loading procedure is shown as follow: 
 
0.  Let ( )1, , Do o=r … , where io  means that vehicle i  does not travel.  Also, let D D= . 

     In following steps, D  will show the set of vehicles that has not been assigned. 
1.  Find a shortest route of vehicle j D∀ ∈  under the route choice of j−r .   

This is mathematically described as 
 
 ( )arg min ,

j

j
j j

r R
r T r −

∈
= r . (8) 

2. Examine arrival time of vehicle j D∀ ∈  at the destination.  Find the vehicle arriving 
earliest among D  and denote this vehicle by k . 

3.  Update r  by replacing vehicle k ’s route choice with kr  solved by (8). 
4.  Delete the element k  from the set D . 
5.  Go back to step 1 unless D =∅ . 
 
The main difference from the procedure for single origin networks is that shortest routes of all 
vehicles are examined at step 1 so as to find the vehicle arriving at the destination earliest 
among vehicles that has not been assigned yet.  Because of the FIFO principle and causality 
of the bottleneck model, any vehicle arriving later cannot overtake any vehicle arriving earlier 
that chooses a shortest route.  Therefore, vehicles that have been chosen at step 1 and assigned 
to the network at step 3 keep being shortest routes during this iteration.  This means that route 
list r  will satisfy equation (1) after finishing the iteration.                                               (QED) 
 
4.3 Existence of pure Nash equilibrium in general dividable networks 

In the preceding two sections, existence of pure Nash equilibrium in single origin or single 
destination networks, which are special cases of dividable networks, are shown. Existence of 
pure Nash equilibrium in single common node network can be proven by utilising these 
theorems. 
 
 
Theorem 3:  If a network has only one single common node, pure Nash equilibrium exists. 
 
Proof of theorem 3:  A solution of pure Nash equilibrium will be derived by combining the 
algorithms shown in theorems 1 and 2.  First, find all vehicles’ route choices from origins to 
the common node in equilibrium by using the algorithm of theorem 2 along with determining 
arrival times at the common node.  Then, let departure times of all vehicles from the common 
node be equal to the arrival times at the common node.  Solve routes in equilibrium from the 
common node to destinations by using the algorithm of theorem 1.  Because of condition (4), 
there is no route passing through a bottleneck link which situates the upstream side of the 
common node.  Therefore the routes that have been determined by theorem 2 are still shortest, 
meaning that all vehicles choose shortest routes throughout their journey.               (QED) 
 
 



 

Theorem 3 also derives existence of pure Nash equilibrium in general cases. 
 
Corollary 3.1:  If a network is a dividable network, pure Nash equilibrium exists 
 
This corollary is established because there is no interaction of routes or vehicles among 
different groups.  This means that an equilibrium solution can be obtained by calculating 
route choices of vehicles in each group separately and overlapping them. 
 

5 An Example of Networks without Pure Nash Equilibrium 

In the last section, existence of pure Nash equilibrium in DUE games has been proved under 
the assumption of “dividable network”.  One of the next interests may be that existence of 
pure Nash equilibrium in more general networks.  Of course, there may be a chance that the 
existence would be proved in all the network structure because the assumption in the last 
section is just a sufficient condition for the existence.  But the aim of this section is to decline 
the chance to have the existence in general cases.  Actually, there is a case where no pure 
Nash equilibrium exists. 

Consider a network shown in figure 5.  Numbers along links indicate free flow travel 
times.  Capacity of each bottleneck is 1,000 veh/h.  This network is similar to the network 
shown in figure 4, however, there are several critical differences.  Directions of links are 
different between links of the outer ring and those of the inner ring.  Also, there is no link 
connecting a node on the inner ring to the outer ring.  There are six OD pairs (A,C), (C,B), 
(B,A), (A*,C), (C*,B), (B*,A).  Note that there is only one route for OD pairs (A,C), (C,B), 
(B,A), whereas (A*,C), (C*,B), (B*,A) can also use the outer ring to avoid congestion on 
bottlenecks.  Their routes are shown as follow: 
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Figure 5:  An example network where pure Nash equilibrium does not exist  
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Routes passing through inner links and bottlenecks are specified by “IN” or inner 

routes, whereas those avoiding a bottleneck are specified by “OUT” or outer routes.  Note that 
inner routes pass through two bottlenecks and each bottleneck is shared by two inner routes.  
This network is not a dividable network. 

Demands assigned to each OD pair are shown in table 1.  Almost all vehicles will be 
assigned to OD pairs (A,C), (C,B), (B,A) and other OD pairs have only one vehicle per each 
OD.  There are only three vehicles that can change a route, meaning that a table of this DUE 
game can be easily drawn by performing assignments in 32 8=  cases. 

 

Table 1: Demand settings 

OD pair Demand  
(A, C), (C, B), and (B, A) 333 vehicles departs at every 

3.6 seconds from the initial 
time, then 666 vehicles at 
every 7.2 seconds. 

(A*, C), (C*, B), and (B*, A) One vehicle departs from the 
origin 40 minutes after the first 
vehicle of OD (A,C) 

  
 

Table 2: Table of the DUE game of the network in figure 5 

Out (6.0 ,6.0 ,6.0 ) ( 6.0* ,3.6* ,6.0 )

In (3.6* ,6.0 ,6.0* ) ( 7.2 ,3.6* ,6.0* )

Out (6.0 ,6.0* ,3.6* ) ( 6.0* ,7.2 ,3.6* )

In (3.6* ,6.0* ,7.2 ) ( 7.2 ,7.2 ,7.2 )
Vehicle 1

Vehicle 1

Out In

Out In

Vehicle 3 = Out

Vehicle 3 = In

Vehicle 2

Vehicle 2

 
 
Note: Values in each cell show (Delay of vehicle 1, Delay of vehicle 2, Delay of vehicle 3) in 
seconds, where delays are defined as differences between travel times and free flow travel 
time (42 minutes).  An asterisk shows that this choice is a best response.  Vehicles 1, 2, 3 
depart from origin nodes A*, B*, and C*, respectively. 
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Figure 6:  A part of the study network where vehicles 1 and 2 chooses inner routes 
 

Table 2 shows a table of the DUE game that is made by calculating the assignment.  
Because there is no case where all the three vehicles achieve best responses, it can be 
concluded that there is no pure Nash equilibrium.  Except two cases, that is, cases where 
choices of all users are “IN” or “OUT”, two vehicles achieve the best response and one 
vehicle can reduce travel time more.  If only one vehicle chooses “IN”, this vehicle can get 
the smallest delay (+3.6 seconds) because this vehicle can use the inner ring exclusively.  If 
two vehicles choose “IN”, one bottleneck is shared by them and interaction occurs.  Figure 6 
shows a part of the network in which vehicles 1 and 2 choose inner routes.  Because vehicle 2 
arrives at node B earlier than vehicle 1, vehicle 2 is not interfered by vehicle 1 and therefore 
can obtain the shortest travel time.  On the other hand, vehicle 1 is interfered by vehicle 2 and 
gets longer travel time as it arrives at node B later than vehicle 2.  This means that vehicle 2 
can get rid of vehicle 1 from the inner links.  But it does not mean that vehicle 2 can enjoy 
using inner links with no obstruction – vehicle 3 can pull ahead of vehicle 1 by choosing “IN” 
to get shorter travel time.  This causes delay of vehicle 2, which will escape to the outer route 
to avoid bottleneck congestion.  As the network is loopy, vehicle 3 is also interfered by 
vehicle 1 and therefore the relationship like “paper-rock-scissors” is established.  Because not 
all players can win (=achieve a best response) in a paper-rock-scissors game, no pure Nash 
equilibrium can be found. 

6 Conclusions and Discussions  

This study examines existence of pure Nash equilibrium of DUE games.  Two results have 
been shown in this study.  First, pure Nash equilibrium exists in dividable networks.  Second, 
it does not always exist in general networks.  This result implies that existence of solutions in 
DUE games is related to network structures.  Also, this study proposes a solution 
methodology for finding pure Nash equilibrium in dividable networks. 

The concept of “dividable networks” implies an important aspect of dynamic traffic 
assignments.  One of important properties of dynamic traffic assignments is temporal 
asymmetry.  This asymmetry determines the direction of externality caused by traffic 
congestion, that is, vehicles entering the network earlier dominate behaviour of vehicles 
entering later.  Because the temporal order can be determined clearly in dividable networks, 
the existence of solutions is derived by assigning vehicles in order of arrival time of the 
common node.  This methodology is similar to “time decomposition” proposed by Kuwahara 
and Akamatsu [6], though it can deal with single destination networks because it is easy to 
sort individual vehicles according to arrival times at the unique destination.  Note that it is not 
easy to sort continuous flow because the operation of “swapping two vehicles in continuous 
flow” is difficult.   



 

Although “dividable networks” seems to be special, equivalent situations can occur in 
general networks if congestion is not severe.  In the theory proposed by this study, all non-
cyclic routes are considered in the route set of each vehicle.  However, if congestion is not 
severe, the size of route sets can be reduced because vehicles do not have to avoid congestion 
by using many routes.  This causes less overlap relations between routes and makes more 
chances to satisfy conditions (2)–(6) with fewer routes in route sets.  This discussion implies 
that there can be many cases where pure Nash equilibrium exists if congestion is not severe.  
Actually, if all bottlenecks have sufficient large capacity, the equilibrium solution can be 
found by calculating shortest paths.  Adding demand into this situation may result in increase 
of used routes and interaction between vehicles, which result in non-existence of pure Nash 
equilibrium. 

The example shown in section 5 shows that the situation similar to “paper-rock-
scissors games” will cause non-existence of pure Nash equilibrium.  It can be mentioned that 
“paper-rock-scissors games” is the opposite case of “dividable networks” because such games 
do not have clear direction of externality.  One important factor to cause such situation is 
“loopy networks”.  In the network shown in figure 5, there is no upstream end or downstream 
end of the network, whereas the common node clearly divides upstream and downstream parts 
of dividable networks. 

This study pointed out a few property of network structure that is related to the 
existence issue, which should be helpful to analyse equilibrium solution of DUE assignment 
problem.  As the analysis in this study assumes individual vehicles, the results can be used to 
deal with numerical calculations and simulation models for finding equilibrium solutions.  
However, more analysis should be made to provide more necessary information.  In future 
studies, more detailed condition on not only network structures but also amount of demand 
should be considered.  Also, vehicle loading models with physical queue should be 
investigated.   
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Abstract 

Computing realistic routes for a given road network and a known demand of vehicles is one 
of the most important steps when preparing a road traffic simulation. The approach developed 
by Christian Gawron in 1998 which we use for this purpose computes a dynamic user equilib-
rium by iteratively performing the simulation and computing new vehicle routes. The results 
are valid, but the computation is very time consuming due to the need to perform both the 
complete simulation and rerouting of all vehicles within each iteration step. Herein, we want 
to discuss some approaches to reduce the needed time and memory consumption. The results 
show that this can be achieved without reducing the algorithm’s quality. 

Keywords: microscopic simulation, traffic assignment, SUE, DUA 

1 Motivation  

The dynamic user assignment method developed by Gawron [1] was implemented as the de-
fault assignment method for the open source microscopic traffic simulation package SUMO 
[2-5] from the very begin on. Within the past few years, SUMO has been used in several 
large-scale projects where whole cities had to be simulated [6] and Gawron’s algorithm has 
proven to be a valid tool, which allows using a demand based on OD-matrices in the micro-
scopically simulated road network. Because of using travel time information from the simula-
tion and iteratively adjusting vehicles’ routes to this, jams are solved automatically and the 
generated route set results in realistic simulation. 
Nonetheless, the preparation of routes for the simulated scenarios was often painful, due to 
the large computation time of up to several days the algorithm needs. Since the algorithm has 
to be rerun even after small changes in the network, waiting such a long time for the results is 
often unacceptable. 
Furthermore, if dealing with even larger scenarios, which include major cities with their sur-
rounding area and over one million vehicle journeys, one further issue arises: as the algorithm 
retrieves the edge travel times from the simulation in each iteration step, and initially all vehi-
cles are using the shortest route in the empty network, jams and network deadlocks are quite 
common within the first iteration steps. The simulation is then filled with several hundreds of 
thousands vehicles which causes severe memory problems. 



Due to the above mentioned problems, two approaches for speeding up the computation were 
implemented and evaluated. In this publication, Gawron’s DUA algorithm will be presented 
first, followed by a description of the observed reasons for large computation times and simu-
lation failures. After this, two modifications are introduced, followed by a comparison of the 
original and the modified algorithms. The publication is closed with a conclusion and ideas 
for future improvements. 
  

2 Original Algorithm and Proposed Modifications 

The dynamic user assignment algorithm developed by C. Gawron is a microscopic approach 
meaning that each vehicle has its own route and knows its own travel time through the net-
work when using it. The basic procedure is as follows: 
Step 1: Initialize the process by computing the fastest route through the empty network for 
each vehicle to simulate. Then add this route to the driver’s list of known routes, set its prob-
ability to be chosen to 1, and choose it as the one to use. 
Step 2: Perform the simulation using the currently chosen routes in order to obtain the edges’ 
travel times over simulation time. 
Step 3: Compare the mean travel times to the last run (if any) and quit if the algorithm con-
verges, i.e. if the mean travel time reduction falls below a given threshold. 
Step 4: Compute new routes for vehicles using the current travel times within the network for 
all drivers. Then add new fastest routes to the respective driver’s route list and update all 
routes’ travel times as estimated by the driver and the route choice probabilities for all routes 
the driver knows. After that, choose one route regarding the route choice probabilities and 
continue with step 2 
 
In the following, we focus on the algorithm that generates new vehicular routes (step 4) and 
do not put emphasis on the use of a particular simulation model needed to compute the vehi-
cle’s and edges’ travel times. 
At first, the travel times for the routes known by a driver are adapted to the travel times ob-
tained from the simulation: 
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where )(),(),( xxx rsd τττ are route x’s prior travel times as estimated by the driver, retrieved 
from the simulation, and reconstructed from the edge travel times that were determined by the 
simulation, respectively 

)(' xdτ is driver ’s new estimation of the duration of route d x  
β  is a factor affecting the speed of adapting remembered travel times to the current 

 
The choice probability of each route is then recomputed. The probability for each unused 
route known by the driver is recomputed by a function that compares its travel time with the 
travel time of the route used in the last simulation step. The later route’s probability is also 
adjusted, herein. This is done using the following equations: 
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where  is the prior probability to use route )(xpd x  by driver  d

)(' xp d is the new probability to use route x  by driver  d
r  is the route used in the last simulation run,  another route from the list of known  s
routes 

rsδ  is the relative costs difference between routes r and , computed as:  s
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where  )(xdτ is the travel time for driver  to complete route d x . 
 
As described before, the list of routes known by a driver is not computed initially. Instead, a 
new fastest route is computed in each iteration step and added to the list of known routes, if it 
was not known before. 
Within the investigations described herein, edge travel times were collected and aggregated 
within the simulation for intervals of 900 seconds. These time series were read by the router 
and used for computing new routes and the travel times for already known routes. Herein, 
each edge’s travel time was determined by looking up in the corresponding time-series gener-
ated by the simulation for the interval that matched interval begin <= entry time < interval 
end. If the travel time for an edge is asked for which no matching interval exists, which can 
only be the case if asking for times later than the simulation’s end, the last interval’s value 
was used. α  was set to 0.5, and β  to 0.9. These values were found to be proper within previ-
ous projects and generate a valid route set, where “valid” means in this case that using this 
route set, all vehicles are simulated, manage to end their route at the end of the simulated day, 
and neither large jams nor network deadlocks occur. 
  

3 Observed Bottlenecks 

Two processes are responsible for computing the DUA, the first is the routing application 
which computes new vehicle routes, and the second is the simulation which determines the 
edge travel times using the new vehicle routes. The major cause of computation time is easily 
identified if the execution times of both applications are plotted along the iterations as seen in 
Figure 1. 
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Figure 1: Duration of the route computation (red) and the simulation (blue) over iterations 
for the test scenario (described in chapter 5) 

 
Obviously, most of the computation time is used by the simulation during the first runs. 
Along the DUA iterations, this time (almost monotonously) decreases during the first steps. 
The reason why the simulation needs much time in the first steps can be found by observing 
the number of vehicles within the simulation over the simulation time and iteration step (see 
Figure 2a).  
 
a) b) 

Figure 2: Development of the maximum number of vehicles (a) and the vehicles’ mean travel 
time (b) over simulation time and iterations (shown iterations: 0, 5, 10, 15, 20, 25)  

 
According to Figure 2b, one can see that, in the first steps of the assignment, many of the ve-
hicles are staying within the simulation for a long time. Because they do not leave the simula-
tion, the absolute number of vehicle movements the simulation has to compute is increased 
which results in a large duration. Also, because each vehicle has – besides other parameters – 
its own route stored within the simulation, the large number of vehicles that are within the 
network causes memory consumption problems. 



Figures 2a also shows that the maximum number of vehicles that are within the network si-
multaneously is shrinking over iteration steps. As a conclusion, the major problem is the large 
number of vehicles kept in the simulation during the first DUA steps.  
  

4 Proposed Modifications 

Both proposed modifications do not change the route assignment itself, but only try to reduce 
the number of simulated vehicles, especially within the first iteration steps. The following 
methods that achieve this were evaluated: 
a) Increasing vehicle amounts in the simulation 

This approach resembles the macroscopic incremental assignment [7]. While route com-
putation is still done for all vehicles in each iteration step with reference to the edge travel 
times computed by the simulation, the simulation only uses a fraction of the vehicles in 
the analyzed scenario. In each iteration step, this number of vehicles emitted into the 
simulation is increased. The motivation is  
- to keep the simulation fast during the first steps by reducing the number of vehicles; 

and 
- to reduce the number of jams that occur by reducing the number of vehicles. 
The edge travel times generated by the simulation are used for finding new routes and 
computing the duration of known routes as in the original algorithm. 
This approach will be named “inc_sim” in the evaluation section, meaning that the num-
ber of vehicles is incremented in the simulation. 

b) Increasing simulation end time 
Instead of increasing the amount of vehicles within the whole simulation, this approach 
uses the complete number of vehicles, but the time the simulation ends is increased in 
regular intervals. 
The reason for trying this method is that, from our observations, simulated networks are 
jammed by “falsely” routed vehicles when the demand is high enough. Also, in most 
cases, we are interested in having simulations of whole days. This means that during the 
first simulated hours, with only minor traffic, no large jams occur even if no proper as-
signment was yet computed. The idea of the method is to benefit from the travel times 
collected during the first simulation runs, where only minor traffic is within the network 
and no jams occur, and incrementally increase the demand by following the daily demand 
time-series. Another benefit of this approach is that the number of vehicles inserted into 
the network is bounded by the simulation end time. 

The edge travel times generated by the simulation are used as described earlier. In the next 
sections, it will be named “inc_end” for “increasing the simulation end time”. 
However, both methods loose information. As travel times over edges are not proportional to 
the number of vehicles that use the edge, both modifications lead the router to operate on edge 
travel times that do not correspond to the real demand. Nonetheless, because the original algo-
rithm also changes the assignment in a probabilistic way and, instead of operating on global 
measures, only takes into account a driver’s knowledge about the network. One can thus be 
optimistic that the information loss can be compensated incrementally, while the number of 
vehicle (inc_sim) or the simulation end time (inc_time) is increased. 
The lack of possibility to evaluate the effects of this information loss makes it necessary to 
evaluate both methods using a simulation. 



  

5 Evaluation 

The scenario we used for evaluating the different methods was developed for the INVENT 
project and contains a road network and the respective demand for a normal weekday for the 
city of Magdeburg using 1h-matrices for the hours between 5am and 9pm. Both the network 
and the demand were given in VISUM format, so that several modifications were needed for 
making it useable in a microscopic simulation. The road network was extended by highway 
on and off ramps, lane-to-lane connections, and traffic lights. The demand was converted 
from the original O/D-matrices that use about 250 districts into single vehicle trips. The resul-
tant scenario consists of a network made of about 4800 edges (roads) and 2500 nodes (junc-
tions) and a traffic demand of about 600,000 vehicles. 
The evaluation was done by executing 50 iterations of the original algorithm, which was 
known to compute a valid route set for the scenario. Then, the following modification settings 
were run for also 50 iterations, each: 

- “inc_sim10”: inc_sim increasing the number of simulated vehicles in steps of 1/10th of 
the demand 

- “inc_sim20”: inc_sim increasing the number of simulated vehicles in steps of 1/20th of 
the demand 

- “inc_sim30”: inc_sim increasing the number of simulated vehicles in steps of 1/30th of 
the demand 

- “inc_sim40”: inc_sim increasing the number of simulated vehicles in steps of 1/40th of 
the demand 

- “inc_sim50”: inc_sim increasing the number of simulated vehicles in steps of 1/50th of 
the demand 

- “inc_time1800”: inc_time using steps of 1800s 
- “inc_time3600”: inc_time using steps of 3600s 
- “inc_time5400”: inc_time using steps of 5400s 
- “inc_time7200”: inc_time using steps of 7200s 

We chose three main indicators for evaluating the quality of the assignment process among 
the different methods. The first one is the execution time which we try to reduce; the second 
one is the memory consumption, which shall be reduced, too. While we measure the duration 
directly, we decided to use the maximum number of vehicles, which are simultaneously 
within the simulated area, as a measurement for memory consumption. There are three rea-
sons for using this value: a) the number of currently simulated vehicles is directly available 
within the simulation and can be saved and evaluated, b) because the network and other infra-
structure information stay the same over the described simulation runs, the maximum number 
of simultaneously running vehicles is the only reason for different memory footprints of the 
application, and c) this value does not depend on the used architecture or a single vehicle's 
memory size. The third indicator is the mean travel time of all vehicles to simulate after the 
simulation’s end. In the case that all vehicles have left the network, this gives a good assess-
ment of the assignment's quality, because it prefers faster routes and penalizes jams, retrieving 
better scores for assignments that simulate drivers who want to reach their destination fast. 
Figure 3 shows the maximum number of vehicles that were within the simulation simultane-
ously. All iteration steps of each of the named methods were taken into account. As expected, 
the maximum number of simulated vehicles is reduced within the proposed methods, when 



compared to the original (“plain”) method. Still, in almost all cases, except inc_sim50, this 
value is higher than that for the simulation in the equilibrated state, as obtained from the 50th 
iteration of the plain method, which is shown as a red line in Figure 3. This means that, during 
the process, jams occur which may fill the simulation under circumstances. 
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Figure 3: Maximum number of vehicles within the simulation over all iteration steps of each 
of the evaluated methods; red line: maximum number of vehicles in the final step of the origi-

nal algorithm 

 
The reduced number of the simulated vehicle movements results in a lower computation 
times, as indicated in Figure 4. Each of the bars shows the time in hours that was needed to 
perform 50 iterations for each method. In most cases, except inc_sim50, where the number of 
really simulated vehicles was reached in the last iteration step, the respective method needed 
less time to compute an assignment for all vehicles which resulting mean vehicle travel times 
were lower than the one of the original algorithm. Each bar shown in Figure 4 pictures the 
complete time needed by the respective method to perform 50 iteration steps. The dark com-
ponent of each of these bars shows the time, the according method needed to compute an as-
signment which results in a mean travel time that lies below the one obtained using after per-
forming the original method for 50 iterations. The light component is the additional time of 
the 50 iterations, that the respective method used to further improve the assignment beyond 
the quality, reached by the original method. 
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Figure 4: Execution time of 50 iterations of each of the methods (colors: see text) 

  
Because most of the modifications were able to reach the original algorithm’s quality in less 
than 50 iterations, the following iterations could achieve further improvement of the mean 
travel times, shown in Figure 5. 
 

0

100

200

300

400

500

600

700

800

pl
ai

n

in
c_

si
m

10

in
c_

si
m

20

in
c_

si
m

30

in
c_

si
m

40

in
c_

si
m

50

in
c_

tim
e1

80
0

in
c_

tim
e3

60
0

in
c_

tim
e5

40
0

in
c_

tim
e7

20
0

Method

m
ea

n 
tra

ve
l t

im
e 

[s
]

 
Figure 5: Mean vehicle travel time after 50 iterations of the methods 

 
The figures show that using any of the modifications is of benefit. Now, one should ask the 
question which method and parameter set is the best. Though some of the presented methods 
need a lower execution time to achieve the same quality (see Figure 4), inc_time1800 seems 
to combine both of the described qualities – execution speed and reduction of used memory – 
at best. 
  

6 Conclusions and Future Work 

We have shown that both approaches, increasing the number of simulated vehicles after star-
ing with only a fraction of the complete demand, and to slowly increase the simulation end 



time, result in a faster computation of the DUA without loosing the original algorithm’s qual-
ity. 
However, both methods have the drawback that their parameter, the percentage with which 
the number of the simulated vehicles is increased, and the amount of time by which the simu-
lation’s end is extended, respectively, have to be given explicitly. The next development steps 
are to establish a system which recognizes starting jams within the simulation and uses this 
information as a feedback to the DUA system. Such a system should then adapt the parameter 
to the current DUA progress. 
Also, for the “inc_sim” approach, we have only considered changing the fraction of the proc-
essed vehicles within the simulation. Furthermore, it should be also evaluated whether all 
routes must be computed by the router module and whether only computing the used ones can 
reduce the computational effort without affecting the results’ quality. 
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Abstract 

Focusing on the tradeoff between accuracy of the assignment and computation time this paper 
proposes different traffic assignment methods targeting at microscopic traffic simulation. The 
corresponding network-wide performance indices, the generated route sets and the respective 
significance tests are analyzed and compared. The results indicate that the saving on computa-
tion time is significant with use of macroscopic assignments. However, the deficiency of ne-
glecting turning behaviors in macroscopic assignments results in worse assignment results. 
Moreover, the used computation time of some microscopic methods (e.g. the one-shot 
method) is competitive with that of the macroscopic assignments. While the exact parameteri-
zation as well as the sensitivity of the methods to the size of the scenarios still need further 
investigation, it seems favorable to employ microscopic assignment techniques or hybrid 
methods for producing a good traffic assignment for a microscopic simulation. 
 

Keywords: microscopic simulation, traffic assignment, SUE, DUA, route set similarity 

1 Motivation  

In the last decade microscopic simulation modeling has been extensively applied in order to 
accurately describe driving behaviors and vehicular traffic dynamic, which are important for 
online traffic management. Traffic assignment is one of the essential components in a succes-
sive traffic management. With a reliable origin-destination matrix (O-D matrix) an accurate 
traffic assignment results in precise traffic-state predictions. The traffic assignment problem 
has been extensively investigated for more than 40 years, by researchers like Dafermos and 
Sparrow [1], Wardrop [2], Sheffi [3], Ben-Akiva et al. [4], Ran and Boyce [5], Boyce et al. 
[6], Bovy, and Hoogendoorn [7], Nie et al. [8], and Jin [9]. Generally speaking, the applied 
models in the traffic assignment can be categorized into simulation models and network equi-
librium models. With the innovation and advancement in Information Technology (IT), sig-
nificant interests in microscopic traffic simulation modeling are generated for describing the 
driving behaviors and traffic dynamic specifically. Already such modeling technique is also 
already applied in the traffic analysis of large-scale networks. Examples of such application 



have been conducted by Duncan [10], Yang and Koutsopoulos [11], Han [12], Krajzewicz et 
al. [13, 14, 15] and Behrisch et al. [16].  
The Institute of Transportation Systems at the German Aerospace Centre has been involved in 
many projects where large, city-wide scenarios were simulated. For this purpose, the micro-
scopic traffic simulation package (SUMO − Simulation of Urban MObility) was developed 
and used. This package applies a Dynamic User Assignment (D.U.A.) algorithm, proposed by 
Gawron [17], for modeling route choice and traffic assignment. In the past, this approach was 
found to be reliable and robust, but it is also burdened with very time consuming computa-
tions. Currently, the Institute of Transportation Systems is conducting the project DELPHI, 
aiming at on-line simulation of large and dense road networks in the cities like Cologne and 
Munich in Germany. With the increasing size of networks, the complexity of the D.U.A. algo-
rithm prevents fast adaptations to the network; hence an efficient assignment algorithm has to 
be found. Seven assignment techniques are compared in this paper. The structure of this paper 
will be organized in the following fashion. The compared assignment algorithms are first in-
troduced. Then, the applied evaluation methods and the test networks are described in Section 
3 and 4 respectively. The results are presented in Section 5. Finally, the conclusion and the 
respective future works are made and proposed respectively. 
 

2 Compared Algorithms 

Within the described work, four microscopic and three macroscopic traffic assignment algo-
rithms were investigated. The characteristics of each algorithm are described below and a 
summary is shown in Table 1 at the end of this chapter. 
Each of the algorithms produces a set of vehicle “journeys”. Each journey represents a vehicle 
with its departure time, and its route which is a list of edges (streets) the vehicle has to travel 
in order to reach its destination and which starts with the edge the vehicle starts at. 
 
2.1 Dynamic user assignment  

The dynamic user assignment algorithm developed by C. Gawron (DUA-Gawron) is a micro-
scopic approach meaning that the routes through a network to simulate are computed for 
every vehicle individually. The basic procedure is as follows: 
Step 1: Initialize the process by computing the fastest route through the empty network for 

each simulated vehicle. Set the usage probability for this route to 1. 
Step 2: Perform the simulation using the current routes in order to obtain the edges’ travel 

times over simulation time. 
Step 3: Compare the mean travel times to the last run (if any) and quit if the algorithm con-

verges, i.e. if the mean travel time reduction falls below a given threshold. 
Step 4: Compute new routes for vehicles using the current travel times within the network. 

Then, continue with step 2. 
The crucial point is the computation of the vehicles’ new routes in step 4. In order to avoid 
oscillations, each driver knows a set of routes and chooses one randomly regarding the route’s 
duration using the edge travel times computed in the prior simulation. At first, the driver’s 
estimations of the travel times for the routes he knows are adapted to the travel times obtained 
from the simulation: 
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Then each route’s probability to be chosen is updated. The probability for each unused route 
known by the driver is recomputed by a function that compares its travel time with the travel 
time of the route used in the last simulation step. The used route’s probability is adapted 
herein, too: 
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where  prior probability to use route x; )(xpd

)(' xp d  new probability to use route x; 
r   route used in the last simulation run,  another route from the list of known  s
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and )(xdτ is the travel time for driver  to complete route d x . 

 
In fact, the algorithm does not compute the set of routes known by a driver initially, but only 
the best one in each of the iterations. If this best route is not yet within the driver’s list of 
known routes, it is added to this list and evaluated together with the others. 
Within the investigations described herein, edge travel times were collected and aggregated 
over a time span of 900s. During the computation of a route’s duration, the edge weight was 
used which matched the computed vehicle time the vehicle enters the edge (aggregation be-
gin<=entry time<aggregation end). α  was set to 0.5, and β  to 0.9. 
 
2.2 Simple Dijkstra assignment  

The plain Dijkstra implementation searches for each vehicle the fastest route through the 
empty network. It uses travel times of the edges which are computed from the maximum ve-



locity allowed on the edge and the edge’s length. Changes in the travel times due to previ-
ously routed vehicles are not regarded. 
 
2.3 One-shot routing 

One-shot algorithms have been proposed as an appropriate method for computing routes for 
each of the simulated vehicles [18]. The one-shot method implemented for the investigations 
described herein computes a new route for each vehicle as soon as the vehicle is inserted into 
the net. The route is computed using the Dijkstra algorithm, where each edge’s weight is con-
tinuously adapted to the travel time of this edge within the simulation. The used weight is: 
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where  weight of edge e  at the current simulation step t  ),( etw

)(el  length of edge  e
)(max ev  maximum velocity allowed on edge  e

),( etvcurr mean velocity of vehicles on edge e  in time step t   
r  remembering factor 

 
As one can see, the algorithm only needs to know the vehicle’s start and end nodes and the 
time the vehicle starts in order to compute a route. Within the simulation runs done for this 
report, r  was set to 0.5. 
 
2.4 One-shot routing with rerouting 

This method is an extension of the described one-shot routing approach. When the vehicle is 
inserted into the network, a new route is computed for each vehicle as described in 2.3. Then, 
for every vehicle, a new, fastest route is computed every n simulation steps using the current 
edge weights as long as the vehicle has not reached its destination. ),( etw
When computing a new route for the vehicle, its destination is kept, whereas the edge the ve-
hicle is currently at is used as the edge the new route shall start at. The part of the route after 
the vehicle’s current edge is then directly replaced by the currently fastest continuation.  
Within the following evaluations, new routes were searched every 15 (simulation) seconds. 
 
2.5 Incremental assignment 

Incremental assignment is a well-known macroscopic assignment method and has been exten-
sively applied due to its simplicity for decades. The main concept is to assign the given O-D 
matrix proportionally and iteratively. At each iteration link travel times will be updated ac-
cording to latest link flows and the corresponding link cost functions. The proportion of the 
assigned O-D matrix at each iteration and the number of the iterations are decided by users. 
The resultant traffic pattern from this assignment will not correspond to the user-equilibrium 
state, since the assigned traffic demand cannot be changed, once it is done. Nevertheless, this 
assignment has been adopted because of the appealing advantage that the required computa-
tion time is much lesser than other traffic assignment techniques. A congested traffic state can 
still be represented by this assignment with more number of iterations.  



In order to apply the macroscopic assignment result in the microscopic simulation – SUMO, it 
is necessary to further generate the vehicular route set and the corresponding vehicular releas-
ing times. The used routes of the O-D pairs at each iteration were recorded and adopted as the 
routes of the vehicles, assigned in the respective iteration. According to the number of the 
defined iterations, the analyzed period will be split into the respective time intervals. For ex-
ample, there are 10 6-minute intervals if the number of the iterations and the analyzed period 
is 10 and 1 hour respectively. The releasing times of the vehicles, assigned in each time inter-
vals, were then generated randomly.  
Furthermore, link capacities in urban areas are primarily determined by intersection capaci-
ties, controlled by the corresponding signal timing plans. The given signal plans at intersec-
tions were thus considered in order to calculate link capacities accurately. 
 
2.6 Stochastic user equilibrium assignment with k-shortest routes  

The stochastic user equilibrium assignment (SUE) is adopted in order to take into considera-
tion the user-equilibrium traffic state and various travel-time perceptions among motorists. 
The method of successive averages (MSA) is then applied. In addition, the k-shortest routes 
algorithm is used to get reasonable routes. At the SUE state, no driver can improve/reduce 
their received travel times. Two models are applied in this study: the c-logit model and the 
modified logit model proposed by Cascetta [19] and Lohse [20] respectively. 
 
C-logit model 
This model is a logit-based model with the assumption that all route alternatives and the ran-
dom components ε  in the drivers’ received travel times, i.e. ε+= cC , are identically and 
independently distributed Gumbel variates [3]. In comparison to the logit model, the similar-
ity of the routes is further considered with the use of the commonality factor (CF) in the c-
logit model. The calculated route choice probabilities are therefore more reasonable than 
those from the logit model. The respective formula is shown below. 
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where  route choice probability for path  )(kp k
θ  dispersion parameter of the travel time perception among drivers 

kC  travel cost on path k  

ijR  route set for O-D pair  ij

kCF  commonality factor of Path  and can be determined with the following 
equation: 
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hkL  identical part between Path  and . The respective unit can be distance, 
travel time or other measurements. In this paper, travel time is adopted as 
the unit. 

h k

hL  and   “length” of Path  and  respectively (i.e. travel time in this paper) kL h k

0β  and γ     calibration parameters 



 
Modified Lohse-logit model  
The Lohse-logit model is based on the logit model and lots of empirical studies. The travel 
time of the shortest path of each O-D pair is taken into consideration so that the calculated 
route choice probabilities are more reasonable than the standard logit-based model with refer-
ence to short-distance trips. The modified formula is indicated below. 
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where 1
min,

−=
ij

k
k C

C
X   and  is the travel cost of the shortest route of O-D pair  ijCmin, ij

β  dispersion parameter of the perception of the travel time among drivers. An 
empirical equation is deviated and suggested by Lohse and applied in this study: 

))015.07.0exp(1/(12 min,ijC⋅−+=β  (9) 
In this paper, the above-mentioned CF factor wasalso adopted in this model for preventing 
irrational route choice probabilities. Like the incremental assignment the assignment result 
from the SUE models was disaggregated and the respective vehicular routes and releasing 
times were will be generated for the microscopic simulation. In addition, the influence of sig-
nal timing plans on link capacities were considered as well.  
 



 
Table 1: Summary of the characteristics of the compared assignment algorithms 

Type Algorithm Description 
 
 
 
 

DUA-Gawron 
  
 

• iterative assignment based on network weights 
obtained from a previous simulation run; 

• iterative calls to the simulation and the routing 
application; 

• ensures the computation of an equilibrated as-
signment; 

• requires more computation time due to many simu-
lation/router calls 

Simple Dijkstra • fastest path searching with use of travel times in an 
empty network 

simple 
 

• Vehicles are routed as soon as they enter the net-
work using current edge travel times. 

 
 
 
 
 
 
microscopic 
 

 
one-shot  
routing 

 
rerouting • similar to simple one-shot routing, but with addi-

tional reroutes of vehicles every n time-steps 
• adapted edge travel times used for rerouting 

 
 
incremental assignment 
 
 

• According to the specified number of iterations, 
the analyzed traffic demand is incrementally as-
signed on the investigated network regarding with 
capacity constraints. 

• Vehicular release times are generated randomly 
within the analyzed time period. 

 
 
c-logit model 
 

• Different perceptions of travel time among drivers 
and the similarity of routes are taken into consid-
eration in the route choice. 

• The route choice probability is followed the logit 
distribution. 

• Vehicular release times are generated randomly 
within the analyzed time period. 

 
 
 
 
 
 
macroscopic 
 

 
 
stochastic 
user equi-
librium 
assignment 
(SUE) 
 modified 

Lohse-logit 
model 

• Different perceptions of travel time among drivers 
are taken into account. 

• Based on the idea in the c-logit model, the similar-
ity of routes is taken into consideration in the route 
choice. 

• Vehicular release times are generated randomly 
within the analyzed time period. 

 

3 Test Networks 

In order to analyze the difference in performance with regard to different network sizes, the 
investigated algorithms were compared using two synthetic networks and a real network 
based on the road network in Magdeburg, Germany. This network was converted from the 
macroscopic Magdeburg network, established with the VISUM software. The locations of the 
respective signals and their timing plans were considered in the analysis as well. All the ma-



trices used are time-dependant and are based on one-hour interval. Table 2 gives an overview 
of the scenarios. 

Table 2: Description of the test networks 

Network layout Network characters 
One-way network* 

 

• synthetic network with two O-D pairs from Zone 1 to 
Zone 3 (800 vehicles/hr) and from Zone 2 to Zone 3 
(200 vehicles/hr) 

• one-way/one-lane traffic network with 16 nodes and 18 
links 

• one traffic light installed at the rightmost intersection 
and with a pre-timed signal plan 

• road priority rules applied at the intersections without 
traffic lights 

1 

2 

3 

Grid network* 

 

 
 

• synthetic network with 12 traffic zones and 124 O-D 
pairs 

• 33,200 vehicles over the day, following a standardized 
time series 

• hourly time-series traffic flow pattern adopted to gener-
ate 24 hourly matrices 

• It is a two-way traffic network with 21 nodes and 48 
links. Each road has one lane. 

• Traffic lights installed at all intersections and with pre-
timed signal plans 

Magdeburg network 

 

• 263 traffic zones and ca. 7,500 effective O-D pairs per 
hour** 

• about 630,000 vehicles over 16 hours, from 5a.m. to 
9p.m within a weekday 

• one-way and two-way mixed network with 2,535 nodes 
and 5,514 links 

1 2 3 
4 

5 

7 8 9 
10 

11 

0 

6 

• combination of highways (shown in blue) and inner-city 
roads (shown in red) 

• traffic lights installed at 266 intersections 
• road priority rules applied at the intersections without 

traffic lights 

*: Numbers represent the traffic zones;     : traffic light installed. 
**:  An effective O-D pair means that the respective traffic demand is greater than zero. 

4 Evaluation methods 

The indices chosen to compare the algorithms come in four categories. Global performance 
indices such as the average travel time, significance tests on the deviation of the individual 
parameter distributions (even if the average is the same, the distribution of a parameter could 
be different among the algorithms), analysis of route set similarities and single car based 
comparisons. This chapter describes the methods used to calculate these indices. 
 



4.1 Network-wide performance analysis 

The primal result of every assignment is a set of routes, which is fed into the traffic simulation 
SUMO. It simulates the whole time period for which data is available (see test networks). The 
main output of this simulation is a departure and an arrival time for every vehicle which is 
used to calculate (together with the route) the travel time, travel speed and travel length. Fur-
thermore SUMO gives the departure delay (occurring if a vehicle could not be inserted be-
cause its starting street was full) and the stop time (number of seconds the vehicle was slower 
than 0.1 m/s) which are amalgamated into the waiting time. 
 
4.2 Significance test 

The Kruskal-Wallis test [21] is used for testing equality of the parameter sets. Intuitively, it is 
identical to a one-way analysis of variance with the data replaced by their ranks. Since it is a 
non-parametric method, the Kruskal-Wallis test does not assume a normal population, but an 
identically-shaped distribution for each group, except for any difference in medians. 
The test works as follows: after calculating the rank of every parameter in the union of the 
sets, the rank sum  is calculated for every set. Afterwards, the test statistics iS
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with , the number of total samples, and , the number of the samples in Set i , is com-
pared against a chi-square distribution for examining significance. 

N in

 
4.3 Similarity analysis of routes 

In order to estimate the differences in the route sets, the following algorithm was employed. 
The similarity between any two routes is calculated as the number of the overlapped edges, 
existing in both routes, divided by the maximum number of edges of both routes. This gives a 
number between 0 and 1 with 1 denoting identity (assuming that there are no edges occurring 
twice in the same route, which was the case in the scenarios). 
The similarity of two route sets is then calculated by finding a matching of the routes of the 
first set to the routes of the second which maximizes the sum of the similarities of the 
matched route pairs. (This is done by calculating a maximum weighted matching in a com-
plete bipartite graph built from the routes (as nodes) and their similarities as edge weights. 
[22]) This sum is divided by the number of routes to get a similarity index between 0 and 1. 
As a second index the percentage of identical routes is calculated. 

5 Analysis results 

Based on the above mentioned evaluation method, the difference in performance among as-
signment methods is quantitative examined. In addition, a qualitative analysis is conducted for 
a comprehensive evaluation. 
 



5.1 Required CPU time 

The numbers presented in this paragraph are not supported by a large enough sample to give a 
precise estimation of the needed running time. They serve mainly as an indicator for the order 
of magnitude which is to be expected when employing one or the other method. 
As the results in Table 3 show the main factor affecting the time required to calculate the as-
signment is the size of the scenario, measured by the total number of vehicles (the grid and 
the one way net differ only marginally in net size but have considerably different running 
times) and the net size. Comparing the algorithms the DUA is by far the slowest method 
while one shot routing (especially without rerouting) is quite comparable to the macroscopic 
techniques. The simple Dijkstra is of course tremendously fast and serves mainly as a basis 
for comparison in this context. The reason that the incremental assignment although concep-
tually simpler than the other macroscopic methods needs a larger running time is due to the 
fact that its number of iterations is fixed while the other methods have convergence criteria 
which may be matched earlier. 
 

Table 3: Required CPU times (in seconds) of the analyzed traffic assignments 
One shot routing SUE Test  

Networks 
DUA- 

Gawron*

 

Simple 
Dijkstra simple rerouting**

Incremental 
assign-
ment***

c-logit 
model 

modified Lohse-
logit model 

One-way Network 39 1 1 1 0.2 < 0.1 0.1
Grid Network 489 9 10 14 48 7 12

Magdeburg Network 322,156 343 3,535 46,852 48,580 30,719 56,019
 *: the number of iterations is 50; **: the period of the rerouting is 15 sec; ***: the number of iterations is 20 
 
5.2 Network-wide performance 

The result in Table 4 indicates that, in the one-way network, the performance measures based 
on either microscopic or macroscopic assignments are similar, expect the simple Dijkstra. The 
vehicles with the application of all assignments can be released into the network almost punc-
tually, i.e. the average departure delay is very small (0.98s - 1.41s). The oneshot routing − 
simple performs slightly better than the DUA-Gawron, the one-shot routing with 15-sec peri-
odical rerouting and the other three macroscopic assignments. The significant poor perform-
ance of the simple Dijkstra is mainly since the route search for each O-D pair was executed 
only once with reference to free-flow traffic state. Furthermore, the three macroscopic as-
signments perform slightly better than the DUA-Gawron and worse than the two one-shot 
routing methods. Among the macroscopic assignments, it is further shown that the perform-
ance measures of the incremental assignment and the c-logit model are slightly better than the 
modified Lohse-logit model. In the grid network, the performances of the assignments have 
changed due to the increase of the network size and the traffic demand. Vehicles based on the 
both one-shot routing methods have large departure delay, 90 and 146 seconds in tandem the 
simple and the periodical rerouting method respectively. Such high departure delay results in 
fewer vehicles in the network during the simulation. Thus these two one-shot routing methods 
deliver some better performance measures, such as higher average travel speed and lesser 
average travel time. However, these performance measures are not representative in this situa-
tion. Moreover, the macroscopic SUE models deliver quite similar results when comparing to 
the microscopic DUA-Gawron model with the performance of the latter being slightly better. 



The simple Dijkstra and the incremental assignment have similar performances, which are 
worse than the performances of both SUE and DUA-Gawron models. Stochastic route choice 
factor is considered in both SUE and DUA-Gawron models and the used routes are more rea-
sonable than those from the simple Dijkstra and the incremental assignments. 
 

Table 4: Network Performance among the investigated traffic assignments 
Performance indices  

Test  
networks 

 
Assignment 
Technique 

avg. 
travel 
length 

(m/veh) 

avg. 
travel 
speed 

(m/s/veh) 

avg. 
travel 
time 

(s/veh) 

avg. 
waiting 
time****

(s/veh) 

avg. 
departure 

delay 
(s/veh) 

DUA-Gawron* 3760.02 12.07 312.44 17.69 0.98
Simple Dijkstra 3558.07 6.85 558.79 71.44 0,97

Simple 3884.72 12.64 307.68 11.75 0.71One-shot 
routing** Rerouting 3898.02 12.64 308.53 12.92 0.94
Incremental assignment*** 3813.97 12.33 309.75 15.57 0.98

c-logit model 3788.03 12.25 309.70 16.00 1.41

 
 
 

One-way  
Network 

SUE 
modified Lohse-
logit model 

3776.98 12.08 313.65 18.45 1.41

DUA-Gawron* 1760.20 6.36 260.40 76.11 0.14
Simple Dijkstra 1710.16 5.76 367.67 135.60 0.14

Simple 1862.73 6.26 281.18 172.00 90.33One-shot 
routing** Rerouting 2162.88 6.43 318.60 237.72 146.63
Incremental assignment*** 1710.22 5.76 355.27 130.35 0.14

c-logit model 1790.50 6.34 264.22 73.47 0.14

 
 
 

Grid  
Network 

SUE 
modified Lohse-
logit model 

1791.20 6.33 264.22 73.36 0.14

*: the number of iterations is 50; **: the period of the rerouting is 15 sec; ***: the number of iterations is 20;  
****: waiting time is the sum of the waiting time within the network and the departure delay  
 
In the Magdeburg network, the overflow situation had appeared when executing the macro-
scopic assignment models. It is due to the reduced link capacities, resulted from the given 
signal timing plans. With a close observation of traffic movements in the simulation, it indi-
cates that the given signal timing plans at intersections were improper and the respective link 
capacities were not efficiently used. Moreover, it is observed that spillbacks have arisen at 
intersections and result in severe congestion in the network. It is since the effect of turning 
behaviors, especially left-turn behaviors, was not considered in the macroscopic assignment. 
Due to the above-mentioned severe congestion effect, lots of vehicles were not able to be re-
leased into the network during the simulation period. The respective network performance 
measures, such as average travel speed and average travel time, are therefore not included for 
comparing the performances among all applied assignment methods. The applied microscopic 
assignments, i.e. DUA-Gawron and one-shoting methods, delivered significantly better results 
than the macroscopic assignment methods due to its close coupling to the simulation, i.e. the 
effects of road geometric shapes, signal timing plans and road priority rules can be micro-
scopically considered with the trade-off of a giant computation time. However, it should be 
noticed that, with a given network data, the DUA-Gawron and one-shoting methods try to 
find the optimal solution, which probably does not correspond to the respective traffic situa-
tion in the reality.  
 



5.3 Significance test 

As mentioned above, the significance test was performed to examine if the distributions of the 
generated vehicular performance measures among the investigated assignments are statisti-
cally identical with 95% confidence interval. The considered performance measures include 
travel time, travel speed, travel length and waiting time of each vehicle. If the test regarding 
any of the measures is examined as statistically significant, the difference of the examined 
assignment results is evaluated as significant. Table 5 shows that almost all vehicular per-
formance distributions, generated by different assignments methods, are significantly differ-
ent, although the respective mean values, shown in Table 4, are similar. Moreover, it is no-
ticeable that the c-logit model and the modified Lohse-logit model deliver the statistically 
identical vehicular performance distribution in the grid network. It means that these two mod-
els are substitutable for each other in this case study. Such a statistically identical result comes 
out as well when comparing the performance distributions between the DUA-Gawron method 
and the modified Lohse-logit model in the one-way network.  
 

Table 5: Result of the significance test among the investigated traffic assignments 
One shot routing** SUE  

Assignment 
 
DUA-
Gawron*

 
Simple 
Dijkstra 

simple rerouting 
 
Incremental 
assignment***

c-logit 
model 

modified Lohse-
logit model 

DUA-Gawron*  Sg Sg Sg Sg Sg Sg

Simple Dijkstra S  Sg Sg Sg Sg Sg

simple S S  Sg Sg Sg SgOne shot 
routing** rerouting S S S  Sg Sg Sg

Incremental 
assignment***

S S S S  Sg Sg

c-logit model S S S S S  NSgS 
U 
E 

modified Lohse-
logit model 

NS S S S S S  

*: the number of iterations is 50; **: the period of the rerouting is 15 sec; ***: the number of iterations is 20;   
S: significant NS: not significant; The test results of the one-way network and the grid network are indicated in the shadow 
area and the area without shadow respectively. 
 
5.4 Route set similarity 

The comparison of the route sets as depicted in Table 5 shows that in the small networks the 
similarity of the route sets is very large (especially for the one way net where it is always 
above 0.9, except for comparisons to Dijkstra). While one reason for the high similarity is the 
small number of realistic routes in small networks, this also shows that the differences in the 
average travel time result to some extent from the correct combination of departure time and 
route choice rather than from route choice alone. 
Additionally the very high similarity between the two SUE models, makes it almost impossi-
ble to distinguish these two results. 



 
Table 5: Result of route comparison test among the investigated traffic assignments 

One shot routing** SUE  
Assignment 

 
DUA-
Gawron*

 
Simple 
Dijkstra 

simple rerouting 
 
Incremental 
assignment***

c-logit 
model 

modified Lohse-
logit model 

DUA-Gawron*  0.89 
0.81 

0.90 
0.80 

0.78 
0.59 

0.91 
 0.84 

0.85 
0.71 

0.85  
0.70 

Simple Dijkstra 0.71 
0.26 

 0.80 
0.63 

0.68 
0.42 

0.94  
0.92 

0.78 
0.59 

0.78 
 0.58 

simple 0.93 
0.88 

0.66 
0.25 

 0.88 
0.77 

0.83  
0.67 

0.90 
0.80 

0.90  
0.80 

One 
shot 
routing** rerouting 0.91 

0.85 
0.64 
0.21 

0.97 
0.93 

 0.71  
0.46 

0.86 
0.74 

0.87 
0.74 

Incremental 
assignment***

0.94 
0.79 

0.70 
0.35 

0.92 
0.80 

0.90 
0.73 

 0.82 
0.63 

0.81  
0.63 

c-logit model 0.98 
0.97 

0.70 
0.25 

0.95 
0.90 

0.93 
0.88 

0.94  
0.80 

 1.00  
0.99 

S 
U 
E modified Lohse-

logit model 
0.99 
0.98 

0.70 
0.25 

0.94 
0.90 

0.92 
0.87 

0.95 
 0.80 

0.99 
0.99 

 

*: the number of iterations is 50; **: the period of the rerouting is 15 sec; ***: the number of iterations is 20;  
The test results of the one-way network and the grid network are indicated in the shadow area and the area without shadow 
respectively. The first number in each cell denotes the similarity index as described above; the second number the fraction of 
identical routes. 
 

6 Conclusion and future works 

The awareness about sustainable transport and efficient allocation of resources is significantly 
aroused for years. Microscopic traffic simulation tools have thus been extensively applied for 
precisely evaluating the effectiveness of proposed strategies and even for online traffic man-
agement for road networks. However, the greater the network, the more the execution time is 
required for the respective traffic assignment and traffic-state updating in the microscopic 
traffic simulation. The achievement of online traffic management in large traffic networks is 
thus impeded. To calculate a good traffic assignment for a microscopic simulation efficiently 
different traffic assignment methods were compared in this paper. The results indicate that, to 
a certain degree, the macroscopic assignment models can deliver similar network-wide as-
signment results when compared to the applied microscopic models, although they show to be 
far more sensitive to congestions resulting from network peculiarities. It also showed that the 
result from the simple Dijkstra method (without route alternatives) is the worst one, although 
the used computation time is the least. When dealing with a sophisticated network, such as the 
Magdeburg network, the deficiency of neglecting turning behaviors in the macroscopic as-
signment models results in severe spillbacks and congestion in the network. The assignment 
results based on the DUA-Gawron and one-shot methods do not result in congestion in the 
simulation. Nevertheless, it should be noticed that these microscopic methods try to find the 
optimal solution with a given network data by modifying vehicular routes at each simulation 
iteration. 
Furthermore, the saving on computation time is significant, when comparing the macroscopic 
assignments to the DUA-Gawron method. It is noticeable that the required computation time 
of the one-shot method with rerouting is quite competitive with that of the macroscopic as-
signments. Regarding the significant test of the distributions among the vehicular perform-



ance measures, generated by different assignment models, the results show that almost all 
tests are evaluated as statistically significant with 95% confidence interval. With the insignifi-
cant test result of the two SUE models in the grid network, these two models can be substitut-
able for each other. The examination of the route set similarity indicated that the route set 
similarity among the applied assignment models decreases with the increase of the network 
size. The route set similarity among the DUA-Gawron, the one-shot with rerouting and the 
SUE assignment methods are more than 85% and 70% in the one-way and the grid network 
respectively. 
For future works, it is aimed to refine the calculation of the travel time in the macroscopic 
assignment models for further investigation among microscopic and macroscopic assignment 
models. More factors, such as penalty factors for turning movements, should be taken into 
consideration in order to take into account travel delay in the calculation of travel time. With 
more accurate estimated travel time, the route choice probability of each vehicle can be de-
termined more rationally. Furthermore, the DUA-Gawron method has the advantage that road 
geometric shapes, signal timing plans and road priority rules can be microscopically taken 
into account during the simulation. The proposed one-shot method with rerouting also has 
such advantages. However, the adequate update interval needs to be further verified for an 
efficient simulation. Finally, nowadays, network generation tends to be automatically exe-
cuted, since it is unrealistic to conduct such work for a large sophisticated network manually. 
In this research, an automatic network converter is also implemented and adopted. Such 
automatic network conversion and importing may sometimes result in network distortion and 
inaccurate simulation results. Greater attention should therefore also be paid to the further 
improvement and development of the implemented network conversion technique. 
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Abstract 

Real-time traffic flow models can be used for traffic management in networks or the 
estimation or prediction of the traffic state. In urban environments, intersection delays pose a 
problem to the macroscopic traffic flow models, while a macroscopic approach is desirable 
due to the calculation speed advantages of these models on larger networks. Current 
intersection models generally do not sufficiently take delays due to crossing traffic into 
account. In this paper, a Linearly Decreasing Turn Capacity (LDTC) is introduced to 
macroscopically model intersection delays. In JDSMART, the model that is used, the 
Godunov scheme is adapted to incorporate the turn capacities. 
 Along with validating the linear form of the LDTC model, a procedure is described to 
calibrate its parameters based on simulated or actual traffic data. Finally, the approach is 
applied to an urban test network, which is also modelled in the microscopic simulation 
program VISSIM. When comparing VISSIM to JDSMART, it is found that the latter is very 
well capable of capturing the dynamics of the queues due to intersection delays and that it 
accurately reproduces mean travel times. 

Keywords: Intersection Delay, State Estimation, Dynamic Traffic Assignment, 
Godunov Scheme, Urban Traffic 

1 Introduction 

Real-time traffic flow models can be used for traffic management in networks, the estimation 
of the state of the traffic and the prediction of travel times. The online estimation of the state 
variables such as densities, flows, or speeds is performed by the models based on 
measurements like speeds, flows or travel times, obtained from local or floating traffic 
sensors. 
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In the city of Utrecht, The Netherlands, currently a static traffic assignment (STA) 
model, VISUM Online, is used for state estimation purposes. The resulting data (e.g. travel 
times, speeds and traffic volumes on arterials) are mainly used for planning purposes and 
performance analysis. The municipality, however, has interest in improving the accuracy of 
the state estimation to enable better planning and analysis. Furthermore, a more accurate state 
estimation procedure enables new applications such as dynamic traffic management by for 
example traffic information provision or route guidance. A dynamic traffic assignment (DTA) 
model can be expected to produce better state estimates due to the fact that it better 
reproduces queue dynamics around bottlenecks and intersections and the influence of traffic 
lights on traffic characteristics. 

To validate this expectation and to enable the new applications the DTA model 
‘JDSMART’ is being built for the urban network of Utrecht. This paper describes some 
details of the urban simulation methodology of JDSMART, especially around intersections.  
 

2 Methodology 

JDSMART is a destination-specific Java-implementation of the well-known Lighthill-
Whitham-Richards (LWR) first order traffic flow model [1, 2], with a solver based on the 
Godunov scheme [3]. In this paper JDSMART is applied to an urban traffic network. In 
contrast to a freeway application, where the nodes in the network models are usually 
restricted to connecting a maximum of 1×1, 2×1 or 1×2 incoming and outgoing links [4, 5], in 
the urban case the network model must accommodate complex (signalized or unsignalized) 
intersection configurations with nodes connecting n × m incoming and outgoing links, with 
n≥1, and m≥1 respectively. 
 
2.1 Current approaches to urban intersection modelling 

Current approaches to macroscopically modelling an intersection are overlapping cells [6], 
exchange zones [7, 8] or point wise models [8, 9]. These models do not explicitly take 
interactions between different traffic streams into account, leading to a tendency to 
overestimate the inflow and outflow at intersections. An approach that does take interactions 
into account is the gap probability [10], where the average probability of a vehicle to find a 
suitable gap in conflicting streams is calculated on a microscopic level. The probability is 
multiplied by the downstream supply. Although improving the modelling of the intersection 
dynamics, this approach has its drawbacks, as it assumes that increasing the downstream 
supply also leads to an increasing probability of finding a gap, which may not be true for all 
layouts of intersections, and it requires extensive calculations. 

In the link-transmission model TRANSYT [11] a simple linear formula is used for the 
capacity for turning traffic on a give-way intersection. The makers of the program assume the 
following relationships, although the coefficients in the turn capacity formulae can be 
modified by the users of the program: 
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where Γright is the capacity for right turning traffic, Γleft the capacity for left turning traffic and 
Dleft and Dright the demands of the links from the left and the right respectively.  

In this paper we apply this linearly decreasing turn capacity (LDTC) to the cell-based 
model JDSMART and we extend the LDTC of the TRANSYT model to the general case of C 
conflicting directions. We define a maximum turn capacity Γx

max at an intersection for a 
certain direction x which can be derived from the case where all conflicting demands Dd=0, 
where d is an element of all conflicting directions C. This maximum turn capacity accounts 
for the fact that for some directions delays will occur due to turning movements and lower 
speeds of the vehicles. 

If we generalize equation (1), we find the equation: 

 max

1

1
C

x x d d
d

Dα
=

 Γ = Γ − 
 
∑  (2) 

This approach accounts for delays due to crossing traffic in a simple way, but allows for 
detailed calibration for every specific intersection and every specific turn. The general 
equation (2) can be further simplified. If the flows of all conflicting directions are mutually 
independent, we expect that the proportions of each direction (the right hand term of equation 
(2)) can be multiplied, leading to the equation: 

 ( )max

1

1
C

x x d d
d

Dα
=

Γ = Γ −∏  (3) 

Equation (3) leads to a more simple calibration procedure of the parameters, as will be shown 
later. 

In this study the LDTC approach to intersection modelling is first discussed in the 
light of the Godunov scheme that is used in the JDSMART model. The approach is then 
validated and a procedure to calibrate the turn capacity function is discussed. Finally, the 
model is applied to simulated urban test environment. 
 
2.2 Unsignalized intersections with the LDTC-model 

Figure 1 shows the ‘regular’ Godunov scheme with a supply and a demand curve. The flux 
between two cells i and j is determined by the minimum of the demand of the upstream cell 
and the supply of the downstream cell:  

 ( )min ,ij i jf D S=  (4) 

In case the flux needs to be determined between more than two cells (for example, a node 
with two incoming links and two outgoing links), the demand is split over the available 
supply cells according to a split fraction ψij, which can be based on an estimated route choice 
set or on measurements. If the supply of the downstream cell is not sufficient for all incoming 
demands, the available supply is split over the incoming demands according to a split 
coefficient βij, which can be for example: 
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 (5) 

Equation (5) guarantees that if the available supply is insufficient, the fluxes are distributed 
according to the relative sizes of the demands. Equation (4) then becomes: 

 ( )min ,ij ij i ij jf D Sψ β=  (6) 

 

 
Figure 1 The Godunov Demand and Supply curves 

Now consider an unsignalized intersection as in Figure 2 where there are two possible 
flows, one from cell i to cell j and one from cell k to cell j, and where the traffic coming from 
cell k has head of way. For the right turning traffic, the maximum possible flow can be less 
than the capacity of the downstream cell j, due to the fact that vehicles will make the turn with 
lower speeds, and due to the fact that vehicles in cell i will have to wait for vehicles travelling 
from k to j. We can model these delays by using the turn capacity Γij that we already 
introduced in equation (1) and that depends on the layout of the intersection and on the 
conflicting flow from k to j. If we neglect the dimensions of the intersection, i.e. the travel 
time on the intersection itself is considered not to exist, we can approximate the flow qij by a 
flux fij directly from cell i to cell j. The Godunov scheme can then be modified to include Γij, 
as shown in Figure 3. 
 

 
Figure 2 An unsignalized intersection with two possible flows, from i to j and from k to j 
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Figure 3 The Godunov scheme with the turn capacity included. The turn capacity will vary 

with different intersection layouts and different conflicting flows 

 
Thus, equation (6) can be modified to include the turn capacity: 

 ( )min , ,ij ij i ij j ijf D Sψ β= Γ  (7) 

where the split coefficient βij for the available supply is adapted to: 
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D
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β

ψ
=

Γ
=

Γ∑
 (8) 

As stated before, the turn capacity is a function of the layout of the intersection and of the 
flows of the conflicting direction(s). Below, it will be shown how this turn capacity can be 
determined. 
 
2.3 Estimation of the turn capacities 

To validate the relationship of equation (2) a relationship between the intersection layout, the 
flows of conflicting turns and the turn capacity, an experiment was conducted with the 
microscopic simulation model VISSIM. Figure 4 shows the intersection modelled for this 
experiment. The road between B to C is the main road; traffic from A has to give way for both 
directions BC and CB. 

 
Figure 4 The intersection modelled to validate the LDTC model 
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To estimate the turn capacity, the experiment was set up such that the downstream 
supply was in all cases sufficient, i.e. DC and DB were never congested. First, only traffic 
from A to B was modelled, without any conflicting traffic from B or C. The demand from A 
was slowly increased, and the density between A and D was monitored, as well as the actual 
amount of vehicles coming from A making the turn on the intersection towards B. Because 
the intersection dimensions are neglected, this flow represents the ‘flux’ from the upstream 
‘cell’ AD and the downstream ‘cell’ DB. 

Figure 5 shows the relationship of the average density between A and D and the flow 
from A to B in two minute intervals. A curve, corresponding to the free flow curve of a 
fundamental diagram [12], was fitted through the points according to: 
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if 
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f c
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c c c

r v v
r v r r

f r

v r r r

  −
  − ≤  =   


>

 (9) 

where r is the density, vf  is the free flow speed, vc the critical speed and rc the critical density. The 
parameters were found minimizing the sum of squared errors. The curve shows a good fit to 
the points (R2=0.99) and has a maximum of 1125 veh/hr. As the downstream supply was 
always sufficient (larger than 1125 veh/hr), the maximum of the curve can be stated to be the 
turn capacity ΓAB for the case of no conflicting traffic CB.  

Right turn flow AB as a function of the density between A and D
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Figure 5 The realized flows on the right turn plotted versus the density between A and D. The 

solid line is a fitted curve with R2=0.99 

The same experiment was then repeated with a conflicting demand from C to B 
increasing in intervals from 250 to 1500 vehicles per hour. For every case similar curves were 
derived (see Figure 6) using equation (9), all of which showed an R2 of at least 0.95. In Figure 
7 the turn capacities from the resulting curves are plotted against the demand of the 
conflicting flow from C to B. A clear linear relationship is visible (R2=0.98). This is a key 
result, as it shows that for this case the turn capacity can indeed be modelled as linearly 
decreasing with the conflicting demand. Here, we find the equation: 

 ( )max .93 0.52right right leftDΓ = Γ −  (10) 

where Dleft is measured in 1000 vehicles per hour. The equation shows that if the conflicting 
demand increases by 1000 veh/hr, the capacity reduces roughly by half. It can be seen that the 
form of the general equation (2) is valid in this case.  

ΓAB 
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Right turn flow AB as a function of the density between A and D for varying 
flows CB
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Figure 6 The fitted curves for varying left flows CB 

 

Figure 7 The relationship between conflicting demand and (a) the total turn capacity and (b) 
the proportion of the maximum turn capacity 

The same experiment was conducted for the left turn AC, which conflicts with two 
flows: CB and BC. The flux curves were fitted for the case of no traffic from any of the 
directions, and for traffic from only one of each direction. Similar linear relationships as in 
Figure 7 were found for the left turning traffic when plotted versus either the demand CB or 
the demand BC: 
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where Dleft and Dright are measured in 1000 vehicles per hour. Again, we see that the equations 
follow the form of equation (2) well. To be able to predict the turn capacity when demand is 
present in both conflicting directions, the experiment was also conducted for varying demands 
from both directions at the same time. A linear regression on the two factors shows the 
equation: 

 ( )max .84 0.28 0.34left left left rightD DΓ = Γ − −  (12) 
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As in principle the two flows BC and CB are independent, it is expected that the 
proportions (see Figure 7b) derived from the cases with only one flow can be multiplied to 
gain the proportion of the maximum turn capacity in accordance with equation (3). Figure 8 
shows the ‘measured’ proportions (resulting from the linear fit on the microsimulated 
capacities) of the maximum turn capacity and the estimated factors obtained from multiplying 
the factors for single flows. As can be seen when comparing the two figures, the estimated 
fractions are very similar to the observed ones. Equation (12) can therefore be approximated 
by multiplying the single factors from equation (11) 

 ( )( )max .98 0.44 0.97 0.51left left left rightD DΓ ≈ Γ − −  (13) 

which is much more convenient, as it only requires the calibration of parameters for the cases 
of one conflicting flow. 
 

Figure 8 ‘Measured’ proportional turn capacities (equation (12)) versus estimated 
proportional turn capacities (equation (13)) 

 
The above experiment shows that a very convenient way is found to macroscopically 

estimate the delay at intersections for each turn as a function of the demand at all conflicting 
directions. This relationship can be used to determine the flux between a cell upstream of an 
intersection to a cell downstream of an intersection in the Godunov solver, taking intersection 
layout and conflicting flows into account. If either simulated or actual data (flows over the 
intersection and densities on the links leading to the intersection) are available, the flux can be 
estimated from the minimum of the upstream partial demand, the downstream partial supply 
and the turn capacity (equation (7)). The turn capacities can be modelled as a proportion of 
the maximum turn capacity that is linearly decreasing with a conflicting demand; if multiple 
conflicting demands exist and these flows are independent, the proportions can be multiplied 
(equation (3)). This procedure is simple, elegant and allows for fast macroscopic modelling of 
an unsignalized intersection. 
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2.4 Signalized intersections 

Signalling schemes can simply be introduced into the model by setting the turn capacity Γij=0 
when traffic lights are red, and by determining Γij from the conflicting demands if the traffic 
lights are green and there are still conflicting flows (for example traffic turning left that has to 
wait for the traffic from the opposite direction also having green). In JDSMART, the green 
times can be set for each direction at an intersection. This can be done either in an online 
fashion, when there is an online connection between the dynamic traffic signals and the 
model, or offline, when there is an (assumed) static signalling scheme. In this study, only 
unsignalized intersections are taken into account. 
 

3 Experiment 

To validate the LDTC model, the microscopic traffic simulation model VISSIM was used to 
simulate a small urban network (see Figure 9). The turn capacities of the three (unsignalized) 
intersections and their linear dependencies on each conflicting demand were derived using the 
procedure described in section 2.1.1. 
 

 
Figure 9 The urban network modelled in VISSIM 

 
A 25-minute period was modelled with the demand at the edges of the network first set 

to relatively high values and then to relatively low values. An equal static route choice set was 
used in both models. On the link indicated by the letter A in Figure 9, a jam occurred due to 
traffic turning left at intersection L and waiting for traffic from the opposite direction. 

The travel times of all vehicles that traversed the network from S to F were recorded. 
Mean values of the travel times of all vehicles leaving in the same minute were calculated 
from these individual travel times. In JDSMART, travel times were derived by ‘moving’ 
imaginary vehicles through the cells using the local speeds according to the fundamental 
diagram. To prevent speeds in the vicinity of zero causing the travel times to become very 
high, a minimum speed for the vehicles was set to 7 km/h.  
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Figure 10 Llink B in VISSIM (above) and JDSMART (below) at the same time instant 
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Figure 11 Travel times from the two models 
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4 Results 

Figure 10 shows the link that was indicated with A in paragraph 3 in the 14th minute, just 
when the jam is near its maximum length. As can be seen, the macroscopic model is very well 
capable of deriving the length of the queue due to the delays of the traffic turning left at 
intersection L. It was also found that the dissolving of the queue, after the demand on the link 
was decreased halfway of the simulation was predicted realistically, as the moment the queue 
had completely dissolved was equal in both models (within 10 seconds). 

Figure 11 shows the (mean) travel times from S to F. As can be seen from this figure, 
the macroscopic model is very well able to predict the mean travel times of the vehicles, due 
to the fact that it realistically models the spillback upstream of intersection L. The calculation 
time of the macroscopic model was about 54 times lower. 
 

5 Discussion and conclusion 

In this paper, an adapted Godunov scheme was proposed to model intersection delays. Along 
with the regular Demand and Supply curve, a Turn Capacity was introduced into the scheme. 
This turn capacity was modelled as a function of the conflicting demands. It was found that 
this function could well be approximated by a simple linear relationship, the LDTC model, 
and that in case of multiple (independent) conflicting flows on an intersection, the function 
could be approximated by a multiplying the individual proportions of the maximum turn 
capacity. Finally, a procedure to calibrate the LDTC functions was discussed.  

The results on the test network showed that the model appears to be valid, and that it is 
able to predict the spillback that occurs due to traffic waiting to cross an intersection. Future 
work will focus on applying the model on larger scale networks, and on cases where jams 
have a blocking effect on crossing links. Finally, future work will also focus on validating the 
LDTC model on real-world data. 
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dynamic traffic assignment

Richard Mounce and Malachy Carey

Queens University, Belfast, UK

Abstract

A dynamic traffic assignment (DTA) model consists of a traffic performance model and a
route choice model. The traffic performance model describes how traffic propagates along
routes connecting origin-destination (OD) pairs; examples being the cell transmission
model, the bottleneck model and various travel time models. This is implemented in a
dynamic network loading (DNL) algorithm, which uses the route inflows to compute the
link inflows; and hence link and route travel times. To the travel times can be added
any monetary costs (prices) to give a generalised cost. The route choice model, or route
swap process, specifies the route choices for tomorrow based on the costs for today. A
dynamic user equilibrium (DUE), where each traveller on the network cannot reduce
their cost of travel by switching to another route, can be sought by iterating between
the DNL algorithm and the route swap process. In such algorithms, almost all of the
computational time is taken up by the DNL and very little by the route swap process.
However, the choice of route swap process dramatically affects convergence and the speed
of convergence. Also, in the literature on DTA, a lot of attention has been devoted to
the DNL phase but very little to the route swapping phase. For these reasons we here
consider different route swap processes. The paper also looks at different convergence
measures and establishes equivalences between them.

Keywords: convergence measure, dynamic traffic assignment, route swap process.

1 Introduction

The focus of the paper is on the process of route swapping in dynamic and steady state
traffic networks. The route swap process can be interpreted as either travellers choosing
routes for the following day in a day-to-day assignment model; or simply as an algorithmic
device for finding the within-day equilibrium route flows. In the former, the route swap
process should be chosen in order to capture travellers’ route choice behaviour; and then
determine whether convergence occurs. In the latter, the route swap process should be
chosen that converges most quickly to equilibrium. As one would expect, the choice of
route flow assignment algorithm is critical to the speed of convergence; this is borne out
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in the results from the test networks Carey and Ge [1]. The dynamic network loading
requires far greater computation time, and hence it is vital to choose the swap process
in order to reduce the number of iterations required to approach equilibrium. Section 3
considers various route swap processes, including pairwise swapping, swapping to the least
costly route and swapping from above average to below average cost routes. Properties of
the different route swap processes are examined and the merits of each approach discussed.
Note that although the focus of the paper is on DTA, both the steady state model (see e.g.
Smith [3]) and dynamic model are used in Section 3 as appropriate. Section 4 considers
various natural forms of convergence measure, which measure how far the network flow
pattern is from being at equilibrium. Generally, distance from equilibrium is expressed as
a function that depends only on the current route flow vector. The form of the convergence
measure is generally suggested by the route swap process.

2 The dynamic traffic assignment model

The traffic network is considered to be a directed graph with traffic flowing along acyclic
directed paths, called routes, connecting OD pairs. Within-day time is regarded as a
continuous variable, varying within the interval [0, 1]. However, all of the results pre-
sented in the paper apply in the discrete case; the integral can simply be replaced with a
summation over time intervals. Within the continuous model, the flow entering route r,
Xr, is in units of flow per unit of time, e.g. vehicles per minute. Xr will be a real-valued
function of within-day time t in [0, 1] - this function may or may not be continuous, but
it will be a non-negative, measurable and essentially bounded function of time t. The
null sets are then quotiented out, i.e. Xr and Yr will be equivalent if Xr(t) = Yr(t) for
almost all t ∈ [0, 1]. In this way, the elements of this space will in fact be equivalence
classes of functions agreeing almost everywhere. Therefore each route flow function will
belong to L∞[0, 1]. If there are N routes in the network, the route flow vector belongs to
⊕N

i=1L
∞[0, 1], which is the vector space given by the direct sum of N copies of L∞[0, 1].

The demand for travel between OD pair k, ρk, is a fixed element of L∞[0, 1] for each k
belonging to the set of OD pairs k. The route flow vector X = (X1, X2, . . .XN) belongs to
the feasible set D, consisting of all those vectors in ⊕N

i=1L
∞[0, 1] that have non-negative

components and also meet the given inelastic demand for travel between each OD pair.
Hence, if we define Rk to be the set of all routes joining OD pair k,

D = {X ∈ ⊕N
i=1L

∞[0, 1] : Xr ≥ 0 ∀ r &
∑

r∈Rk

Xr = ρk}.

The norm of X ∈ L∞[0, 1] will be given by

‖X‖ = sup
r

sup
t∈[0,1]

∫ t

0

Xr(u)du.

The traffic performance model describes how traffic propagates along links and from link
to link. The cost to traverse route r if entered at time t when the route flow vector is X
is denoted CX

r (t) and found by summing the cost at each link along the route at the time
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that each link is entered, i.e.

CX
r (t) =

∑

i:i∈r

cx
i (P

X
ir (t))

where P X
ir (t) is the time that link i is reached if route r is entered at time t and the

route flow vector is X. We shall suppose that each component of C(X) is a continuous
function of time t (this is shown for the vertical queueing model in Mounce [4]), so that
C(X) ∈ ⊕N

i=1C[0, 1]. The norm on this set will be the usual supremum norm, i.e.

‖C(X)‖ = sup
t∈[0,1]

|CX
r (t)|.

A dynamical user equilibrium is such that for all within-day time and all OD pairs, more
costly routes are not used, and therefore there is no incentive to change route, i.e. for
any routes r and s connecting the same OD pair, CX

r (t) > CX
s (t) =⇒ Xr(t) = 0 for all

within-day time t ∈ [0, 1]. Travellers are assumed to reroute from day-to-day towards less
costly routes. This can be described by defining a swap vector φ(X), an initial route flow
vector X0 and then considering the dynamical system

dX(τ)

dτ
= φ(X)(τ),

X(0) = X0, (1)

where τ represents day-to-day time; and is continuous and non-negative.

3 Route swap processes

This section details various route swap processes; generally by specifying a route swap
vector that gives the direction in which the route inflows are changing. For the route
swap vector to be a continuous function of the route flow vector, the following condition
must hold: Given any ǫ > 0, there exists a δ > 0 such that

‖X − Y‖ < δ =⇒ ‖C(X) − C(Y)‖ < ǫ.

Continuity of the route swap vector with respect to the route flow vector is important
since, by the Banach-Picard theorem (see pages 315-318 of Kreyszig [5]) it is sufficient for
the existence of a unique solution trajectory to the dynamical system (1).
The dynamical system (1) is globally convergent to equilibrium if for each choice of initial
state X0 ∈ D, there exists an equilibrium vector X∗ such that X(τ) → X∗ as τ → ∞, i.e.
the system gets closer and closer to equilibrium as day-to-day time goes by. A standard
method of proving global convergence to equilibrium of a continuous dynamical system is
to define a Lyapunov function, as in the following theorem:

Theorem 1. The dynamical system (1) is globally convergent to equilibrium if there is
a continuous scalar-valued function V (�) defined throughout D such that:

(1) V (X) ≥ 0 for all X in D,
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(2) V (X) = 0 if and only if X is an equilibrium, and

(3) dV (X)
dτ

< 0 for all non-equilibrium X.

A proof of this result in the steady state model is given in Smith [3] and a proof in the
dynamic model is given in Mounce [6].
An important property with respect to convergence is monotonicity. The route cost vector
C(X) is a monotone function of the route flow vector if and only if

(X − Y) � (C(X) − C(Y)) ≥ 0

for all route flow vectors X and Y. Although monotonicity of the route cost function
does not hold in general in the dynamic model (see Mounce and Smith, [7]), one would
expect convergence to occur for reasonable swap processes if route cost is monotone.

3.1 Pairwise swapping

In this route swap process, swapping occurs between each pair of routes connecting the
same OD pair where one of the routes is more costly. In each case the swap rate is
proportional to the flow on the more costly route multiplied by the cost difference between
the two routes. Hence, the swap vector in (1) is given, for all t ∈ [0, 1], by

φ(X)(t) =
∑

r,s:r∼s

Xr(t)[C
X
r (t) − CX

s (t)]+δrs (2)

where δrs is the swap from route r to route s vector (i.e. it is an N -vector with −1 in
the rth place and 1 in the sth place and zeros elsewhere) and r ∼ s means that routes
r and s connect the same OD pair. This is perhaps the most natural route swap vector
to consider. The fact that swapping occurs between every pair of routes has a smoothing
effect, which is seen in the following theorem:

Theorem 2. The swap vector φ(X) defined in (2) is a continuous function of X provided
that C(X) is a continuous function of X.

Proof. Since C(X) is a continuous function of X, it is possible to choose δ > 0 such that
if ‖X −Y‖ then ‖C(X) −C(Y)‖ < ǫ

8MN
. If also δ < ǫ

4BN
, then

(φ(X) − φ(Y))r(t) ≤
∑

s:r∼s

(|Xs(t) − Ys(t)|(C
Y
s (t) − CY

r (t))+ + Xs(t)|(C
X
s (t) − CX

r (t))+

− (CY
s (t) − CY

r (t))+| + |Xr(t) − Yr(t)|(C
Y
r (t) − CX

s (t))+

+ Xr(t)|(C
X
r (t) − CX

s (t))+ − (CY
r (t) − CY

s (t))+|)

≤
∑

s:r∼s

(2B‖X− Y‖ + 4M‖C(X) − C(Y)‖)

≤ N(2B‖X −Y‖ + 4M‖C(X) −C(Y)‖)

< ǫ

In the case where the cost vector C(X) is a monotone function of the route flow vector
X, Mounce [4] shows convergence to equilibrium of this route swap process.
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3.2 Pairwise swapping with cost exponents

The previous section considered swapping between pairs of routes where the rate of swap
was proportional to the flow on the more costly route multiplied by the difference in
cost between the two routes. To make the rate of swap proportional to the flow squared
multiplied by the cost difference would be unnatural, since travellers are no more or less
likely to swap from one route to another if there are more fellow travellers on the same
route; and in fact this approach would not aid the convergence to equilibrium. However,
travellers are more likely to swap route if the cost difference is larger between two routes;
and this relationship may not necessarily be linear. This section looks at the case where
an exponent is placed on the cost difference, resulting in the swap vector

φ(X) =
∑

r,s:r∼s

Xr(t)[C
X
r (t) − CX

s (t)]q+δrs (3)

where q is an integer greater than 1 and [x]q+ = ([x]+)q. As q is chosen to be larger, the
cost difference between routes becomes a more and more important factor. A value of
q = 2 would mean that doubling the cost difference between two routes would multiply
the swap rate by 4. Note that the route swap vector in (3) can be scaled by a constant
(e.g. to reduce the magnitude of the swap vector if q is chosen to be large).

Theorem 3. The swap vector φ(X) defined in (3) is a continuous function of the route
flow vector X provided that C(X) is a continuous function of X.

Proof. Firstly, it will be shown that |(CY
r (t)−CY

s (t))q
+− (CX

r (t)−CX
s (t))q

+| is a Lipschitz
continuous function of C(X) −C(Y), i.e. that

|(CY
r (t) − CY

s (t))q
+ − (CX

r (t) − CX
s (t))q

+| ≤ k‖C(X) − C(Y)‖ (4)

for some constant k. Clearly (4) holds if both CY
r (t) ≤ CY

s (t) and CX
r (t) ≤ CY

s (t). Now
assume that CY

r (t) > CY
s (t) and CX

r (t) ≤ CX
s (t). Then

(CY
r (t) − CY

s (t))q
+ = (CY

r (t) − CX
r (t) + CX

r (t) − CX
s (t) + CX

s (t) − CY
s (t))q

+

≤ |CY
r (t) − CX

r (t)|q + |CX
r (t) − CX

s (t)|q + |CX
s (t) − CY

s (t)|q

≤ 2‖C(X) − C(Y )‖q

≤ 2 (Cmax)
q−1 ‖C(X) −C(Y)‖

By symmetry, the result holds if CY
r (t) ≤ CY

s (t) and CX
r (t) > CY

s (t).
Now suppose that CY

r (t) > CY
s (t) and CX

r (t) > CX
s (t). Then since

|(CY
R (t) − CY

s (t))+ − (CX
r (t) − CX

s (t))+| ≤ 2‖C(X) −C(Y)‖

it follows that

|(CY
R (t) − CY

s (t))+ − (CX
r (t) − CX

s (t))+| ≤ (Cmax)
q − (Cmax − 2‖C(X) −C(Y)‖)q

≤ A(Cmax, q)‖C(X) −C(Y)‖
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for some constant A(Cmax, q) depending on Cmax and q. Therefore (4) holds with k =
max{A(Cmax, q), 2C

q−1
max}. Since C(X) is a continuous function of X, it is possible to

choose δ > 0 with δ < ǫ
4NCq

max
such that ‖C(X) − C(Y)‖ < ǫ

4NMk
, in which case

‖φ(X)r(t) − φ(Y)r(t)‖ =
∑

s:r∼s

(Xs(t)(C
X
s (t) − CX

r (t))q
+ − Xr(t)(C

X
r (t) − CX

s (t))q
+

− Y s(t)(CY
s (t) − CY

r (t))q
+ + Yr(t)(C

Y
r (t) − CY

s (t))q
+)

=
∑

s:r∼s

(Xs(t) − Ys(t))(C
X
s (t) − CX

r (t))q
+ + Ys(t)((C

X
s (t) − CX

r (t))q
+

− (CY
s (t) − CY

r (t))q
+) + (Yr(t) − Xr(t))(C

Y
r (t) − CY

s (t))q
+

+ Xr(t)((C
Y
r (t) − CY

s (t))q
+ − (CX

r (t) − CX
s (t))q

+

≤
∑

s:r∼s

2Cmax
q‖X −Y‖ + 2Mk‖C(X) −C(Y)‖

≤
∑

s:r∼s

ǫ

2N
+

ǫ

2N

≤ N
ǫ

N
= ǫ

Theorem 4. Let q be a nonzero real number. If route cost is a monotone function of
route flow, then

V (X) =
∑

k∈K

∑

r∈Rk

∫ 1

0

Xr(t)(C
X
r (t) − CX

s (t))q+1
+ dt

is a Lyapunov function for the dynamical system (1) with route swap vector φ(X) as
defined in (3). Hence this dynamical system is globally convergent to equilibrium.

Proof. Firstly, define 1r to be the N -vector with 1 in the rth place and zeros elsewhere.
Then

dV

dτ
=

∫ 1

0

∑

r,s:r∼s
u,v:u∼v

(CX
r (t) − CX

s (t))q+1
+ Xu(t)(C

X
u (t) − CX

v (t))q
+(1r � δuv)dt

− (q + 1)

∫ 1

0

φ(X)(t) � δC(X; φ(X))(t)dt

where δC(X; φ(X)) is the right-hand liminf derivative of C at X in the direction φ(X).
Since C is monotone,

∫ 1

0

φ(X)(t) � δC(X; φ(X))(t)dt ≥ 0.
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Therefore

dV

dτ
≤

∫ 1

0

∑

r,s:r∼s
u,v:u∼v

(CX
r (t) − CX

s (t))q+1
+ Xu(t)(C

X
u (t) − CX

v (t))q
+(1r � δuv)dt

=

∫ 1

0

∑

r,s:r∼s
u,v:u∼v

(−C(X)(t) � δrs)
q+1
+ Xu(t)(−C(X)(t) � δuv)q

+(1r � δuv)dt

=

∫ 1

0

∑

s,u,v:u∼v

Xu(t)(−C(X)(t) � δuv)q
+

(

∑

r

(−C(X)(t) � δrs)
q+1
+ (1r � δuv)

)

dt

=

∫ 1

0

∑

s,u,v:s∼u∼v

Xu(t)(−C(X)(t) � δuv)q
+((−C(X)(t) � δvs)

q+1
+

− (−C(X)(t) � δus)
q+1
+ )dt. (5)

Since u ∼ v ∼ s in the final line of (5), it follows that δus = δuv + δvs and then

−C(X)(t) � δus = −C(X)(t) � δuv + −C(X)(t) � δvs

for all t ∈ [0, 1]. Therefore

−C(X)(t) � δuv > 0 ⇒ −C(X)(t) � δus > −C(X)(t) � δvs

for all t ∈ [0, 1]. This implies that no term in (5) is positive for any time t ∈ [0, 1], and
then, taking only some of the terms in (5), it follows that

dV

dτ
≤

∫ 1

0

∑

u,v:u∼v

Xu(t)(−C(X)(t) � δuv)q
+((−C(X)(t) � δvv)q+1

+ − (−C(X)(t) � δuv)q+1
+ )dt

= −

∫ 1

0

∑

u,v:u∼v

Xu(t)(−C(X)(t) � δuv)2q+1
+ dt.

Therefore dV
dτ

is bounded above by a negative continuous function away from equilibrium.
Also, V (X) is non-negative on D and zero only at equilibrium.

3.3 Swapping towards the least costly route

In this section, swapping is assumed to be proportional to the flow on the more costly
route multiplied by the cost difference as in the previous sections; but here swapping
occurs only from each route to the least costly route for that OD pair. For simplicity, this
shall be formulated in the steady state model first and its properties investigated. If flow
from the higher cost routes is shared out equally among the least cost routes, the swap
vector is given by

φ(X) =
∑

k∈K

∑

r∈Rk

∑

s∈Kmin(X)

Xr[Cr(X) − Cs(X)]

|Kmin(X)|
δrs (6)
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where Kmin(X) = {r ∈ Rk : Cr(X) ≤ Cs(X)∀s ∈ Rk} and |Kmin(X)| is the number
of routes in Kmin(X). One might think that since route costs are real-valued (in the
steady state model) the likelihood of two routes having the same cost would be very
small. While this might be true initially, when swapping occurs continuously, eventually
the lower cost route will increase and become equal to the cost on one of the other routes.
It is this possibility of having more than least costly route that makes the route cost
vector discontinuous as a function of the route flow vector:

Theorem 5. The route swap vector defined in (6) is a discontinuous function of the route
flow vector X.

Proof. Let routes 1, 2 and 3 denote routes connecting the same OD pair. Let X be a route
flow vector with C1(X) < C2(X) < C3(X). Let Y be another route flow vector equal to X
apart from Y2 = X2 − δ and Y3 = X3 + δ, with C2(Y) = C1(Y) and C3(Y) = C3(X) + γ.
This leads to the swap vectors

φ(X) =





X2(C2(X) − C1(X)) + X3(C3(X) − C1(X))
−X2(C2(X) − C1(X))
−X3(C3(X) − C1(X))



 , φ(Y) =





Y3

2
(C3(Y) − C1(Y))

Y3

2
(C3(Y) − C2(Y))

−Y3(C3(Y) − C1(Y))





Hence ‖X − Y ‖ = δ whereas, no matter how small δ is,

‖φ(X) − φ(Y)‖ ≥ |φ2(X) − φ2(Y)|

= |
X3 + δ

2
(C3(X) − C1(X) + γ) − X2(C2(X) − C1(X))|

>
X3

2
(C3(X) − C1(X)).

It should be clear that if the swap rates are not weighted by flows (i.e. if Xr is omitted
from (6)) then the resulting route swap vector is also discontinuous as a function of the
route flow vector. It is important to notice that by moving in the direction specified in (6)
the identity of the least costly route may immediately change, in which case the system
would not be moving towards the least costly route. Hence (6) should be modified so that
if there is more than one route in Kmin(X) then the swap vector φ(X) is chosen so that

C ′
r(X; φ(X)) = C ′

s(X; φ(X)) (7)

for all r, s ∈ Kmin(X) with

φr(X) = −Xr(Cr(X) − Ckmin
(X) (8)

for all r /∈ Kmin(X); and
∑

r∈Kmin(X)

φr(X) =
∑

r∈Rk:r /∈Kmin(X)

Xr(Cr(X) − Ckmin
(X)) (9)

for each OD pair k. Let M =
∑

k∈K |Kmin(X)|. Then (7), (8) and (9) determine M
equations in M components of φ(X). These equations do have at least one solution (i.e.
the equations are not inconsistent) although there may in fact be infinitely many solutions.
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Theorem 6. Suppose that the route cost vector C(X) is a monotone function of the
route flow vector X and the route swap vector is defined as in (7), (8) and (9). Then

V (X) =
∑

k∈K

∑

r /∈Kmin(X)

Xr(Cr(X − Ckmin
(X))2

is a Lyapunov function for any solution trajectory of the dynamical system (1).

Proof.

dV

dτ
=
∑

k∈K

∑

r /∈Kmin(X)

[

2Xr(Cr(X) − Ckmin
(X))

d

dτ
(Cr(X) − Ckmin

(X))

+
dXr

dτ
(Cr(X) − Ckmin

(X))2
]

(10)

However, since φ(X) is chosen so that each route in Kmin(X) stays equally least costly,
it is possible to choose coefficients wrs such that (10) can be rewritten as

dV

dτ
=
∑

k∈K

∑

r /∈Kmin(X)

∑

s∈Kmin(X)

2wrsXr(Cr(X) − Cs(X))
d

dτ
(Cr(X) − Cs(X))

+
∑

k∈K

∑

r /∈Kmin(X)

dXr

dτ
(Cr(X) − Ckmin

(X))2

= −2φ(X)TJ(X)φ(X) +
∑

k∈K

∑

r /∈Kmin(X)

dXr

dτ
(Cr(X) − Ckmin

(X))2.

where J(X) is the Jacobian matrix of C at X. Then since C is a monotone function of
X, φ(X)TJ(X)φ(X) ≥ 0 and then, for all non-equilibrium X,

dV

dτ
≤
∑

k∈K

∑

r /∈Kmin(X)

dXr

dτ
(Cr(X) − Ckmin

(X))2 < 0.

Swapping to the least costly route (or routes) can be formulated in the dynamic model by
essentially inserting within-day time t into (6). It should be clear from Theorem 5 that
if the route swap vector is formulated in a similar way to (6) in the dynamic model, then
it will be a discontinuous function of the route flow vector X. In the dynamic model the
flows and costs are varying within-day; and therefore the route that is least costly will
vary within-day. In addition, only directional derivatives of the cost function exist in the
dynamic model and therefore formulating the swap vector as in (7), (8) and (9) is unlikely
to work.

3.4 Optimised swapping based on Wu et al. [8]

Wu et al. [8] define a discrete route swap process as an iterative scheme (rather than
specifying a route swap vector as in previous sections). If X is the current iterate, then
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the next iterate, say Y, is found by solving the following quadratic program for Y(t) at
each within-day time t:

Minimise
∑

r

[

(Yr(t) − Xr(t))C
X
r (t) +

1

2α
(Yr(t) − Xr(t))

2

]

subject to
∑

r∈Rk

Yr(t) = ρk(t) for all k ∈ K; andYr(t) ≥ 0 for all r (11)

for some α > 0. Note that in this section time of day will be assumed to be discrete, so
that at within-day time t means during time period t.
Without the quadratic term, the solution Y(t) to (11) would minimise

∑

r Yr(t)C
X
r (t)

at each within-day time t, which would result in all traffic between each OD pair being
assigned to the least costly route (for X) between that OD pair. However, the quadratic
term moderates this policy, by penalising large changes from the current route flow vector
X. This ensures that some of the flow is assigned to the least costly route, less to the next
least costly route and so on. In fact, by carefully choosing the value of α, the optimisation
problem (11) has a very simple solution:

Proposition 1. If α > 0 is chosen sufficiently small, then the solution to the quadratic
program (11) is given, for each within-day time t, by

Yr(t) = Xr(t) + α(C̄X
k (t) − CX

r (t))

where C̄X
k (t) is the average cost on all the used routes and a subset of the unused less

costly routes (it will be shown in the proof how this subset is calculated).

Proof. Firstly, consider (11) without the non-negativity constraints to give the new quadratic
program

Minimise
∑

r

[

(Yr(t) − Xr(t))C
X
r (t) +

1

2α
(Yr(t) − Xr(t))

2

]

subject to
∑

r∈Rk

Yr(t) = ρk(t) for all k ∈ K (12)

for some α > 0. Now (12) has a convex objective function and linear constraints. There-
fore the Karusch-Kuhn-Tucker conditions are necessary and sufficient for a solution of
(12). The Karusch-Kuhn-Tucker conditions are that there exists β such that:

CX
r (t) +

1

α
(Yr(t) − Xr(t)) − β = 0 for all r

∑

r∈Rk

Yr(t) = ρk(t) for all k ∈ K (13)

Rearranging (13) gives
Yr(t) = Xr(t) + α(β − CX

r (t)) (14)

10



When (14) is summed over r ∈ Rk, one obtains

∑

r∈Rk

Yr(t) =
∑

r∈Rk

[Xr(t) + α(β − CX
r (t))]

and since
∑

r∈Rk
Xr(t) =

∑

r∈Rk
Yr(t) = ρk(t), this reduces to

β =

∑

r∈Rk
CX

r (t)

|Rk|
= C̄X

k (t).

Substituting this back into (15) gives

Yr(t) = Xr(t) + α(C̄X
k (t) − CX

r (t)). (15)

Now it is shown that α > 0 can be chosen so that the non-negativity constraints in (11)
are redundant. Let RX

k0(t) = {r ∈ Rk : Xr(t) > 0}, i.e. the set of used routes connecting
OD pair k at time t (when the route flow vector is X). Also define UX

k (t) = {r ∈ Rk :
Xr(t) = 0}, i.e. the set of unused routes connecting OD pair k at time t (when the route
flow vector is X). Suppose that the routes in UX

k (t), denoted u1, u2, u3 etc. are ordered
so that

CX
u1

(t) ≤ CX
u2

(t) ≤ CX
u3

(t) . . .

Now denote the average of RX
k (t) by m(RX

k0(t)) =

P

r∈RX
k0

(t)
CX

r (t)

|RX
k0(t)|

. If CX
u1

(t) < m(RX
k0(t))

then add u1 to RX
k0(t) to give RX

k1(t). Then repeat this procedure with the resulting set and
the following elements until an element um is reached such that CX

um
(t) ≥ m(RX

k(m−1)(t)).

Notice that the ordering of elements in UX
k (t) is unimportant, since if CX

um
(t) = CX

um+1
(t),

then
CX

um
(t) < m(RX

k(m−1)(t)) =⇒ CX
um+1

(t) < m(RX
km(t)).

Rename this set RX
k (t) and define the average route cost C̄X

k (t) = m(RX
k (t)). Then

choose α such that α ≤ mint mink∈K minr∈Rk

Xr(t)

CX
r (t)−C̄X

k
(t)

for all routes r with Xr(t) > 0

and CX
r (t) > C̄X

k (t). Notice that this minimum exists and is positive since within-day
time is assumed to be discrete (but it could be zero if within-day time is continuous).
Consequently, with this choice of α, the non-negativity constraints are redundant in (12)
with Rk replaced by RX

k (t). It should be clear that the solution to this modified problem,
namely the solution in (15), is the solution to the original problem (11).

A potential problem with this method is that α might have to be very small in order that
the non-negativity contraint is satisfied.

3.5 Swapping from above average cost routes to below average cost routes

This section considers swapping from above average cost routes to below average cost
routes; in this case, we mean a flow weighted average C̄X

k (t) defined by

C̄X
k (t) =

∑

r∈Rk
Xr(t)C

X
r (t)

∑

r∈Rk
Xr(t)

(16)
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It is natural for the swap rate from a higher than average cost route to be proportional
to the flow on the more costly route multiplied by the difference between the given route
cost and the average route cost, i.e. if route r ∈ Rk is such that CX

r (t) > C̄X
k (t), then

φ(X)r(t) = −Xr(t)(C
X
r (t) − C̄X

k (t)).

The total amount swapped from all the above average cost routes should be divided
amongst the below average cost routes proportionate to the difference in cost between
each of these routes and the average cost, i.e. if route s is such that CX

s (t) < C̄X
k (t), then

φ(X)s(t) =
C̄X

k (t) − CX
s (t)

∑

s:CX
s (t)<C̄X

k
(t)

(

C̄X
k (t) − CX

s (t)
)

∑

r:CX
r (t)>C̄X

k
(t)

Xr(t)
(

CX
r (t) − C̄X

k (t)
)

. (17)

Finally, if the cost on route r is equal to the average cost (for that OD pair at time t)
then φ(X)r(t) = 0.

Theorem 7. In the steady state model, if the route swap vector is defined as above (but
with time of day t omitted) then the route swap vector is a continuous function of the
route flow vector provided that the route cost vector is a continuous function of the route
flow vector.

Proof. Firstly, notice that

|C̄k(X) − C̄k(Y)| =

∑

r∈Rk
XrCr(X)

∑

r∈Rk
Xr

−

∑

r∈Rk
YrCr(Y)

∑

r∈Rk
Yr

=
1

ρk

∑

r∈Rk

(XrCr(X) − YrCr(Y))

=
1

ρk

∑

r∈Rk

[Xr(Cr(X) − Cr(Y)) + Cr(Y)(Xr − Yr)]

≤
|Rk|

ρk

(M‖C(X) −C(Y)‖ + Cmax‖X −Y‖)

≤
max k ∈ K|Rk|

mink∈K ρk

(M‖C(X) −C(Y) + Cmax‖X − Y‖)

and therefore the average route cost is a continuous function of the route flow vector.
Now for any route flow vector X and any given route r connecting OD pair k, there
are three possibilities. Firstly, suppose that Cr(X) > C̄k(X). Then since C̄k(X) is a
continuous function of X, it is possible to choose ‖X− Y‖ small enough so that also
Cr(Y) > C̄k(Y). Then

|φr(X − φr(Y)| = |Yr(Cr(Y − C̄k(Y) − Xr(Cr(X− C̄k(X))|

= |Cr(Y)(Yr − Xr) + Xr(Cr(Y − Cr(X) + Xr(C̄k(X) − C̄k(Y))

+ C̄k(Y)(Xr − Yr)|

≤ 2Cmax‖X − Y‖ + M‖C(X) − C(Y)‖ + M |C̄k(X) − C̄k(Y)| (18)
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and therefore φr(X) is a continuous function of the route flow vector at X.
Secondly, suppose that Cr(X) < C̄k(X). Again, since C̄k(X) is a continuous function
of X, it is possible to choose ‖X −Y‖ small enough so that Cr(Y) < C̄k(Y). As an
extension to (18) it is clear that

∑

r:CX
r (t)>C̄X

k
(t)

Xr(t)
(

CX
r (t) − C̄X

k (t)
)

(19)

is also a continuous function of the route flow vector at X. Also note that

C̄X
k (t) − CX

s (t)
∑

s:CX
s (t)<C̄X

k
(t)

(

C̄X
k (t) − CX

s (t)
) ≥ A

∑

r:CX
r (t)>C̄X

k
(t)

Xr(t)
(

CX
r (t) − C̄X

k (t)
)

(20)

for some constant A, which follows from the definition of the average in (16). It then
follows that if ‖X− Y‖ is chosen small enough then

∣

∣

∣

∣

∣

∣

C̄X
k (t) − CX

s (t)
∑

s:CX
s (t)<C̄X

k
(t)

(

C̄X
k (t) − CX

s (t)
) −

C̄Y
k (t) − CY

s (t)
∑

s:CY
s (t)<C̄Y

k
(t)

(

C̄Y
k (t) − CY

s (t)
)

∣

∣

∣

∣

∣

∣

< ǫ. (21)

It then follows from (21) and the fact that the expression in (19) is continuous that (17)
is a continuous function of the route flow vector at any given route flow vector X.
Finally, suppose that Cr(X) = C̄k(X). If Y is such that Cr(Y) ≥ C̄k(Y) then

|φr(X) − φr(Y)| = |Yr||Cr(Y) − C̄k(Y)| ≤ M(‖C(X) − C(Y)‖ + |C̄k(X) − C̄k(Y)|).

Alternatively, if Y is such that Cr(Y) < C̄k(Y) then

|φr(X) − φr(Y)| =

∣

∣

∣

∣

∣

∣

∑

r:Cr(Y)>C̄k(Y)

Yr(Cr(Y) − C̄k(Y))
C̄k(Y) − Cr(Y)

∑

r:Cr(Y)<C̄k(Y)(C̄k(Y) − Cr(Y))

∣

∣

∣

∣

∣

∣

(22)

The denominator in (22) is bounded below if ‖X − Y‖ is chosen small enough; and
the remaining terms are arbitrarily small if ‖X − Y‖ is chosen small enough. Hence
|φr(X) − φr(Y)| is a continuous function of X.

Notice that weighting the average by flows is crucial in ensuring that the swap vector
is continuous as a function of the route flow vector. The swap vector is easily specified
once the average costs are calculated. In the dynamic model, continuity of the route swap
vector (as a function of the route flow vector) is unlikely to hold since the average costs will
be changing throughout the day. It is not clear whether the swap vector detailed in this
section leads to a convergent dynamical system (assuming that route cost is monotone)
in either the steady state or dynamic model.
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3.6 Methods based on the cost gradient

Bar-Gera [2] stated that “the amount of flow shifted between routes should be the differ-
ence in travel times divided by an estimate of its (cost) derivative”. To avoid problems
when the cost derivative is zero, it seems sensible to apply a lower bound to the scale, i.e.
the swap between route r and route s should (in the steady state model) be

Xr(Cr(X) − Cs(X))+

max{C ′
r(X), A}max{C ′

s(X), A}

C ′
r(X) is easily calculable in the steady state model, but in the dynamic model only

directional derivatives exist. Hence such gradient methods may not be applicable. Also,
the additional computational costs of calculating cost gradients must be factored in when
determining the efficiency of any such gradient methods.

3.7 Discretisation of the route swap process

For implementation, the traffic assignment problem must be discretised. This discreti-
sation may occur within-day (in dynamic traffic models) in space and/or time, but also
from one day to the next. In fact it is more natural to consider route swapping to occur
from one day to the next, since this is what happens in the real world. This results in the
following discrete dynamical system

Xn+1 = Xn + αφ(Xn) (23)

In the continuous dynamical system (1), the solution stays in the feasible set provided
that the swap vector sums to zero (for each OD pair) and that the swap rates are weighted
by flows, so that flows remain non-negative. In the discrete dynamical system (23), in
order that the iterates stay in the feasible set, the value of α must be chosen small enough
so that the sequence of iterates stays within the feasible set as in Smith and Wisten [9].
If α is chosen small enough, the system converges to within a small distance of equilibrium;
provided that route flows are moved in a descent direction.

Theorem 8. Suppose that V (X) is a Lyapunov function for the continuous dynami-
cal system (1) and that φ(X) is a continuous function of X. Suppose also that V is
continuously differentiable with

(∇V (X))(φ(X)) ≤ −k‖φ(X)‖3 (24)

for some constant k. Then the discrete dynamical system (23) is guaranteed to converge
to within a certain distance of equilibrium. Furthermore, this distance from equilibrium
decreases as α decreases.

Proof. See Mounce and Carey [10].

Notice that Theorem 8 requires that the route cost vector be a continuously differentiable
function of the route flow vector. In the steady state model, this is the case provided
that the cost on each link is a continuously differentiable function of the link flow. In
the dynamic model, this may not hold. For instance, in the bottleneck model, there is

14



a discontinuity in the cost gradient as the bottleneck becomes congested; and so in this
case the theorem would not be applicable.
In Theorem 8, the smaller the choice of α, the closer the dynamical system (23) eventually
gets to equilibrium. Although a descent direction can be specified after this point, the
step size is then too large to decrease the objective function. One way around this would
be to periodically decrease α as the system reaches a series of thresholds. Another method
is to decrease α at each iteration; so that the step length is decreasing in relation to the
descent vector φ(X), resulting in the discrete dynamical system

Xn+1 = Xn + α(n)φ(Xn) (25)

where α(n) > 0 for all n. Of course α(0) must be chosen small enough so that the iterates
stay within the feasible set D as discussed above.

Theorem 9. Suppose that V (X) is a Lyapunov function for the continuous dynamical
system (1) and that φ(X) is a continuous function of X. Suppose that V is continuously
differentiable with (24) holding for some constant k. Suppose also that α(n) → 0 as
n → ∞ and

∑∞
n=1 α(n) = ∞. Then the discrete dynamical system (25) is guaranteed to

converge to equilibrium.

Proof. See Mounce and Carey [10].

Note that although by hypothesis V is a Lyapunov function in Theorems 8 and 9 and so
continually decreases with day-to-day time, in the discrete dynamical system not every
step reduces V (this depends on the step size). Many algorithms choose a step size at
each iteration, in order to minimise the objective function along the descent vector, e.g.
as in the Frank-Wolfe algorithm (Van Vliet, 1987).
When the sequence of predetermined step sizes in (25) is chosen to be α(n) = 1

n
, this is

called the method of successive averages (MSA), because the vector at each iteration can
be expressed as the average of a sequence of vectors in the descent direction (Sheffi, 1985).
Powell and Sheffi (1982) show that if the objective function has continuous first and second
derivatives and if descent of the objective function is guaranteed for all non-equilibrium
X, then (25) converges to equilibrium provided that

∞
∑

n=1

α(n) = ∞ ;
∞
∑

n=1

α(n)2 < ∞.

4 Equivalence of convergence measures

A convergence measure is a measure of how close the system is to equilibrium. If the set of
equilibria was known in advance, then the distance between the current route flow vector
and the set of equilibria would be a simple convergence measure; but this would not be
a useful one since calculating equilibrium is generally what the route swap process aims
to do. Consequently, the distance from equilibrium is generally expressed as a function
of the route flow vector. This function should be zero at equilibrium and it should have a
relatively large value when there are many travellers on routes that are more costly than
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other routes connecting their OD pair. Hence it is natural to multiply the flow rates on
the more costly routes by the differences in costs between the routes. Summing over all
OD pairs and integrating over time gives the convergence measure

V1(X) =
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)(C
X
r (t) − CX

s (t))+dt.

One might wish to accentuate any large difference in costs between routes, e.g. by squaring
the cost differences, which would result in the convergence measure

V2(X) =
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)(C
X
r (t) − CX

s (t))2
+dt.

With this convergence measure, four travellers on a route that is one unit more costly
would equate to one traveller on a route that is two units more costly. Both V1(X) and
V2(X) are natural convergence measures for the route swap process in Section 3.1 where
swapping occurs between each pair of routes. Generalising this convergence measure to
arbitrary exponents of flow and cost (say p and q) gives

Vpq(X) =
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)
p(CX

r (t) − CX
s (t))q

+dt.

Also natural is to multiply the amount of flow on a given route by the cost difference
between the given route and the least costly route (at that within-day time) for that OD
pair. This results in the following (generalised) convergence measure:

Mpq(X) =
∑

k∈K

∫ 1

0

∑

r∈Rk

Xr(t)
p(CX

r (t) − CX
kmin

(t))qdt

where CX
kmin

(t) = minr∈Rk
CX

r (t). This is a natural convergence measure for the route
swap process in Section 3.3 where swapping occurs only to the least costly route.
If the costs at equilibrium are unique, then dividing Vpq(X) by

∑

r∈R

∫ 1

0
Yr(t)

pCY
r (t)dt

(where R denotes the set of all routes in the network and Y belongs to the set of equilibria)
gives

V E
pq (X) =

∑

k∈K

∑

r,s∈Rk

∫ 1

0
Xr(t)

p(CX
r (t) − CX

s (t))q
+dt

∑

r∈R

∫ 1

0
Yr(t)pCY

r (t)qdt

which is a unit-free convergence measure (and we can define ME
pq(X) in a similar way).

V E
pq (X) measures the distance from equilibrium as a proportion of the total cost at equi-

librium. Costs at equilibrium may not be unique, in which case to obtain a unit-free
convergence measure, it is necessary to divide by the current total cost to give

Wpq(X) =

∑

k∈K

∑

r,s∈Rk

∫ 1

0
Xr(t)

p(CX
r (t) − CX

s (t))q
+dt

∑

r∈R

∫ 1

0
Xr(t)pCX

r (t)qdt
.

A normalised version of Mpq(X) is given by

W M
pq (X) =

∑

k∈K

∫ 1

0

∑

r∈Rk
Xr(t)

p(CX
r (t) − CX

kmin
(t))q

+dt
∑

r∈R

∫ 1

0
Xr(t)pCX

r (t)qdt
.
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Definition 1. Two convergence measures V (X) and W (X) are equivalent if there exist
constants α and β such that, for all X ∈ D,

αV (X) ≤ W (X) ≤ βV (X). (26)

Lemma 1. If V (X) and W (X) are equivalent convergence measures then convergence of
either one (with respect to a given swap vector and starting route flow vector) implies
convergence of the other (with respect to the same swap vector and starting route flow
vector).

Proof. Suppose that V (X) and W (X) are equivalent, so that (26) holds for some constants
α and β. Suppose that V (X)(τ) → 0 with respect to a swap vector φ(X) and starting
route flow vector X0. Then given any δ > 0, there exists τδ such that V (X)(τ) < δ for
all τ > τδ. Given any ǫ > 0, let δ = ǫ

β
. Then if τ > τδ,

W (X) ≤ βV (X) < βδ = ǫ.

Therefore W (X) → 0. In order to show that W (X) → 0 implies that V (X) → 0, simply
repeat the argument with δ = αǫ.

It is clear that V E
pq (X) is equivalent to Vpq(X) and ME

pq(X) is equivalent to ME
pq(X).

Theorem 10. The convergence measures Vpq(X) and Mpq(X) are equivalent.

Proof. Firstly, define RX
k (t) = {r ∈ Rk : CX

r (t) > CX
kmin

(t)}. Then

Vpq(X) =
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)
p(CX

r (t) − CX
s (t))q

+dt

=
∑

k∈K

∫ 1

0

∑

r,s∈Rk

Xr(t)
p(CX

r (t) − CX
s (t))q

+dt

=
∑

k∈K

∫ 1

0

∑

r∈Rk

Xr(t)
p(CX

r (t) − CX
kmin

(t))q
+ +

∑

k∈K

∫ 1

0

∑

r,s∈RX
k

(t)

Xr(t)
p(CX

r (t) − CX
s (t))q

+dt

≥
∑

k∈K

∫ 1

0

∑

r∈Rk

Xr(t)
p(CX

r (t) − CX
kmin

(t))q
+dt

= Mpq(X).

Conversely,

Vpq(X) =
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)
p(CX

r (t) − CX
s (t))q

+dt

≤
∑

k∈K

∑

r∈Rk

|Rk|

∫ 1

0

Xr(t)
p(CX

r (t) − CX
kmin

(t))q
+dt

≤ max
k∈K

|Rk|
∑

r∈Rk

∫ 1

0

Xr(t)
p(CX

r (t) − CX
kmin

(t))q
+dt

=

(

max
k∈K

|Rk|

)

Mpq(X).
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Hence Vpq(X) and Mpq(X) satisfy (26) with α = 1
maxk∈K |Rk|

and β = 1. Therefore Vpq(X)

and Mpq(X) are equivalent.

Theorem 11. The convergence measures Vpq(X) and Wpq(X) are equivalent.

Proof. In any reasonable traffic performance model, one would expect that link costs
are bounded below by a positive constant, i.e. for each link i there exists a positive
constant ci such that cx

i (t) ≥ ci for all link inflow vectors x and within-day time t ∈ [0, 1].
Consequently, each route cost is bounded below by a positive constant Cr =

∑

i:i∈r ci. If
we define Cmin = minr∈R Cr, then CX

r (t) ≥ Cmin for all route flow vectors X and time

t ∈ [0, 1]. If p ≥ 1, then
∑

r∈Rk
Xr(t)

pdt ≥ |Rk|
(

ρk(t)
|Rk|

)p

, in which case

∑

r∈R

∫ 1

0

Xr(t)
pCX

r (t)qdt ≥
∑

r∈R

∫ 1

0

Cq
minXr(t)dt

= (Cmin)q
∑

k∈K

∑

r∈Rk

∫ 1

0

Xr(t)
pdt

≥ (Cmin)q
∑

k∈K

∫ 1

0

|Rk|

(

ρk(t)

|Rk|

)p

dt.

If p < 1, then
∑

k∈K

∫ 1

0
Xr(t)

pdt ≥
∫ 1

0
ρk(t)

pdt, in which case

∑

r∈R

∫ 1

0

Xr(t)
pCX

r (t)qdt ≥ (Cmin)q
∑

k∈K

∑

r∈Rk

∫ 1

0

Xr(t)
pdt

≥ (Cmin)q
∑

k∈K

∫ 1

0

ρk(t)
pdt

If we define

Amin = min
{

∑

k∈K

∑

r∈Rk

∫ 1

0

Xr(t)
pdt,

∑

k∈K

∫ 1

0

ρk(t)
pdt
}

then it is clear that
∑

r∈R

∫ 1

0

Xr(t)
pCX

r (t)qdt ≥ (Cmin)q Amin,

from which it follows that

Wpq(X) ≤

∑

k∈K

∑

r,s∈Rk

∫ 1

0
Xr(t)

p(CX
r (t) − CX

s (t))q
+dt

(Cmin)q Amin

=
1

(Cmin)q Amin

Vpq(X) (27)

Now we show that
∑

r∈R

∫ 1

0
Xr(t)

pCX
r (t)qdt is bounded above. Assuming that C is a

continuous function of X (such continuity in the bottleneck model is shown in Mounce
(2007)), it must be bounded on the compact set D, i.e. there exists a constant Cmax such
that CX

r (t) ≤ Cmax for all routes r ∈ R, route flow vectors X ∈ D and time t ∈ [0, 1].
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Also, since Xr(t) ≤ ρk(t), clearly

∑

r∈R

∫ 1

0

Xr(t)
pCX

r (t)qdt ≤ (Cmax)
q
∑

k∈K

∑

r∈Rk

∫ 1

0

Xr(t)
pdt

≤ (Cmax)
q
∑

k∈K

|Rk|

∫ 1

0

ρk(t)dt

= (Cmax)
q Amax

where Amax =
∑

k∈K |Rk|
∫ 1

0
ρk(t)dt. From this it follows that

Wpq(X) ≥

∑

k∈K

∑

r,s∈Rk

∫ 1

0
Xr(t)

p(CX
r (t) − CX

s (t))q
+dt

(Cmax)
q Amax

=
Vpq(X)

(Cmax)
q Amax

(28)

Combining (27) and (28) yields

1

(Cmax)
q Amax

Vpq(X) ≤ Wpq(X) ≤
1

(Cmin)q Amin
Vpq(X)

and therefore Vpq(X) and Wpq(X) are equivalent.

Theorem 12. Equivalence of convergence measures is transitive, i.e. if V (X) and M(X)
are equivalent and if V (X) and W (X) are equivalent, then it follows that M(X) and
W (X) are equivalent.

Proof. Suppose that V (X) and M(X) are equivalent, in which case there exist constants
α1 and β1 such that

α1V (X) ≤ M(X) ≤ β1V (X). (29)

Also suppose that V (X) and W (X) are equivalent, in which case there exist constants α2

and β2 such that
α2W (X) ≤ V (X) ≤ β2W (X). (30)

Combining (29) and (30),

α1α2W (X) ≤ α1V (X) ≤ M(X) ≤ β1V (X) ≤ β1β2W (X)

and therefore M(X) and W (X) are equivalent.

Corollary 1. The convergence measures Mpq(X) and Wpq(X) are equivalent.

Proof. This follows immediately from Theorems 10 and 11.

Corollary 2. The convergence measures Wpq(X) and W M
pq (X) are equivalent.

Proof. Since Vpq(X) and Mpq(X) are equivalent,

αVpq(X) ≤ Mpq(X) ≤ βVpq(X). (31)

Dividing through by
∑

r∈R

∫ 1

0
Xr(t)C

X
r (t)dt in (31) yields the necessary inequality for

equivalence of Wpq(X) and W M
pq (X).
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Theorem 13. If Vpq(X) → 0, then Vmn(X) → 0 for all pairs m, n with m ≥ p and n ≥ q.

Proof. Suppose that Vpq(X) → 0 and let m, n be such that m ≥ p and n ≥ q. Since
Xr ∈ L∞[0, 1], each route flow function is essentially bounded above, say by M . Then

Vmn(X) =
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)
m(CX

r (t) − CX
s (t))n

+dt

=
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)
p(CX

r (t) − CX
s (t))q

+Xr(t)
m−p(CX

r (t) − CX
s (t))n−q

+ dt

≤
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Mm−p (Cmax)
n−q Xr(t)

p(CX
r (t) − CX

s (t))q
+dt

= Mm−p (Cmax)
n−q
∑

k∈K

∑

r,s∈Rk

∫ 1

0

Xr(t)
p(CX

r (t) − CX
s (t))q

+dt

= Mm−p (Cmax)
n−q Vpq(X).

Hence Vmn(X) → 0.

5 Conclusion

The paper considered various route swap processes and investigated their convergence to
equilibrium (assuming that the route cost vector is a monotone function of the route flow
vector). Pairwise swapping (in which swapping can occur between each pair of routes)
converged even with an arbitrary exponent on the cost differences (in the dynamic model;
and hence also in the steady state model). When swapping is only to the least costly
route (for that OD pair), convergence was shown in the steady state case. Various forms
of convergence measure were considered; this form is suggested by the route swap process.
Equivalences were established between the different forms, in that if one converged to
zero (for a particular route swap process) then so would the other. These equivalences
are independent of whether the swap process is continuous or discrete (i.e. a sum can be
substituted for the integral) and clearly any result holding in the dynamic model would
also hold in the steady state model by simply omitting within-day time. Finally, it is clear
that there are many questions left unanswered and hence a great deal of further work to
do.
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On the Price of Anarchy in Dynamic Equilibrium Problems

Elliot Anshelevich∗ Satish Ukkusuri†

May 23, 2008

1 Introduction

Wardrop equilibrium has been studied extensively within the context of noncooperative games in
which player strategies consist of subsets of resources, and the utility of a player depends on the
numbers of players choosing the same strategy or some overlapping strategy. The concept of Wardorp
equilibrium forms a core principle in the analysis of transportation networks [2]. While much work
has studied the existence of Wardrop equilibrium and its computation for static networks, there is
little work on dynamic flows (i.e., flows varying with time).

Traffic networks are complex representations of nonlinear space and time interactions of individ-
ual tripmakers. The representation of the dynamics of traffic flow and user decisions in response to
information and control actions has been a central problem of interest to transportation scientists. It
has been well accepted that accounting for traffic dynamics leads to accurately predicting congestion
effects and evaluating transportation policies. Modeling traffic networks to understand equilibrium
properties is especially relevant in the present day context when many alternative advanced telem-
atics systems including intelligent transportation systems (ITS) are prevalent. Evaluation of the
real time information capabilities of these technologies is predicated on the accurate estimation of
congestion in transportation networks. The need to model time-varying network flow of vehicles for
ITS applications has generated many contributions for solving dynamic traffic assignment. These
contributions are varied – some analytical [14, 13] and some simulation based [9, 3]; and are mo-
tivated by different methodological approaches. They may be classified according to the modeling
paradigm underlying the temporal traffic model. In order to provide a common terminology for
the various models, it is convenient to refer to two main components of any dynamic traffic model:
the route-choice mechanism and the network-loading mechanism. The latter is the method used to
represent the evolution of traffic flow over the links of the network once the route choice has been
determined. In the simulation based dynamic traffic assignment, the network loading procedure is
repeated multiple times until convergence, the obtained value is assumed to be the dynamic equi-
librium solution. While simulation based procedures ensure tractability and scalability, they often
lack a strict guarantee that the solution obtained is indeed a dynamic equilibrium. However, it is
paramount to be able to obtain a verifiable equilibrium solution since this will guarantee consistency
checking.

In this paper, we consider nonatomic splittable dynamic flow problems, in which we model
interactions involving a continuous number of agents, each having a negligible effect on the other
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agents. This is reasonable for a large urban transportation network since the delay caused by one
car is a small fraction of the total system delay. It is well known that Nash equilibria in general and
Wardrop equilibria in particular are typically inefficient: they generally do not minimize the social
cost. To characterize this inefficiency, [7] proposed to analyze the inefficiency of equilibria from a
worst-case perspective; this led to the notion of price of anarchy [10], which is the ratio of the worst
social cost of a Nash equilibrium to the cost of a system optimal solution. In the context of static
traffic equilibrium (i.e., time invariant traffic flow on each link), the price of anarchy was analyzed
in a series of papers for increasingly more general classes of cost functions and other model features;
see, among others, [11, 5, 6].

The central question we plan to address is: What is the price of anarchy (PoA) in dynamic
equilibrium problems? Not surprisingly, this question is much more difficult to answer than in the
static equilibrium problem. While the analytical formulation in the static case is well defined, there
is no single well accepted model for the dynamic case. This necessitates that we first define our
model precisely. In our problem, the arcs in a given network represent the resources, the different
origin-destination pairs correspond to the player types, and the strategies available to a particular
player type are the paths in the network between its origin-destination pair. The cost of an arc
describes the delay experienced by traffic traversing that arc as a function of the flow on that arc.
A key difference in this problem is that the cost to traverse the link also represents the time it takes
to reach the end of the link and different flows can have different delays depending on when they
enter the link. A social optimum corresponds to a multicommodity dynamic flow of minimum total
delay and we denote the best solution with respect to this objective by OPT , whereas in a dynamic
Wardrop equilibrium, every player is traveling on a time dependent shortest path. As is common
with static traffic assignment, we assume that each agent has full information about the network
and the delays they will experience (instead of, say, stochastic knowledge or local knowledge), and
their strategy consists of picking the best path from their source to their destination.

To answer our key question about price of anarchy, our objectives in this paper will be as follows:

1.1 Objectives

1. Compute the PoA in dynamic models with flow-independent costs. This will be computed by
showing that the dynamic problem can be converted to an equivalent static problem and the
results can be extended to the dynamic problem.

2. Demonstrate the existence of an equilibrium (and how to compute it efficiently) for single-
source single-sink networks in which the travel time for a unit of flow depends on the flow in
front of it, and the first-in first-out (FIFO) principle is satisfied.

3. Demonstrate that an equilibrium does not exist for multi-source networks in which the travel
time for a unit of flow may depend on the flow in front of it, and the first-in first-out (FIFO)
principle is satisfied.

4. Demonstrate that for both of the above cases (2) and (3) the PoA can be unbounded.

1.2 Preliminaries and Model Definitions

For all our models, we define a directed network, G = (V, E), where V represents the set of nodes
and E represents the set of edges/links. For the single-source single-sink case, we are also given
a source node s and sink node t, with a demand D between node s and node t. In general, the
flow leaves the source node s over multiple time intervals, but this can be modeled by using several
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sources with links to s. In addition, for each link e ∈ E, the congestion or disutility is a function
of the number of vehicles present on the link and other characteristics of the vehicle trajectory such
as location and speed. The specific functional forms of the congestion function will be elaborated
in each of the models separately. The key difference, however, with the static flow problem is that
the congestion on each link represents the actual time it takes for a unit of flow to traverse the link
e. Given this setting, our goal in the dynamic equilibrium problem is to find a Nash equilibrium for
all the flow that desires to move from node s to node t. Our goal in the system optimum problem is
to compute the flows which minimize the average travel time from node s to node t. We now define
the basics of the different models we consider to achieve these goals.

1.2.1 Flow-Independent Model

In this model, the travel time on a link e ∈ E does not depend on the amount of flow on that link.
In other words, the travel time on every edge is constant. This is analogous to the All-or-Nothing
Assignment problem in static traffic assignment, with the path of minimum delay simply being the
shortest path. We will compute our results under two cases: (i) when the travel time and the
disutility to go from node s to node t are the same; and (ii) when the travel time and the disutility
between node s and node t are different and the disutility depends on the traffic flow on the path.

1.2.2 Inflow Model with Front Dependence

In our second model, the time taken for a unit of flow to traverse a link e may depend on the flow
in front of it. In addition, a strict FIFO property is ensured for all the flow at the link level. There
is a range of models that satisfy the aforementioned conditions; one of them will be explained in
Section 3.

With this setting, we are now ready to discuss in detail the results from each of the models.
The next section describes the results from the Flow Independent Model, the section following that
discusses the results for the single source single sink Inflow Model with Front Dependence. The
following section shows the nonexistence of equilibrium in multi-source Inflow Model with Front
Dependence. Finally, the last section concludes the paper with some open questions.

2 Flow-Independent Model

In this section, we discuss the results of the PoA for the Flow Independent Model. To compute
the PoA, we discuss how to compute the Nash Equilibrium and System Optimum solutions for this
problem. As mentioned before, in the Flow-Independent model, we assume that each link e has
a delay de, and any flow that enters this link at time τ leaves this link at time τ + de. This is
flow-independent in the sense that the delay de does not depend on the amount of flow currently
on the link. If edges are uncapacitated, then the best thing for any flow (whether selfish or not)
would be to proceed on the fastest path from s to t. Therefore, we assume that each edge also has
a capacity ce so that at every timestep, at most ce units of flow are allowed to enter e.

As several papers including [8] pointed out before, looking at a flow over time in the Flow-
Independent Model is the same as looking at a static flow in the appropriate time-expanded graph.
Specifically, form a new graph G′ with a set of nodes V τ in G′ for every timestep τ , and add edges
(vτ , wτ+de) with capacity ce to G′ if and only if there is an edge e = (v, w) in G. We also add
edges of the form (vτ , vτ+1) with unbounded capacity for all v, τ , signifying that flow is able to stay
at one node instead of moving anywhere in a timestep. It is easy to see that any static flow in G′

corresponds exactly to a flow over time in G (even with multiple sources and sinks). In fact, [8]
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gave a PTAS for finding OPT in this model, and also showed that the flow at OPT never requires
“waiting” (a.k.a. “intermediate storage”, where flow stays at a vertex instead of immediately leaving
it).

To understand the price of anarchy in the Flow-Independent Model, we first consider the quality
of Nash equilibria in the static flow model with capacities. It is easy to see that there can exist many
equilibria in the presence of capacities, and in fact the PoA can be unbounded [6], since the worst
equilibrium can be much more expensive than OPT. This has led to the investigation of the price
of stability [1, 6]. The price of stability is the ratio between the best Nash equilibrium and OPT.
The best equilibrium can naturally be viewed as the optimum solution subject to the constraint
that the solution be stable, with no agent having an incentive to unilaterally defect from it once it is
implemented. For the models with a unique equilibrium, the price of stability (PoS) coincides with
the PoA, but in the case of capacitated networks, [6] demonstrated that these can be dramatically
different.

To the best of our knowledge, nothing has been shown about Nash equilibria for the Flow-
Independent Model, but we can easily show the following fact. The results of this section hold for
instances with any number of sources and sinks.

Theorem 2.1 For the Flow-Independent Model, the price of stability is 1. In other words, there
exists a Nash equilibrium as good as OPT.

Proof: As described in [8], there is a one-to-one correspondence between dynamic flows in G and
static flows in G′. Specifically, let F be a dynamic flow in G. We now show how to construct a
corresponding static flow in G′. If according to flow F , a unit of flow enters an edge (v, w) at time
τ , then we can say that this unit of flow traverses the edge (vτ , wτ+de) in G′, and vice versa. If a
unit of flow arrives at its destination t at time τ in F , then the corresponding unit of flow reaches
node tτ according to the corresponding static flow F ′.

It is easy to see that this transformation forms a one-to-one correspondence. In fact, we will
show below that the optimal (minimum total delay) dynamic flow in G corresponds to the optimal
static flow in G′, and that a flow F is a dynamic equilibrium if and only if the corresponding flow
F ′ is a static equilibrium. Therefore, comparing dynamic equilibria with OPT in G is the same
as comparing static equilibria with OPT in G′. This means that we can use existing results about
static flows. G′ is a static flow graph with constant latency functions, and so OPT is simply a
min-cost flow, where the cost of an edge is its latency. Therefore, OPT is a static Nash equilibrium.
To see this, suppose to the contrary that in OPT there exists a path with free capacity from some
source s to some sink t in G′ that is cheaper than some path from s to t with positive flow. Then,
by switching a small amount of flow to this cheaper path, we can form a flow that is cheaper than
OPT, giving us a contradiction. Since the static optimal solution in G′ is a static equilibrium, then
the dynamic optimal solution in G is a dynamic equilibrium, and so the price of stability is 1. This
does not imply, however, that the price of anarchy is 1, since in capacitated static networks there
can be many equilibria, some much more expensive than OPT.

To finish the proof, we must show the correspondence between the optimal and equilibrium
solutions of G and G′. First, we show that the total delay of F equals the total latency of F ′

according to constant latency functions de. That is, we define the latency function of (vτ , wτ+de)
to be de, and the latency function of (vτ , vτ+1) to be 1. To avoid incurring extra cost for flow after
it reaches its sink, we create extra nodes t′ in G′ corresponding to each sink t, and form links of
unbounded capacity and zero latency from all nodes tτ to t′. In the static flow F ′ corresponding to
a dynamic flow F , we now send flow from s0 to t′ if F sends flow from s to t. With these latency
functions, the latency of a unit of flow of F ′ is exactly the same as the time it takes to reach its

4



destination according to F . This implies that the optimal (minimum total delay) dynamic flow in
G corresponds to the optimal static flow in G′.

Moreover, a flow F is a dynamic equilibrium if and only if the corresponding flow F ′ is a static
equilibrium. F ′ is not an equilibrium if and only if there exists a path P from some source s to some
sink t with free capacity, such that the latency d(P ) of this path is smaller than the latency of a
path from s to t with positive flow on it. This is because the existence of such a path P guarantees
a possible deviation for some flow of F ′. Since the latency of a path in G′ exactly equals to the
delay of the corresponding path in G, this also means that F is not a dynamic Nash equilibrium, as
desired. 2

Because of the correspondence between static flows in G′ and dynamic flows in G, we know that
comparing dynamic equilibria with OPT in G is the same as comparing static equilibria with OPT
in G′. This tells us that PoA in the Flow-Independent Model is unbounded, using the results of [6].

Using this intuition, we can also generalize the above results as follows. Suppose that the disutility
of a player traveling on path P is not simply its delay

∑
e∈P de (as we assume in the rest of this

work), but is instead a function of how congested its route was. Specifically, for every edge e of
G, suppose that there is some function δt

e(f
t
e) that shows the cost to a player using edge e at time

t, with this cost dependent on the amount of traffic f t
e entering edge e at time t. The total cost

to a player using path P is then the sum of these costs, and minimizing the total cost to all the
players is the same as maximizing social welfare. In other words, we assume that while it still takes
a constant amount of time de for everyone to traverse edge e (independent of the amount of traffic
f t

e), the disutility δt
e(f

t
e) of a player using edge e actually increases as the amount of traffic increases,

modeling the fact that people do not like to drive in heavy traffic, even if it does not cause them
to be delayed. This can also model other modes of transportation (such as subway systems), where
the travel time may not change with the number of users, but the utility of a user changes greatly
(e.g., because the subway car is crowded, or there is not place left to sit).

These new player utilities do not change the possible flows, so the transformation from G to G′

is still valid, as well as the correspondence between dynamic flows in G and static flows in G′. If
we set the cost of an edge et in G′ to be δt

e(f
t
e) instead of just de, then the cost of a flow F ′ in G′

is still the same as the total cost to all players in the corresponding dynamic flow F of G. This
means that instead of thinking about dynamic flows in G, we can now think about static flows in
G′, and compare the Nash equilibria in G′ with OPT. Using existing results about static flows, we
know that in capacitated graphs, the price of anarchy can be very high, while the price of stability
is at most α(A), a value depending on the class of possible latency functions. For example, if the
functions δt

e are linear in the amount of traffic, then α(A) equals 4/3, and for polynomials of degree
d, α(A) = d/ log d. In addition, we know that in graphs without capacities, the price of anarchy is
at most α(A), and so all equilibria are good compared to the optimal centrally planned solution.

Theorem 2.2 The prices of anarchy and of stability for the Flow-Independent model are at most
those for the static flow model with cost functions δt

e. For example, if δt
e are all linear functions,

then:

• The price of stability is at most 4/3 for capacitated graphs.

• The price of anarchy is at most 4/3 for uncapacitated graphs.

If instead of linear, the functions δt
e were polynomials with degree at most d, then the factor of

4/3 above can be replaced with d/ log d.
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Proof: Using the same arguments as in the proof of Theorem 2.1, we can establish a correspondence
between the optimal solutions and the equilibria of dynamic solutions in G and static solutions in
G′. Therefore, all the results about comparing static equilibria to OPT still apply to the dynamic
solutions. The results about the price of anarchy above come directly from the classic results of [11].
To prove the results about the price of stability in capacitated networks, we apply the results from
[12], which show that there always exists an equilibrium that is close in cost to optimal. In fact,
these same results also give bounds on the prices of anarchy and stability for any class of functions,
not just linear and polynomial ones. 2

3 About FIFO and Front-dependence

An important goal in modeling dynamic flows is to understand the desirable properties of a good
dynamic equilibrium model. For mathematical tractability and traffic realism in dynamic flow
models, it is essential to satisfy (i) first in first out (FIFO) and (ii) Front Dependence properties.
The FIFO property can be defined as that any unit of flow A entering a link e before some flow
unit B also exits the link before B; in other words overtaking is not allowed1. It is easy to show
that simple inflow or exit flow models violate the FIFO condition. For instance, if there is a sharp
increase in traffic flow at time t followed by a rapid decrease in flow at time t + 1, then FIFO may
be violated since the time taken for a flow entering at time t is much higher than the flow entering
at time t + 1. Many authors have tried to overcome this limitation by assuming that the number of
vehicles on a link at time t is a function of both inflow and exit flow [13, 4]. While these models,
work well for most practical traffic flows, they do not overcome the FIFO limitation fully.

The concept of front dependence means that the delay at the beginning of the node must depend
on the flow currently on the link. Stated simply, front dependence means that travel time for flow
depends only on flow ahead of it but never on the flow behind it. To illustrate, consider for instance
a single link with a batch of flow ρ on the link at time t, and a flow χ about to enter the link. The
time taken by the flow χ to reach the end of the link will depend on the flow ρ on the link already,
and the flow χ entering the link. To satisfy FIFO, the flow χ should arrive later than the flow ρ.
There are a range of models which satisfy the FIFO and front dependence conditions, including
point queue models and other models that provide approximate “positions” (based on microscopic
traffic simulations) of the flow currently on the link (i.e., how far along the link it has traveled so
far) or/and a function of speed of the flow.

In this section, we will describe one specific form of the model more clearly and will define an
equilibrium for these models. While the class of models defined above is extremely complex and
general, we are able to prove that there exists a NE for this general class of dynamic models, and
provide an algorithm to compute the equilibrium solution. To the best of our knowledge this is the
first theoretical result on the existence/computation of NE for this general class of models. In our
models, in addition to the aforementioned definition of FIFO, we impose that the flow should not be
split further on a link during the traffic flow propagation (possibly due to jam density and capacity
constraints). In other words, a flow which starts at the beginning of a link should reach the end of
the link as a single unit without any further splitting. This condition is only enforced at the link
level. Point Queue Models based on simple deterministic queuing relationships ensure this condition
at the link level, although they assume flow independent service times.

Now we are ready to discuss in more detail about one specific model which satisfies the above
properties. Unfortunately most of the models which satisfy both FIFO and front dependence cannot

1More formally, let τ(xt) denote the time taken to traverse a link for a flow xt entering at time t and thus exiting
at time t+τ(xt). FIFO is satisfied only if, for a flow ys entering at a time s = t+∆t, we have that ∆t+τ(ys) > τ(xt).
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be written in closed form and do not possess a general analytical solution. Note that this is in contrast
to the static model where the typical BPR functions satisfy both FIFO and front dependence.
However, these models can be solved using numerical methods using various discrete time forward
or backward differencing methods for solving first-order differential equations. Then, we will develop
generalized results for these class of models about the existence and uniqueness of equilibrium. Then
we will show results on the PoA for these models.

• Variations of the Point Queue Model

One specific form of a model which satisfies the above described properties is a modified form
of the point queue model. Suppose that a flow x enters the tail of a link e at time t, and
assume that if there were no flow on the link at time t, then x will traverse the link in a fixed
travel time which can be a constant cf or, to more accurately account for congestion effects, an
expression such as cfx. Now suppose instead that some flow y was already present on the link
at time t. Let τ(y) be the time at which the last unit of the y flow exits the link e. To satisfy
the FIFO property, the x flow must leave the link only after all of the y flow has left, i.e, after
τ(y). For this to be satisfied, set the time at which x will exit the link to be cfx + csy + τ(y).
This can be thought of as the flow x moving at an average speed, Vx = l/cfx + csy + τ(y),
which ensures that it always lags flow y. The sum csy+τ(y) is called the dwell time for flow, x.
The total travel time for the flow x is thus cfx+csy+τ(y). This represents the fact that there
will be a point queue at the beginning of the link which will result in an additional congestion
related queuing time csy, and the above travel times guarantee FIFO, and are front-dependent.

In fact, any travel times that result in the x flow exiting the edge after τ(y) would satisfy
FIFO. For example, we could instead say that x exits the edge at time max(cfx + t, τ(y)).
This would correspond to the x flow traveling along the link at a top speed of 1/cfx, but
being unable to pass any flow that is in front of it. In general, any model where flow x has a
top speed for traveling on an edge, with its actual speed dependent on the presence or on the
density of the flow ahead of x, fits into our framework. FIFO is satisfied in such a model as
long as the speed constraints are such that flow never passes anyone ahead of it.

In the following theorem, we show that equilibria in our model correspond exactly to static
equilibria in in the appropriate static network. Since static equilibria are efficiently computable (at
least for linear congestion functions), this theorem provides us with an algorithm for computing
dynamic equilibria as well. In fact, our results can be extended even to models that do not satisfy
front-dependence.

Theorem 3.1 In a FIFO model with Front Dependence, when a single (splitable) unit of flow desires
to get from a source s to a sink t, a unique Nash equilibrium always exists and can be computed
efficiently.

Proof: We will form an equilibrium solution as follows. Consider x units of flow to be the first
flow to enter link e. How long would it take this flow to traverse e? This time could be arbitrary,
but it will be a function of only the current flow on link, x, since the delay does not depend on the
flow behind it, and there is no flow ahead of it. Thus, we let de(x) be the delay that x amount
of traffic would encounter on link e if there were no one else ahead of it on e. Compute a static
equilibrium flow {fe} on graph G with latency functions de(x). To form a dynamic equilibrium, we
now transform {fe} into a dynamic flow as follows. If some amount of flow x takes the path P in
the static flow, send the same amount of flow on the same path in the dynamic flow, with no waiting
or intermediate storage. We claim that this dynamic flow F is a (dynamic) Nash equilibrium.
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In general, in a dynamic flow it is possible that different units of flow reach a node at different
times. We will first show that this does not happen in the dynamic flow F . That is, we will show
that for every node v, all the flow of F that reaches v arrives at it simultaneously. In the static
equilibrium {fe}, the latency from s to any node v is the same no matter which flow path is taken
(since otherwise there would be incentive for flow to switch its path). Call this delay dv. Let GF be
the subgraph of G only containing edges with positive flow fe, and direct GF in the direction that
the flow is taking. Notice that we can form an ordering of nodes in nondecreasing order of dv that
is also a topological sort of GF . This is because if there were flow through a node v to node w, then
it must be that dw ≥ dv. We do not have to worry about cycles of delay 0, as we can assume that
GF is acyclic (otherwise we would be able to remove the cycle, and still have a static equilibrium).
Without loss of generality, rename the nodes so that this order is s = v1, v2, . . . , vn = t, and set
di = dvi

. We now prove inductively on this ordering that all the flow in the dynamic solution F
that arrives at a node v arrives there simultaneously at time dv.

The base case is trivial, since all the flow arrives at node s at time ds = 0. Now, consider a
node vi, and suppose that for all nodes vj with j < i, we have that the only time when flow in the
dynamic solution F arrives at vj is at time dvj . Now consider a link (vj , vi) with flow on it. In the
dynamic flow F , there is only one time that flow uses this link, since there is only one time when
flow reaches node vj , and the flow of F enters its next edge as soon as it arrives at node vj (i.e., we
are assuming no intermediate storage). This means that all the flow enters this link at the same time
dj , so the flow that traverses e = (vj , vi) experiences a delay of exactly de(fe). By our definition of
dvi , we know that dvi = dvj + de(fe). Therefore, all of the flow of F that arrives at vi arrives there
at the same time, specifically at time dvi .

We have shown that in the dynamic flow F , all the flow arriving at a node arrives there simulta-
neously. In particular, this is true for the destination node t, so all of the flow paths have the same
delay (call it dmax), and no one would want to switch to a different flow path of F . To show that
F is a dynamic Nash equilibrium, all that is left to show is that there does not exist a path P that
is not used by the flow F , with a delay d(P ) smaller than dmax. Suppose to the contrary that such
a path P exists. Let v be the first node on this path that can be reached in time strictly less than
dv on this path P (we know such a node exists, since t is one such node). Let w be the previous
node before v in P that is in GF (that is, that has some flow of F going through it). We know such
a node exists since s is a such a node. By our choice of v, we know that the time it takes to reach
node w along path P in the presence of the dynamic flow F is at least dw. Consider the subpath
P (w, v) of P from w to v.

If P (w, v) does not include any edges of GF , consider the latency along P (w, v) in the static
equilibrium {fe}. This latency is

∑
e∈P (w,v) de(0), since there is no flow traversing the edges of

P (w, v). Since de(x) is defined as the delay for x amount of flow to traverse edge e if not affected
by any other flow, this means that de(0) is the smallest possible time that it would take to traverse
edge e under any circumstances in our dynamic model (assuming that the presence of other flow
only increases the travel time). Because of this, we know that the delay for traversing P (w, v) in
our dynamic model would be at least the latency of P (w, v) in the static equilibrium {fe}. But the
delay of any path to v in the static equilibrium is at least dv. Therefore, the time necessary to get
to v along path P in the presence of the dynamic flow F is at least dw +

∑
e∈P (w,v) de(0) ≥ dv. This

gives us a contradiction, since we chose v as a node that can be reached earlier than dv.
The path P (w, v) cannot contain more than one edge of GF by our choice of w, but it might

consist of a single edge (w, v) of GF . By our FIFO property, any flow that arrives at w after dw

must reach node v after dv, since we have flow on the edge (w, v) leaving at dw and reaching v at
dv. Therefore, the time necessary to get to v along path P in the presence of the dynamic flow F
is once again at least dv. This once again yields a contradiction, and so we have shown that the
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needed time to get to any node v is at least dv. In particular, for all paths P from s to t, the delay
d(P ) on path P is at least dmax, and so F is a dynamic Nash equilibrium.

We also want to show that if the model obeys strict FIFO, then this dynamic equilibrium cor-
responding to the static one is the only existing Nash equilibrium. To see this, consider a dynamic
equilibrium in which flow reaches some node v at two distinct times τ1 and τ2, with τ1 < τ2. Let
Pi be the flow path from v to t of the flow reaching v at time τi, for i = 1, 2. Since this is an
equilibrium, all flow must reach the destination at the same time, so the delay on P1 is strictly
greater than the delay on P2. In this case, the flow arriving at τ1 would have incentive to switch its
path to P2. Since it would leave on the same path strictly before the flow arriving at τ2, it would
also arrive strictly before it at the destination. Therefore, this solution could not be an equilibrium.
Since all flow arriving at any node v arrives there simultaneously, we have that no edge is ever used
by a dynamic flow equilibrium at two different times. Let fe be the amount of flow traversing edge
e in the dynamic equilibrium. We claim that {fe} is a static equilibrium under latency functions
de(x).

To prove this, let d′v be the time that flow reaches node v in this dynamic equilibrium. Let GF

be as above, and let s = v1, v2, . . . , vn = t be a topological sort of the nodes in GF , ordered in
nondecreasing order of d′v. As before, this is possible since a cycle in GF would have a time delay
of 0, and we could simply remove such a cycle and still have a dynamic equilibrium. Using similar
arguments to the ones above, we can show that the latency of all flow paths of {fe} to v in the static
problem is exactly d′v, and the latency of paths not carrying flow is at least d′v. In particular, this
is true for the destination node t, and so {fe} is a static equilibrium. By the uniqueness of static
equilibria in uncapacitated graphs, we conclude that the dynamic equilibrium is unique as well. 2

This means that in the models which satisfy both FIFO and front dependence, the equilibria can
be computed efficiently, since we know how to efficiently compute static equilibria, especially if all
the delay functions are linear. For multiple units of flow that are leaving from the same source at
different times, the same arguments apply. However, they only work if the edge lengths are small
enough, so that earlier units of flow not to affect the later ones. Notice also that the above arguments
hold for any model satisfying FIFO, even if front-dependence is violated.

4 Lower Bounds and Examples with No Equilibrium

In the previous section we saw that for the single-source single-sink case of any model satisfying
Front-Dependence and FIFO, a unique Nash equilibrium exists, and can be computed efficiently.
Unfortunately, as we will show below, this equilibrium can be much worse than the optimal solution,
leading to large prices of anarchy and stability (which are the same in this case, since the equilibrium
is unique). We also give an example with multiple sources where an equilibrium does not exist at
all.

Example with very large price of anarchy. In the proof of Theorem 3.1, we established that
the equilibria of our dynamic model correspond to static equilibria in the same graph G with cost
functions de(x). de(x) in this case is the time it would take x amount of flow to traverse edge e if
there were no flow ahead of it on e. The price of anarchy in our model can be very different from
the price of anarchy for static flows, however, since while the cost of the equilibrium remains the
same, the optimal solution in the dynamic model can be very different from the optimal solution for
the static graph. This leads to the cost of the optimal solution being very small compared to the
cost of the equilibrium.
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To illustrate this, consider the example in Figure 1, where we have k parallel paths leading from
s to v, followed by a path of 100 edges leading from v to t. Suppose the parallel paths have constant
delay, with the i’th path having delay i− 1. The 100 edges in the bottleneck path each have a delay
such that if x amount of flow enters an edge, with no other flow currently on this edge, then it will
take x time units for this flow to leave the edge (i.e., de(x) = x).

Figure 1: An example with unbounded PoA.

Consider the solutions for the example in Figure 1 when k units of flow must get from s to t.
First consider the solution where all the flow takes the path of delay 0 to v, and then travels together
on the bottleneck path. All the flow will get to t at time 100k, so the total delay in this solution
is 100k2. This solution is a Nash equilibrium. To see this, consider a possible deviation for some
infinitesimal unit of flow. The only possible deviations take a path to v with delay greater than 0,
and so this flow arrives at v after all the other flow has started on the bottleneck path. By the FIFO
property, the flow that has deviated will arrive at t only after everyone else has, and so this is not
an improving deviation. Therefore, this solution is a Nash equilibrium.

On the other hand, OPT can incur a much smaller total delay. Consider the solution where 1
unit of flow takes each of the k parallel paths. The first unit of flow arrives at t at time 100. The
second unit of flow is not affected by the first, since by the time it reaches one of the bottleneck
edges, the first unit of flow has already left it. Therefore, the second unit of flow arrives at t at
time 1 + 100. In general, the i’th unit of flow would arrive at t at time i + 100. The total delay is
therefore at most k2/2+100k, which is in fact the optimal solution. For a large enough k, this gives
us the price of anarchy approaching 200. Instead of using 100, we can use any constant, and so the
price of anarchy can be arbitrarily high in this FIFO model.

Notice that instead of using k units of flow, we can scale down the flow and the delays on the
parallel paths, and obtain the same results using only a single unit of flow.

For multi-source, Nash equilibria may not exist. We have shown above that the price of
anarchy can be very high in most FIFO models, since the optimal dynamic solution can “stagger”
the flow by breaking it up into small pieces, while an equilibrium must keep all the flow together
so all of it arrives at the same time. For the multi-source version of FIFO models, things are even
worse, since a Nash equilibrium may not exist at all. While below we present a multi-source multi-
sink example with no equilibrium, there also exist such examples with only a single sink node (but
multiple source nodes).

Consider the example in Figure 2, with functions de(x) as shown in the figure. For example, for
the edge from v to t2, if x flow enters this edge, with no other flow currently on this edge, then it
will take 100x time units for this flow to leave the edge. We do not specify what the delays are if
there is already some flow on this edge, except that such delays must obey the FIFO property, and
that they are strictly greater than the delays shown in the figure. If an edge is not labeled with a
function, then we say that the delay on this link is 0.
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Figure 2: A multi-source multi-sink example with no equilibrium.

There are three demands d1, d2, d3 with sources (si, ti) for i = 1, 2, 3, and with flow sizes of 2,
100, and 10 respectively. All these demands leave their sources at the same time.

We will first describe the basic idea of why this example has no equilibrium, and then prove it
rigorously. Notice that d1 and d3 have a choice of exactly two paths in reaching their sinks, and d2

has only one path from s2 to t2, and so has no choice at all. The basic idea is as follows. If more
than 1 unit of flow of d1 chooses the lower path, then it does not affect d2 (since it arrives at their
shared edges after d2), and so d2 proceeds on its path without any interference, and reaches node v
at the same time as the flow of d3. This greatly increases the travel time on the lower path of d3,
causing d3 to choose the upper path. This in turn causes the lower path of d1 to become slower,
causing flow to shift to its upper path. This causes the amount of flow from d1 using its lower path
to become less than 1, which delays the arrival time of d2 at node v. This means that the lower
path of d3 is fast again, causing d3 to shift flow from its upper path, which makes the lower path of
d1 cheaper again. This cyclical behavior can continue forever, and in fact we will show that there is
no possible equilibrium solution.

We now prove that this network has no Nash equilibrium. Let y1 be the amount of flow of d1

that takes the lower path of d1, and y3 the amount of flow of d3 that takes the lower path of d3. We
will consider 3 cases: y1 = 0, 0 < y1 ≤ 1, and y1 > 1.

If y1 = 0, consider the options available to flow of d1. The upper path always has a delay of 150,
while a small amount of flow (say ε < 1/2) on the lower path would get to all of its edges before any
other flow could (i.e., before time 1 to the second edge of its path, and before time 2 to the fourth
edge), and so would incur a delay of 22ε + 1, which is smaller than 150. Therefore, the flow of d1

would desire to deviate to its lower path, and so this is not an equilibrium.
If y1 > 1, then d2 is not affected by this flow since y1 reaches the edge labeled with delay x + 1

after the flow of d2 entered it. This means that the 100 units of flow of d2 reach node v at time 102,
since no other flow interferes with their travel before node v. Consider now the options available to
flow of demand d3. The lower path has a delay of 102 + 100(100 + y3) = 10000 + 102 + 100y3, since
y3 reaches v at exactly the same time as the large amount of flow from s2. This makes this path
undesirable compared to the upper path with delay 2 + 20(10− y3) + 1103 ≤ 1305, and so to have
a stable solution, it must be that y3 = 0. The delay of the upper path is 1305 because y1 reaches
the edge labeled 20x after at least 2y1 + 1 > 3 units of time, and so the flow of d3 is not affected by
it. Now let us consider the options available to flow of d1. Since y3 = 0 and y1 > 1, then y1 arrives
at the edge labeled 20x after the flow of d3, and because of the FIFO property, it can only reach t1
after time 20(10− y3) = 200. This is longer than the delay of 150 on the upper path of d1, and so
this cannot be an equilibrium.

If 0 < y1 ≤ 1, then the y1 flow is still on the edge labeled with delay x + 1 when the flow of
d2 enters it. According to our assumptions, this delays d2 by some amount, and so it takes strictly
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more than 102 time to reach node v. Consider now the options available to flow of demand d3. The
lower path has a delay of only 102 + 100y3, since it is no longer affected by d2. The upper path has
a delay of at least 1103, which is greater than the delay of the lower path even if all 10 units of flow
are sent on the lower path. Therefore, for this solution to be stable, it must be that y3 = 10. Now
let us consider the options available to flow of d1. Since y3 = 10, the delay on the lower path of d1

is at most 1 + (101 + 1) + 20 = 123. This occurs in the worst case when y1 = 1 and so enters the
edge labeled x+1 at exactly the same time as d2. However, this delay is still smaller than the delay
of 150 on the upper path of d1, and so this cannot be an equilibrium, as flow of d1 would desire to
switch to it lower path.

5 Conclusions and Future Work

We have discussed the concept of Price of Anarchy for dynamic equilibrium problems. We have
identified different important research questions one must address to understand the NE in dynamic
flow problems. Specifically, we have shown the PoA for flow independent models and models which
satisfy FIFO and front dependence. We have highlighted the desirable properties of dynamic flow
problems which ensure mathematical tractability and traffic realism. In summary, our main results
are:

1. Dynamic flows in the flow-independent model correspond exactly to flows in the time-expanded
graph (as has been pointed out in previous papers). This gives rise to the results (2) and (3)
below.

2. The price of stability is 1. In other words, there exists a Nash equilibrium as good as OPT.
This is true even with edge capacities, with multiple sources and sinks, and with intermediate
storage being allowed.

3. If the disutility to a player is not simply the delay, but also depends on the amount of traffic
they encounter, then the same results about price of anarchy hold here as in static equilibria.
For example:

• Without capacities, if all the disutilities are linear, then the price of anarchy is 4/3.

• With capacities, if all the disutilities are linear, then the price of stability is 4/3 (that is,
there exists a good equilibrium, but there may also exist bad equilibria).

4. There is always a unique Nash equilibrium which can be computed in a single source s to single
sink t model with FIFO and front dependence and splitable flow. This NE can be derived by
converting the static ones to equivalent dynamic ones.

5. The PoA for the single source s to single sink t model with FIFO and front dependence is
unbounded.

6. In the multi-source multi-sink case, a NE may not exist. The same holds for the multi-source
single-sink case.

The present paper provides important avenues for future research. First, we would like to char-
acterize the equilibrium solutions for the multi-source traffic networks and identify good equilibria.
This will allow us to influence agents so that they choose the best NE as compared to other NE.
Second, one key reason for obtaining the unbounded PoA for the FIFO and front dependence model
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is because of the nature of the OPT solution. The OPT solution can be arbitrarily small since by
splitting flow one can improve the OPT solution. One can identify ways to influence the equilibrium
solutions to be closer to OPT, either by providing taxes or real time information about the link
states. This will help us to obtain a smaller PoA with the influenced equilibrium solution. Third,
while the models proposed in this work assume non-atomic flow, since agent based microsimulations
model each vehicle individually, it would be interesting to derive similar results for the atomic case.
Finally, one should test the different models for the PoA using rigorous simulations under different
traffic situations. While the theoretical bounds may be worse off, for real world traffic networks,
the PoA may not be really that bad. Such simulations will significantly understand the different
between the user equilibrium solution and the OPT solution in dynamic networks.
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Study on Dynamic System Optimum Assignment 
to Establish Marginal Time Equilibrium 
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Abstract 

This research analyzes path dynamic marginal time (DMT) on a general network and proposes 
an algorithm of the Dynamic System Optimum (DSO) assignment by establishing the 
equilibrium of the path DMT.  Although several analytical methods for DSO have been 
proposed, they are limited to simple networks and have difficulty in extending to general 
networks.  In this study, the path DMT is first analyzed on a network with multiple 
bottlenecks and multiple paths under the FIFO point queue concept.  Then, an algorithm for 
DSO is proposed so as to establish the equilibrium of the path DMT, and validated by 
comparing the numerical result with the analytical one.   

Keywords: Dynamic System Optimum, Dynamic Marginal Time, Bottleneck Model 

1 Introduction 

Several analytical methods for DSO assignment have been proposed, but they are basically 
classified into two kinds.  One obvious approach is the minimization of total travel time 
subject to several constraints such as the flow conservation, the FIFO queue discipline, etc.  
Another approach is DSO by equilibrating dynamic marginal time (DMT).  In our study, we 
employ the latter method for DSO. 
 
Kuwahara, et al. [1, 2] and Muñoz & Laval [3] show characteristics of DMT and propose 
graphical solution methods, which equilibrate DMT for a simple network.  These studies 
disclose quite interesting characteristics of DMT.  In particular, DMT is not continuous; that is, 
DMT takes two different values under a special situation.  Also, some analytical solutions 
shown in the studies could be good references to examine the validity of solution algorithms.   
 
For a general network, we need to evaluate the path DMT, which is dynamic marginal time 
along a path.  However, a simple summation of link DMT’s along a path substantially 
overestimates the path DMT.  Analysis of the path DMT in this paper starts with a simplest 
geometry with a single path passing a single bottleneck.  And, the analysis is extended 
gradually to a general network with multiple paths passing multiple bottlenecks.  Based on the 
discussion on the path DMT, a heuristic solution algorithm is proposed for a general network. 
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2 Dynamic Network Flow 

2.1 Network and traffic demand 

A network consists of links and nodes.  Sequential numbers from 1 to N are allocated to N 
nodes.  The number of links is L and a link from node i to j is denoted as link (i,j).  A time-
dependent many-to-many OD demand is assumed to be given, which is denoted as   
 
   Qid(t)  =  cumulative OD demand from origin i to destination d  

generated at the origin by time t (given).         (1) 
 
2.2. Constraints to be satisfied  
 
2.2.1. Flow conservation at nodes 
 
The flow conservation at a node must always be satisfied, which is written with respect to 
node i by introducing cumulative arrivals and departures of vehicles to a particular destination 
d: 
 
    - D

h
∑ hi

d(t) + 
j
∑ Aij

d(t)  = Qid(t)  ,    ∀i , ∀d,   i ≠ d.       (2)

  
where 
    Aij

d(t)  = the cumulative arrivals at link (i,j) to destination d by time t, 
    Dij

d(t)  = the cumulative departures from link (i,j) to destination d by time t. 
 
The derivative of the conservation equation yields 
 
 - μ

h
∑ hi

d(t) + 
j
∑ λij

d(t) = qid(t),  ∀i , ∀d,   i ≠ d,   (3) 

 
where  λij

d(t) = dAij
d(t)/dt ,  μij

d(t) = dDij
d(t)/dt,  qid(t) = dQid(t)/dt.  

 
The arrival rate at link (i,j) to destination d at time t, λij

d(t), is the unknown variable which 
must be determined so as to establish the DUO assignment principle.  The cumulative arrival, 
Aij

d(t), is the integral of λij
d(t) over time until time t, and our objective is thus to determine 

Aij
d(t) at every link for any t. 

 
2.2.2. First In First Out discipline 
 
Under the FIFO discipline, vehicles must leave link (i,j) in the same order as the order of 
arrivals at the link.  Thus, the Aij(t) and Dij(t) defined below must be related to each other 
through actually experienced link travel time Tij(t) irrespective of destination d: 
 
 Aij(t) = Dij(t + Tij(t)),          (4) 
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where Tij(t)  = travel time on link (i,j) for a vehicle entering the link at time t, 
   Aij(t)  = the cumulative arrivals at link (i,j) by time t = 

d
∑Aij

d(t),   

   Dij(t)  = the cumulative departures from link (i,j) by time t = 
d
∑Dij

d(t).   

 
This condition must also be satisfied even by vehicles traveling toward the same destination 
node d: Aij

d(t) = Dij
d(t + Tij(t)).  And by taking derivative with respect to time t, the FIFO 

discipline is described in slightly different form: 
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2.3 Link travel time 

As in Fig, the FIFO discipline clearly defines link travel time Tij (t) such that the horizontal 
time difference between arrival and departure curves at arrival time t.  Travel time T  is 
thus written as a function of  and 

ij (t)
Aij (t) Dij (t): 

 
Tij (t) = Dij

−1(Aij (t))− t          (6) 
 
Since  and Aij (t) Dij (t) are integration of λij (t) and μij (t) over time, link travel time at time t 
must be described by λij (t') and μij (t ') for tt ≤'  under the FIFO discipline.  Under the point 
queue concept, the departure rate from link (i,j) is evaluated as follows: 
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where 
ijμ  = the maximum departure rate of link (i,j), which is given, 

ijm  = free flow link travel time = 0 (assumed zero for simplicity). 
 
Without loss of generality, free flow travel time mij is assumed zero from now for simplicity. 
 

3 Dynamic System Optimum Assignment 

3.1 Dynamic System Optimum (DSO) assignment 

DSO is formulated as in the following optimization problem: 
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where  
Δti  = time period for demand from the origin during unit time Δt , tto Δ)(λ ,  

to pass through node i. 
 
Subject to the following flow conservations at node i and link (i,j), and non-negativity 
constraints:    
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∑ hi

d(t) + 
j
∑ λij

d(t) = qid(t),  ∀i , ∀d,   i ≠ d,   (3) 
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Fig.1:   Flow Conservation on Link (i,j) 
 

3.2 Equivalence to equilibrium of dynamic marginal time 

It has been known that DSO is established by equilibrating dynamic marginal time and the 
brief proof using our variables is shown in Appendix.   
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4 Path Dynamic Marginal Time 

In this section, let us evaluate path dynamic marginal time for several different situations.  We 
start with the simplest case of a single path with a single bottleneck and then extend the 
discussion to more general cases. 

4.1 A single path with a single bottleneck 

Let us consider a single bottleneck with a constant capacity μ .  As shown in Fig.2, the 
cumulative arrivals, A(t), and departures, D(t), are drawn for the single bottleneck. (Because 
of the single bottleneck, link suffix (i,j) is eliminated in this section.)    
 

 
 

Fig.2  :   DMT at a Single Bottleneck 
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Let us consider the dynamic marginal time of the bottleneck at time t, DMT(t), which 
describes how much total travel time changes when a unit arrival demand changes at time t: 

∑
=

Δ
Δ

=
et

tu
tuuT

ttd
dtDMT )()(

)(
)( λ

λ
,  
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where  = queue vanishing time on the link.  Kuwahara [4, 5] showed that DMT(t) is 
evaluated under three different conditions (a), (b), and (c). 

te

 
(a) When a queue exists at time t; that is , DMT(t) is simply time until the queue 
vanishes:  

0)( >tT

tttAtAtTtDMT e
e −=
−

+=
μ

)()()()(        (11) 

This means that a traveler arriving at time t affects travel time for all travelers after him/her. 
As seen in (11), DMT(t) consists of two parts: personal travel time  and the externality 

.  DMT(t) takes its maximum at queue starting time t  and linearly 
decreasing with respect to arrival time at the bottleneck t until the queue vanishes (see Fig.2).  

)(tT
)()( tTtttE e −−= 0

 
(b) While a queue does not exist and the arrival rate is below the capacity μ; that is, 0)( =tT  
and λ(t) < μ , DMT(t) is simply equal to the free flow travel time m = 0: 
 

0)( == mtDMT          (12) 
 
(c) When a queue does not exist but the arrival rate stays equal to the capacity μ; that is, 

 and 0)( =tT λ(t) = μ , DMT(t) takes two values.  If the unit demand is increased, dynamic 
marginal time DMC+(t) is equal to one in (a), while if the unit demand is decreased, DMC-(t) 
is the same as in (b): 

⎩
⎨
⎧

=
−=

=
−

+

0)(
)(

)(
tDMT

tttDMT
tDMT e         (13) 

 
4.2 A single path with tandem bottlenecks 

When a path runs through a series of bottlenecks between the origin and destination, DMT(t) 
is not the sum of dynamic marginal time associated with each of the bottlenecks (see Zhang et. 
al. [6]).  The simple summation overestimates the path DMT, which is denoted DMTp(t).  To 
illustrate, let us look at the following tandem bottleneck path. The path consists of two links, 
link (1,2) and link (2,3), and each has a bottleneck. 
 

 
 
1 2 3

X X • • •
 

Fig.3 :  Tandem Bottleneck Path 
 
Bottleneck capacity of link (1,2) and (2,3) are 12μ  and 23μ  respectively ( 2312 μμ > ).  The 
traffic demand flows in this path is assumed to have a single peak, whose highest rate exceeds 
the bottleneck capacity of link (1,2) flow. Then, the cumulative curves of this path are drawn 
as in Fig.4.  Since the queue ending time on link (1,2) and (2,3) are  and , dynamic 
marginal time of links (1,2) and (2,3), DMC

12et 23et
12(t) and DMC23(t), are  and 

.   
tttDMT e −= 1212 )(

')( 2323 tttDMT e −=
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However, path DMTp(t) should be evaluated by considering the propagation effect of an 
additional vehicle at time t.  In this case, the effect cannot arrive at link (2,3) when the 
additional vehicle enters link (2,3), but it reaches at the queue ending time on link (1,2).  That 
is because, during the queuing on link (1,2), the inflow rate to link (2,3) is restricted by the 
bottleneck capacity of link (1,2).  This effect does not propagate to link (2,3) until queue 
vanishing time on link (1,2).  Therefore, the proper path DMTp(t) is tttDMT ep −= 23)(  <  
DMT12(t) + DMT23(t). 
 
In fact, the above conclusion is intuitive, since a series of tandem bottlenecks can be 
combined into a single bottleneck with the lowest capacity (actually the most downstream 
bottleneck capacity).  We could evaluate the dynamic marginal time along a path only using 
the most upstream arrival curve and the most downstream departure curve.  In this way, once 
the cumulative arrivals and departures are drawn along a path, DMTp(t) is quite easily 
evaluated.   
 

t t’ te12 te23
time 

Cumulative Trips 

DMT12(t) 
DMT23(t) 

DMTp(t)

A12(t) 

D12(t) D23(t) 

Fig.4 :  DMTp(t) along Two Tandem Bottlenecks

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
4.3 Multiple paths with a single bottleneck 

Let us now consider a case where a single bottleneck is shared by several different paths with 
different origins and destinations.  Apparently, under the FIFO queue discipline, the delay 
due to a single queue is the same for everyone regardless of the paths.  Therefore, the total 
dynamic marginal time of all the paths associated with the single bottleneck is the same as in 
4.1.  However, here we would like to evaluate the dynamic marginal time of individual path 
separately.   
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We suppose that every path p, p = 1, 2, ……, P, is passing the single bottleneck, and the unit 
demand of only path p is changed.  The question is what is dynamic marginal time of path p, 
DMTp(t), and other paths, DMTr(t), r ≠ p.    
 
 

X 

path p

path r

Single Bottleneck 

Fig. 5:  A bottleneck shared by Several Paths

 
 
 
 
 
 
 
 
 
Arrival rate of path p at the single bottleneck at time t is denoted as )(tpλ , and  the total 

arrival rate is .   (NOTE: In this section, link suffix (i,j) is eliminated.)  ∑
=

=
P

p
p tt

1
)()( λλ

Because of the FIFO discipline, the queueing delay is the same for everyone regardless of the 
paths, T(t), and the departure rate of each individual path depends on its arrival rate:   

)(
)(

))((
t
t

tTt p
p λ

λ
μμ =+ ,        (14) 

where μ  = bottleneck capacity.  Therefore, if arrival rate )(tpλ changes, departure rate 
))(( tTtp +μ  is also influenced and its derivative with respect to )(tpλ  is given as  

)
)(

)()(
(

)(
))((

2t
tt

td
tTtd p

p

p

λ
λλ

μ
λ

μ −
=

+
,       for path p,     (15) 

2)(
)(

)(
))((

t
t

td
tTtd r

p

r

λ
λμ

λ
μ

−=
+ ,   for path r ≠ p.     (16) 

 
The derivative of path p is positive while those for other paths are negative.  This means that 
if we increase arrival rate of path p, its departure rate increases.  On the other hand, the 
departure rates of other paths are all decreases and total travel time of those paths would 
increase.   
  
Let us now evaluate dynamic marginal time of path p, DMTp(t).   
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 (17) 
 
 where Ep(t) = externality of path p 
 
Similarly for other paths, DMTr(t) with respect to demand of path p is 

)()()()( tEtAtAtDMT r
rer

r =
−

=
μ

       (18) 

The result is simple and quite interesting (as well as intuitive) that the whole externality, E(t) 

=
μ

)()( tAtA e −
, is shared by each of the paths in proportion to its cumulative demand after 

time t until the queue vanishes at time te.  Clearly, the sum of DMTr(t)’s becomes equal to the 
total DMT(t) at the singe bottleneck:  

 tttAtAtTtEtTtDMTtDMT e
e

r
r

r
r −=

−
+=+== ∑∑ μ

)()()()()()()(  

 
For DMTp(t), it gets smaller compared to one with its fixed departure rate, since the 
externality is shared by other paths.  The difference is ∑

≠

=−
pr

rp tEtEtE )()()( = Externality on 

other paths r ≠ p.  Fig.6 illustrates share of the externality between two paths 1 and 2.  When a 
unit demand is added on path 1 at time t, the arrival and departure curves shift to dashed lines.  
Due to the increase of arrival rate at time t, the departure rate also increases and the 
externality of path 1 decreases by  as shown in the shaded area.  On the other hand, 
departure rate of path 2 decreases due to FIFO and the externality of path 2 increases by the 
same amount of E

)(2 tE

2(t).   
 
Sharing the externality by paths passing the same bottleneck is one of main findings in this 
paper.  As in (17) and (18), you can evaluate the externality of each path dividing the path 
demand until queue vanishing time te by bottleneck capacity μ, as illustrated in thick lines in 
Fig.6.  Although we have discussed the share over the paths, this property can be applied any 
multi-commodity flow arriving at the same bottleneck.  For instance, if you would like to 
evaluate DMT for a group of users toward a particular destination, you could just count the 
cumulative trips from time t to te only for the focused destination and divide by bottleneck 
capacity μ.   
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Fig . 6 : Change of Externality by Change of Departure Rate 
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4.4 Multiple paths with multiple bottlenecks 

In the previous section, we concluded that when a bottleneck is shared by several paths, the 
externality of the dynamic marginal time is shared by the paths in proportion to demand of 
each path until the queue vanishes.  This allocation of the externality is caused by changes in 
departure rates under FIFO.  And, if the departure rate of the upstream bottleneck changes, 
the arrival rate of the downstream bottleneck would change, too.  In this way, the effect of 
demand increase to a particular path propagates downstream over a network.  In this section, 
we discuss the propagation and a calculation method of the dynamic marginal time for a 
general network as illustrated in Fig.7, in which several paths runs two or more bottlenecks 
and a bottleneck is shared by several paths.   
 
 

X X 

X 

path p 

path r 

path s 

bottleneck 

Fig.7:  A Network of Multiple Paths with Multiple Bottlenecks 
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Let’s start with cumulative curves for each of the path separately drawn.  From these 
cumulative curves, travel time at any bottleneck at any time for any path can be evaluated.  If 
departure rates from bottlenecks were fixed, which means there is essentially no interaction 
among paths.  Then, the impact of demand change onto a particular path p does not propagate 
to other paths.  And, the dynamic marginal time of path p is easily evaluated just as a single 
path along tandem bottlenecks discussed in 4.2.   
 
On the other hand, under FIFO as discussed in 4.3, the departure rates are interacted each 
other as in (14).  Let us add one unit of demand onto the first bottleneck on path p at time t.  
Addition of the demand, which is equivalent to increase of the arrival rate, causes the increase 
of the departure rate from the first bottleneck.  Due to the departure rate change, the 
externality of the first bottleneck on path pat time t, Ep1(t), is decreased by , r = path 

passing the same bottleneck as path p.  And, the same amount of externality is increased onto 
other paths r’s sharing the first bottleneck so that they are exactly cancelled out.   

∑
≠ pr

r tE )(1

 
The increase in the departure rate at the first bottleneck leads the increase in arrival rate at the 
second bottleneck as shown in Fig.8.  The increase in the arrival rate enlarge the total travel 
time at the second bottleneck, but the amount of increase in the total travel time must be the 
same as ∑ .  For other paths r’s, if they have the second downstream bottlenecks, their 

arrival rates at the second bottlenecks decrease and total travel times at the second bottlenecks 
decrease due to the decrease in departure rates at the first bottleneck.  However, again the 
total amount of travel time decrease must be the same as 

≠ pr
r tE )(1

∑
≠ pr

r tE )(1 , which exactly cancelled 

out the increase of total travel time of path i at the second bottleneck.   
 
 
 

 
 
 
 
 
 
 

Change in Externality due 
to departure rate change 

A1(t) 

D1(t)=A2(t)

D2(t) 

t time 

Cumulative Trips 

Fig.8:Propagation of Externality to Downstream Bottlenecks 

 
 
 
 
 
 
 
In this way, the changes in externalities due to departure rate changes are cancelled out.  This 
means that we do not have to consider the path interaction in order to calculate the dynamic 
marginal time of path p.  Namely, DMTp(t) can be evaluated as if it were a single path along 
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tandem bottlenecks.  DMTp(t) is therefore equal to time until last queue vanishing time on 
path p.   
 
In this procedure, we actually do not have to draw cumulative curves of only path p users, but 
cumulative curves including all users are sufficient because, under FIFO, every user arriving 
at a bottleneck experiences the same travel time whichever path he/she uses.  For practice, 
cumulative curves of all users are lot more easily evaluated compared with those of only one 
particular path users. 
 
 

5 Solution algorithm 

5.1 MSA algorithm 

The DSO solution can be obtained by equilibrating the dynamic marginal times of all the 
paths at all times.  Therefore, in order to find the DSO solution, the path DMT have to be 
equilibrated each other.  In general, therefore we could iteratively assign path flow onto the 
path with smaller path DMT so as to equilibrate them.  For a heuristic approach, we could 
employ MSA (Method of Successive Average) to converge to the equilibrium.   
 
Step 0: Select an initial path flow F(0) and set the iteration index n = 0 
Step 1: Load F(n) into the network 
Step 2: Draw cumulative curves for each path and find the queue starting and ending time 
Step 3: Calculate DMT for each path 
Step 4: Obtain the auxiliary flow (G(n)) according to the equilibrium condition and get the  

descent direction d(n)(= G(n) - F(n)) 
Step 5: Get the new path flow by the linear combination below: 
     )()()1( ndnFnF ⋅+=+ α ,  ( n/1=α )  
Step 6: If  α⋅ d(n) satisfies the convergence criteria, stop; otherwise, set n = n+1 and return to  

step 1 
 
However, in this problem, the iteration is not as simple as usual because DMT may take two 
different values of DMT+(t) and DMT-(t) as in (13) when arrival and departure rates at a 
bottleneck are same.  This happens especially when a queue is about to start.  If, for instance, 
DMT on path 1 has these two values and DMT on another path 2 stays between the two, this is 
also equilibrium even if DMT on path 1 is not equal to that on path 2 (Kuwahara [4, 5]).  
Therefore, we employed the following rule to decide the auxiliary flow G(n): 
 
[Rule for an auxiliary flow] 
 
If DMT of a path takes two values and DMT of an alternative path is between them, fix the 
path flow. Otherwise, demand is assigned on the path with least DMT. 
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5.2 Numerical Examination 

The test network consists of two links, freeway and arterial and each has a bottleneck.  The 
bottleneck capacity and free flow travel times on the paths are as follows: 
 
   μf = freeway capacity = 25 [veh / unit time] 
   μa = arterial capacity = 35 [veh / unit time] 
              Tf = free flow travel time on the freeway = 0 [unit time] 
              Ta = free flow travel time on the arterial = 30 [unit time] 
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×

×

freeway 

arterial 

Origin Destination 
μf

μa

 
Fig.9: Test Network for Validation 
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Fig.10: Demand Pattern for the Test Network 

 

The result of the proposed algorithm is compared with the analytical solution explained in 
Kuwahara et.al. [1, 2] as shown in Fig.11.  Despite small discrepancies, the arrival curves 
from the numerical algorithm reasonably agree with the analytical arrival curves.    
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6 Conclusions 

This paper attempts to establish DSO by equilibrating the path DMT (Dynamic Marginal 
Time).  We analyzed the path DMT for a single path with tandem bottlenecks and show that 
the path DMT is not the simple summation of DMT associated with each bottleneck along the 
path.  Next, we examine DMT of several paths passing through a common bottleneck.  It is 
shown that the externality at the bottleneck is shared by the paths in proportion to their 
demand from the current time until the queue vanishes.  This share of the externality is caused 
by the departure rate shift under FIFO and the externality propagates to the downstream 
bottlenecks.  However, the externalities propagated to the downstream are cancelled out if 
there exists downstream bottlenecks.  Therefore, we concluded that the path DMT can be 
evaluated without considering the propagation of the externalities, but just as in the evaluation 
of the path DMT for a single path passing through a series of bottlenecks between the origin 
and destination.  Based on the DMT analysis, we finally propose a heuristic solution algorithm 
and verify by comparing the numerical solution with the analytical one.          

  

Analytical 

Numerical 

Analytical 

Numerical 

Freeway Arrival 

Arterial Arrival 

Fig.11:  Numerical Solution compared to Analytical Solution 
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Appendix 
 
From the above, we can make the Lagrangean as follows: 
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The first-order necessary condition of optimality is given based on Kuhn-Tucker condition:   
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 is the dynamic marginal time on link (i,j), DMTij(t),   
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The summation along path p from origin o to destination d yields 
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Pre-trip and En-route Route Choice on Time-varying 
Networks 
 
A.J. Pel, M.C.J. Bliemer, S.P. Hoogendoorn 
Delft University of Technology, the Netherlands 
 
 
Abstract 
 
In this paper we describe how both pre-trip and en-route route choice decisions on a time-varying 
network can be modeled in a dynamic traffic assignment framework. To this end, we consider 
dynamic route choice sets generated during traffic simulation, taking the time-varying route costs 
into account. We formulate a route overlap factor and introduce a behavior-based weighting 
parameter to model the possible generalized costs for deviating from the pre-trip route choice, 
thus including the travelers’ preference to maintain their initial route. This enables computing an 
equilibrium assignment by allowing pre-trip route decisions only, or a non-equilibrium situation 
with only en-route decisions, or any state in between. Furthermore, the proposed dynamic traffic 
assignment model is capable of solving common problems with possible gridlock and failure of 
links. The pre-trip and en-route route choice framework is then implemented into the traffic 
simulation model EVAQ that takes dynamic queuing into account. An application describing a 
short-notice flood evacuation shows how travelers make pre-trip decisions (e.g. following an 
advised evacuation route), while during their trip they may adjust their route en-route according 
to, for instance, route guidance or time-varying network conditions they encounter. In the model 
application, road characteristics such as speed, capacity and flow direction can be time-varying 
due to the hazard’s progress in space and time and prevailing traffic regulations and control 
measures. 
 
Keywords: pre-trip route choice, en-route route choice, time-varying network, DTA, DNL 
 
 
Introduction 
 
Dynamic traffic assignment (DTA) models typically focus on estimating time-varying network 
conditions by capturing traffic flow and route choice behavior of traffic entities (individuals, 
vehicles). These models can be distinguished as analytical, including mathematical programming, 
variational inequality and control theory approaches, or as simulation based. A nice overview of 
DTA approaches, including a discussion of current and future challenges in DTA research and 
applications, is given in [1], and more recently in [2]. One way to differentiate the route choice 



behavior modeled in DTA models is based on whether the route choice decision is made before 
starting the trip (pre-trip) or during the trip (en-route). In everyday traffic, mainly pre-trip route 
choices are observed. This is due to travel decisions being based on reoccurring and known travel 
conditions. However, in case travelers receive route guidance, or traffic or network conditions 
change unexpectedly, travelers may receive information hereon via VMS, radio, in-car navigation 
systems, etc. and make en-route decisions shifting to a dictated or more attractive route. These 
unexpected conditions can be caused by regular travel time variations or unforeseen events, such 
as incidents and accidents (leading to e.g. temporary road or lane closure and lower speed limit) 
or network deterioration and disruptions during short-notice evacuation (leading to e.g. restricted 
network accessibility). 

In this paper we present a DTA model to correctly deal with these situations where 
travelers consider selecting a route from an en-route route choice set while also having a 
preferred pre-trip or dictated route. We focus on combining the pre-trip travel choice and the en-
route travel choice by on-line switching back and forth between the dynamic route choice model 
and the dynamic network loading model. After describing this procedure, a model application 
illustrates the performance of the newly proposed DTA model on a real-life network. Finally, we 
conclude that the presented way of dealing with en-route route choice is widely applicable in 
DTA applications due to its generic set-up, and is capable of solving common problems with 
possible gridlock and failure of links. 
 
 

 
 

Figure 1: DTA model framework 
 
 
Dynamic Traffic Assignment Model 
 
The proposed dynamic traffic assignment model incorporates both pre-trip and en-route route 
choice. The way in which this is done is shown in the Figure 1 framework. Prior to the traffic 
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flow simulation, dynamic route choice sets ( )rsP k  are generated for all origin-destination pairs 
(r,s) with a non-zero dynamic travel demand at departure time k, ( )rsD k . The route set generation 
algorithm described in [3] is used for this, which applies Monte Carlo simulations in which the 
generalized link costs are assumed to be a random variable. These (pre-trip) route sets are then 
based on, for instance, free flow traffic conditions or the traffic flow conditions following from 
the previous assignment in case of iteratively converging to an user-equilibrium. The route sets 
are used in the DTA model to compute the pre-trip route flow proportions ( )rs

m kψ  for each route 
m and departure time instant k, by applying the following relative multinomial logit model, 
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where µ  and λ  are scale parameters, ( )rs
mc k  is the generalized costs of route m between origin-

destination pair (r,s) when departing at k, and rs
mz  is the path-size factor accounting for the route 

overlap in route set ( )rsP k  derived in [4] as, 
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where aℓ  is the link length, mℓ  is the route length, and Nrs
a  is the number of routes in route set 

( )rsP k  using link a. The pre-trip route flows at departure time k are then computed as, 
 

( ) ( ) ( )rs rs rs
m mf k k D kψ=  

 
(3)

The sets of travelers selecting different pre-trip routes will be called route classes and indicated 
by the subscript m, which will be used hereafter in the proposed multiclass dynamic network 
assignment model. Then the total number of different route classes is greater or equal to the total 
number of origins, since travelers at a specific origin can never select exactly the same route to a 
destination s as travelers from another origin (since the first link will always be different). 

The class specific link inflow rates ( )amu t  can be decomposed into flow rates following en-
route a specific route p (which may differ from the pre-trip route m) from node n to a specific 
destination s, denoted by ( )ns

ampu t . By definition it holds that 
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The key of the proposed DTA model lies in the way in which these class and route specific link 
inflow rates are determined, namely 
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where link a is the first link on route p. Equation (5) states that the route specific link inflow rate 
equals the pre-trip route flow rate ( )rs

mf k  following from Equation (3), when node n is origin r, 



and otherwise equal to the class specific en-route route flow proportion ( )ns
mp tχ  for route p from 

node n to destination s at time instant t, multiplied with the summed class specific link outflow 
rates ( )amv t  for all incoming links into node n (indicated by set in ( )A n ). The class specific en-
route route flow proportions ( )ns

mp tχ  are computed, similar to Equation (1), as 
 

( )
( )

exp ( ) ln
( )

exp ( ) ln
ns

ns ns
mp pns

mp ns ns
mp p

p P

c t z
t

c t z

µ λ
χ

µ λ′ ′
′∈

 + =
 + ∑

 

 

(6)

where nsP  is the route choice set from node n to destination s. The extended set of route sets 
(from all nodes to all destinations) can be generated online by applying the route set generation 
algorithm described in [3]. The generalized route costs used in Equation (6), and while generating 
these route sets, are determined by 

 
( ) ( )ns ns

mp p mpc t tτ αξ= − +  
 

(7)

where ( )ns
p tτ  is the route travel time modeled as a summation over the travel times on the distinct 

consecutive links on route p (i.e., the instantaneous travel time), and the link travel times equal 
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(8)

( )amV t  being the cumulative link outflow, and ( )amU t  being the cumulative link inflow at time 
instant t. The second term in Equation (7) consists of a weighting parameter α  and the route 
overlap factor mpξ  measuring the level of overlap between (en-route) route p and (pre-trip) route 
m. This route overlap factor is defined as the fraction of length of route p that intersects with pre-
trip route m, 
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where mpA  is the set of links belonging to both route p and route m. The larger the route overlap 
factor, the closer the travelers are to following the pre-trip route and therefore the more preferable 
the route becomes. The weighting parameter α  represents the willingness of the travelers to 
deviate from their pre-trip travel choice in case of a more attractive alternative. Since typically 
the overlap factor varies between zero and one, the weighting parameter can be seen as a 
threshold (travel time equivalent). When the threshold is set to zero, route choice decisions are 
made solely on an en-route basis. On the other hand, if the threshold is set to a large value, the 
assignment will follow exactly the routes that are chosen pre-trip. Hence, the route choice model 
can be used in an online non-equilibrium setting, or in an offline equilibrium setting, and 
anything in between.  
 
Dynamic Network Loading Model 
The route flows computed in the route choice model described above, are input for the dynamic 
network loading (DNL) model simulating the traffic flows through the network and yielding the 



link travel times used to update the en-route route sets from all intersections on the network to all 
destinations. The applied DNL model, taken from [5], consists of a link model and a node model. 
The link model describes the flow propagation through each link, taking into account different 
speeds for different vehicle types (for the sake of simplicity not incorporated in the route choice 
model above) and a dynamic horizontal queue. The node model relates the inflows into and 
outflows out of each node according to the dynamic route flow proportions, taking into account 
possible restricted flow capacities due to queue spillback. The dynamic network loading model 
leads to a completely time-responsive dynamic queuing model without any assumptions on 
stationary inflows, queue lengths, or outflow capacities. The key to the dynamic queuing model 
is that it does not rely on travel time functions that look forward in time, but only uses queuing 
and exit functions that look backward in time. The formulation correctly deals with time-varying 
link attributes, such as inflow and outflow capacities and maximum speeds.  

Typically, DNL models merely propagate flow over the given routes and they cannot 
deviate from this route during the loading process. In models using queuing and spillback, this 
may lead to gridlocks. Such gridlocks cause significant problems in the model, since the 
propagation process halts and travel times cannot be computed and no equilibrium can be 
determined. Our proposed framework allows for en-route route decisions, such that in the case of 
a gridlock, travelers may decide (with some penalty) to deviate to a different route (e.g., turning 
around and going around the gridlock). The DNL model is not halted and travel times can be 
computed. Note that these higher travel costs (due to detours and penalties for deviating from 
their route) will lead to different pre-trip route choice decisions, such that in the end an 
equilibrium still can be determined (where the equilibrium situation does not have gridlock). 
 
 
Application 
 
To illustrate the applicability and scalability of the proposed DTA model, the pre-trip and en-
route route choice framework has been programmed in Matlab and implemented in the EVAQ 
traffic simulation model, described in [6]. A case study has then been conducted describing a 
flood evacuation in the area of Walcheren and Zuid Beveland, the Netherlands (Figure 2). In 
total, over 200,000 people live on the 560 km2 peninsula, of which close to three quarters is 
forced to evacuate within a limited amount of time due to the hypothetical flood. The network 
consists of approximately 150 nodes and 500 directed links. In total there are 51 zones containing 
an origin and 4 safe destinations where the endangered area can be exited. The aim of this study 
was to design and evaluate different evacuation strategies (consisting of an instructed departure 
time window, safe destination and evacuation route for all inhabitants) in order to minimize the 
expected number of casualties as well as the duration of the evacuation. Due to the DTA model 
presented in this paper, in the model application, the travelers can follow pre-trip prescribed 
evacuation routes to prescribed safe destinations (exit points), but may also deviate and make en-
route decisions to change their route and destination (possibly due to links that become 
inaccessible due to flooding), making it very realistic. Furthermore, the presented DTA model 
enables modeling link failure for the case of a short-notice or no-notice evacuation, which is not 
possible in other evacuation models (since in other models travelers need to follow the pre-trip 



routes and cannot deviate from this route during the loading process, leading to the DNL model 
coming to a halt when, during simulation, links can no longer be used). Both these latter two 
aspects are a consequence of the set-up of the presented DTA model and enhance the application 
domain of the evacuation traffic model EVAQ. More on the flood evacuation study within the 
Walcheren and Zuid Beveland area can be found in [7]. 
 
 

 
 

Figure 2: Walcheren-Zuid Beveland evacuation network 
 
 
Discussion and Conclusions 
 
A dynamic traffic assignment framework has been described in which travelers’ pre-trip and en-
route route choices are modeled, including the influence of the pre-trip route choice on the later 
en-route decisions. To this end, travelers’ route choice sets are extended, during the dynamic 
traffic flow simulation, to include all reasonable routes from all intersections to all destinations. 
The en-route route flows are then computed by applying a relative multinomial logit model, in 
which the generalized route costs include a possible positive utility for following the route that is 
chosen pre-trip. The latter is represented by the route overlap factor and a weighting parameter 
which may also be interpreted as a threshold to deviate from the pre-trip route choice. The 
proposed framework is widely applicable in dynamic traffic assignment applications, since it 
enables modeling the synthesis of pre-trip (or dictated) and en-route route choices due to, for 
instance, route guidance, evacuation instructions and unexpected traffic or network conditions 
(e.g. incidents, accidents and road works), as well as provides a solution to possible gridlock, and 
is capable of dealing with failure of links. 
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Abstract 

The estimation of equilibria within variable demand transport models is a central requirement 

for the assessment of transport proposals. Currently the process of finding equilibria usually 

now involves following a single search direction in just the flow variables within the model 

repeatedly; aiming to reduce a measure of disequilibrium to approximately zero. Lv et al [1, 

2] recently introduced an apparently new two-direction method for finding variable demand 

traffic equilibria. In this method two search directions are followed in (flow, cost) space 

instead of the usual one-direction search in just flow space, treating flows and costs rather 

more symmetrically than usual. Here a more natural and general formulation of the two-

direction method is outlined and applied to solve three variable demand equilibrium models:  

    Model I:    a model with no capacity constraints and no explicit queueing delays; 

    Model II: a model with capacity constraints and explicit queueing delays and   

    Model III:  a model with capacity constraints and explicit queueing delays, and also  

  junctions are controlled by a certain responsive signal control policy called P0.  

 The P0 signal control policy is introduced in Smith [3].   

  The paper shows that in each of the above three cases, away from equilibrium and 

under natural standard conditions, one of the two directions certainly reduces a natural 

measure of disequilibrium. The last two models, which have explicit queueing delays, may be 

thought of as representing the middle part of a very long peak period in a standard dynamic 

traffic assignment model; first with fixed signals and then with responsive traffic control.  
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1. Introduction 

 
1.1 A brief outline of how the two-direction method fits within a historical context  

 

 There are several different contexts including the variable demand traffic assignment 

context, the optimisation context and the traffic control context. 
 In general, the need to obtain reliable convergence in variable demand equilibrium 
models has been widely recognised in the UK (see the Commission for Integrated Transport 
[4] and DfT [5]), in the US (see COMSIS [6]), and elsewhere. 

 The root of modern equilibrium analysis lies in fundamental contributions by Wardrop 

[7] and Beckmann et al [8]. Wardrop observed that travellers are likely to endeavour to 

choose routes which are best for them and so at equilibrium (where travellers are all happy 

with their choices) more costly routes are unused. Beckmann gave an objective function 

which when minimised gives rise to variable demand equilibria in which Wardrops’ principle 

holds for route-choices while total OD flows and costs satisfy a given demand relationship. 

Sheffi [9] built upon this by showing in detail how, away from equilibrium, the natural search 

direction reduces the objective function chosen by Beckmann. The Beckmann / Sheffi 

approach yields guaranteed convergence to the set of variable demand equilibria if  

(a) each link cost is a non-decreasing function of just the flow along that link and  

(b) each Origin-Destination (or OD) demand is a non-increasing function of just the 

cost of travel between that OD pair.  

Evans [10] gave a variable demand model in which the demand was determined by a doubly-

constrained gravity model and routes are chosen according to the Wardrop user equilibrium 

hypothesis; a solution algorithm and a proof of convergence was provided. In having a non-

separable demand this was a big step forward from the Beckmann/Sheffi framework. Maher 

et al [11] show very impressive results of their equilibration methods as applied to stochastic 

equilibrium problems. MVA [12] outlined the approach they recommended within a DfT 

project aimed at finding sound ways of estimating variable demand equilibria. A common 

factor in these approaches is that a proof of convergence requires symmetry. Cantarella [13] 

and Bar-Gera and Boyce [14, 15] give similar fixed point formulations of the equilibrium 

problem; this formulation does avoid the unrealistic symmetry requirement but it is not easy 

to see how optimised line searches may be introduced into either of these solution frameworks 

since it is not clear what the objective function should be. 

 Smith [16, 17] introduced an algorithm called algorithm D which is certain to 

converge to the set of variable demand equilibria if the cost and (-demand) functions are just 

monotone; this convergence guarantee does not require symmetry and optimised line searches 

(extending the line search introduced by Armijo [18]) are a natural part of the solution 

method. Smith [19] shows how bottleneck delays and the P0 responsive traffic control policy 

may be added while preserving monotonicity and hence the convergence guarantee provided 

by algorithm (D). However upper bounds on every OD cost, every route flow and every 

bottleneck delay are required by this algorithm; furthermore the algorithm performance 

depends on the values selected. 



 

 A common element in all the above methods of solving the equilibrium problem is the 

utilisation of a single search direction repeatedly, in just flow space, seeking to minimise an 

objective function.  

 In contrast the two-direction method outlined here seeks to minimise a measure of 

disequilibrium by utilising two directions (perhaps alternately); and therefore represents a 

substantial departure from current and past practice. The two directions are chosen so that, 

provided certain natural conditions hold, one of them guarantees descent of a natural measure 

of disequilibrium (and so also convergence to equilibrium). In the two-direction method 

described here symmetry is not needed and furthermore the need for upper bounds is much 

reduced. Upper bounds are required only when bottleneck delays are modelled; and even then 

they are needed only for those bottleneck delays. There are thus substantial benefits compared 

to the [Beckmann / Sheffi] and Smith methods referred to above.   

 In this paper we consider just a single mode; car travel. To accommodate mode and 

other choices Van Vliet [20], and others, have developed hypernetwork formulations. It 

would be natural to apply the two-direction method outlined here to such hypernetwork 

formulations. 
 Within optimisation, there has been a considerable study of the consequences of 
splitting a large optimization problem into two (or more) smaller, more manageable, 
components, and there are many optimisation algorithms which utilise two directions, often 
alternately. These methods frequently involve Lagrange multipliers or dual variables in a 
natural way. See, for example, Eckstein and Bertsekas [21] and Eckstein and Fukushima [22].  
However it appears that the two direction method suggested here appears to differ from the 
alternating direction methods developed in the optimisation literature. Despite this general 
observation the two-direction method outlined here does have a rather greater similarity to the 
particular alternating direction algorithm specified by Han and Lo [23]; the main difference is 
that here there is just one measure of disequilibrium which is being reduced. 
 Within traffic control there has been a vast amount of work on the theoretical 
background to traffic control systems; see for example Allsop [24]. Here the effect of traffic 
control on route choice has usually been ignored. Allsop [25] was the first to tackle the 
problems which arise when the route choice effects of traffic control are considered; see, for 
example, Smith [26] which provides an overview of modelling traffic signal control. 
 

 

1.2 This paper 

 

The variable demand equilibrium model chosen to be central to this paper was initially 

introduced by Charnes and Cooper [27] and Aashtiani and Magnanti [28]. As indicated above 

there are many other formulations of equilibrium models. 

 The simplest two-direction method outlined here operates in (flow, cost) space and 

two search directions (instead of the usual one) are specified at every feasible point. These 

search directions are chosen so that, under natural conditions, at least one of them is a descent 

direction for the objective function V at all non-equilibrium points. Then an arbitrary feasible 

start point is chosen to be the initial current point. The general iteration is then in its simplest 

form as follows: 



 

• the search direction not utilised in the previous iteration is calculated at the current 

point, 

• a search is made along this direction to find a new point which approximately 

minimises the objective function V in that direction, and 

• that new point becomes the current point. 

This general iteration is then repeated until a termination condition holds. 

 The two-direction algorithm here is stated in its simplest form in which the two 

directions are utilised alternately. It will often be the case that one of the two directions will 

be found more effective over several iterations. The algorithm may be changed to take 

account of this by utilising just direction 1 (say) for several iterations if this direction seems, 

on the basis of recent iterations, to be yielding the greatest reduction in the objective function. 

Furthermore there are opportunities for using combinations of these two directions and indeed 

using more than just these two directions. Perhaps the most obvious natural extension would 

be to approximately minimise V over the positive cone defined by these two directions.  

 

2 A central variable demand equilibrium model (model I) 
 
 

2.1 Route-link and route-(OD pair) incidence matrices A and M 

 

Usually in transport models costs are incurred on arcs or links and then added to obtain route 

costs. Also typically flows on routes add to yield flows on links. In order to write this down 

mathematically we need the link-route incidence matrix A.  

  Aar  = 1 if link a is on route r and 0 otherwise. 

 Utilising the given incidence matrix A we obtain link flows va from route flows Xr and 

route costs Cr from link costs ca as follows: 

 va = ∑r Aar Xr for all a and Cr = ∑a  A
T

ra ca for all r. 

These equations may be written in vector form:  

 v = AX and C = AT
c. 

Usually, in a mathematical model of transport, link cost functions are specified but 

equilibration is driven by the route cost function. The equations above essentially tell us how 

to obtain a route cost function from given link cost functions. If there are n links we just let  

 c(v) = (c1(v),  c2(v),  . . . , ca(v),  . . . , cn(v))T 

for all link flow vectors v (where the link cost functions ca(.) are assumed known), and let 

 C(X) = AT
c(AX) for all route-flow vectors X ∈ F. 

 The route-(OD-pair) incidence matrix M is defined as follows: 

  Mrp  = 1 if route r joins OD pair p and 0 otherwise. 
 

2.2 The feasible set F of (X, Y) pairs, the cost function and the demand function  

 

The set F of feasible (X, Y) pairs is defined by: 

  F = {(X, Y); Xr ≥ 0, Yp ≥ 0 for all r, p}. 



 

We suppose given two functions; the cost function C(.) and the demand function D(.). Here 

Cr(X) is the cost of traversing route r when the route-flow vector is X and Dp(Y) is the total 

flow between OD pair p when the OD cost vector is Y.  

 The cost function C(.) is to be defined throughout R+
N
 = [0, +∞)N and the demand 

function D(.) is to be defined throughout R+
K
 = [0, +∞)K. Thus including domains and co-

domains, our two given functions are:   

 C: [0, +∞)N
 � [0, +∞)N and D: [0, +∞)K � [0, +∞)K.   

[0, +∞)K here denotes the set of all K-vectors Y with all non-negative co-ordinates. 

 We suppose that C and D are continuously differentiable. For each feasible (X, Y):  

JC(X)  denotes the Jacobian matrix of the route-cost function C(.) at X;  

Jc(v)  denotes the Jacobian matrix of the link cost function c(.) at v; 

JD(Y)   denotes the Jacobian matrix of the demand function D(.) at Y;   

∇V(X, Y)  denotes the gradient of the scalar function V at (X, Y); and 

[U, W]  denotes the column vector with U above W (both column vectors). 
 

2.3 A list of all notation; including the notation to be used in sections 3 and 4 below 

 

K  =  number of OD pairs p; 

N =  number of routes r; 

Xr =    the flow along route r (in vehicles per minute, say); 

X =    the route flow vector (a column vector with all the Xr in a stated order);  

Yp  =    the cost of travel between OD pair p (in minutes per vehicle, say);  

Y =    the cost vector (a column vector) comprising all the Yp in a stated order; 

n = the number of links or arcs in the network; 

va = the flow along the link a (in vehicles per minute say); 

v = the n-vector comprising all the va in some order; 

ca(v) = the cost of travel along the link a (in minutes per vehicle say); 

c(v) = the n-vector comprising all the ca(va) in order; 

Cr(X) = the cost of travel along route r when the route flow vector is X. 

C(X) = the N-vector of all route costs in some order;  

Aar   =  1 if link a is on route r and 0 otherwise; 

A = the matrix whose (a, r)
th element is Aar; 

Mrp   =  1 if route r joins OD pair p and 0 otherwise;   

M   =  the matrix whose (r, p)
th element is Mrp; 

sa = the upper bound of feasible flow on link a (in vehicles per minute say);  

s = the n-vector comprising all the sa in order; 

ba = the bottleneck delay at the exit of link a (in minutes per vehicle say); 

b = the n-vector of all bottleneck delays in some order; 

Gk = the proportion of time stage k is green; 

G = the vector of stage green times Gk;  

A*ak  =  1 if link a is in stage k and 0 otherwise; 

A* = the matrix whose (a, k)
th element is A*ak. 

  



 

2.4 Variable demand equilibrium conditions and the complementarity problem  

 

Suppose given a (flow-vector, cost-vector) pair (X, Y). For the purpose of this paper, we 

define an equilibrium (X, Y) as follows: such an (X, Y) must belong to F and, for all r, p such 

that route r joins OD pair p:  

  Yp - Cr(X) ≤  0 and if Yp - Cr(X) < 0 then Xr = 0; and   

  Dp(Y) - ∑ r M
T

prXr =  0.        (1) 

Suppose that Cr(X) > 0 for all feasible X ≥ 0. Aashtiani and Magananti [28] show, and it is easy 

to show, that the equilibrium condition (1) holds if and only if:    

  ∑p MrpYp - Cr(X) ≤  0  and if ∑p MrpYp - Cr(X) < 0 then Xr = 0; and   

  Dp(Y) - ∑ r M
T

prXr  ≤  0 and if Dp(Y) - ∑ r M
T

prXr < 0 then Yp = 0.   (2) 

Condition (2) is a “complementarity problem”.  This is a variational inequality:  

 U(Z) is normal at Z to E  or  U(Z)·(W – Z) ≤ 0 for all W in E  (3) 

in which the feasible set E = R+
L.  

 To see that this is the case here we let: 

  ∆∆∆∆X
0

r(X, Y) =  [MY]r – Cr(X); 

  ∆∆∆∆X
0
 (X, Y)   =   the column vector of all the ∆∆∆∆X

0
r(X, Y);  

  ∆∆∆∆Y
0
p(X, Y)  =  Dp(Y) - [MT

X]p;   

  ∆∆∆∆Y
0 (X, Y)  =   the column vector of all the ∆∆∆∆Y

0
p(X, Y);  

and finally put: 

 ∆∆∆∆0
(X, Y)   =   [∆∆∆∆X

0
(X, Y), ∆∆∆∆Y

0
(X, Y)]  =  [MY - C(X), D(Y) – M

T
X],  (4) 

again a column vector. Using ∆∆∆∆0
(X, Y) defined in (4) above, condition (2) may now be 

expressed succinctly in the form of the complementarity condition (3) as follows: 

 ∆∆∆∆0
(X, Y) is normal at [X, Y] to F.       (5) 

This is a complementarity problem since it is a variational inequality, (3), in which the 

feasible set F is a non-negative orthant in Euclidean space:  

 F = {(X, Y); Xr ≥ 0, Yp ≥ 0 for all r, p} = R+
N+K. 

   
2.5 The equilibrium condition (2), (5) expressed as a zero of a vector field 

 

First we split the components of ∆∆∆∆0
(X, Y) into non-positive and non-negative parts: 

  [∆∆∆∆X
0

r(X, Y)]+   =   max {∆∆∆∆X
0

r(X, Y), 0},  

  [∆∆∆∆X
0

r(X, Y)]-    =  min {∆∆∆∆X
0

r(X, Y), 0}, 

  [∆∆∆∆Y
0

p(X, Y)]+  =  max {∆∆∆∆Y
0

p(X, Y), 0}, and  

  [∆∆∆∆Y
0

p(X, Y)]-   =  min {∆∆∆∆Y
0

p(X, Y), 0}. 

Thus, for all r, [∆∆∆∆X
0

r(X, Y)]+  ≥  0, [∆∆∆∆X
0

r(X, Y)]- ≤  0 and 

  ∆∆∆∆X
0

r(X, Y)   =    [∆∆∆∆X
0

r(X, Y)]+   +  [∆∆∆∆X
0

r(X, Y)]- 

and similarly for ∆∆∆∆Y
0

p(X, Y) for all p. 
 With the above notations, let (for all r, p): 

  ∆∆∆∆Xr(X, Y) =  [∆∆∆∆X
0

r(X, Y)]+ +  [∆∆∆∆X
0

r(X, Y)]- Xr
2
  

and 

  ∆∆∆∆Yp(X, Y) = [∆∆∆∆Y
0

p(X, Y)]+ + [∆∆∆∆Y
0
p(X, Y)]- Yp

2. 
Also now let:  

  ∆∆∆∆X(X, Y)  =  the column vector of all the ∆∆∆∆Xr(X, Y); and  



 

  ∆∆∆∆Y(X, Y) =  the column vector of all the ∆∆∆∆Yp(X, Y). 
Finally let: 

  ∆∆∆∆(X, Y)  =  [∆∆∆∆X(X, Y), ∆∆∆∆Y(X, Y)],  

again a column vector. It is easy to check that the equilibrium condition (5) holds if and only 

if  

  ∆∆∆∆(X, Y) = 0.         (6)  

If ∆∆∆∆0
(X, Y) were the negative of a gradient then ∆∆∆∆(X, Y) in (6) would be a “reduced” negative 

gradient.    
 
2.6 Equilibrium as a zero of an objective function V and the Lyapunov approach 

 

For all (X, Y) ∈ F, let  

  V(X, Y)     =  ½ ∆∆∆∆0
(X, Y)

T∆∆∆∆(X, Y).  
Then, following from the above paragraph, the equilibrium condition [(2), (5), (6)] holds if 
and only if V(X, Y) = 0. 

 Clearly V(X, Y) ≥ 0 for all (X, Y) ∈ F and thus it becomes natural to seek equilibria by 

seeking zeros of V; and also to seek zeros of V by moving an arbitrary initial (X, Y) in F in a 

direction which remains in F and continually reduces V. This is the Lyapunov approach. The 

basic contribution of this paper is to show that under natural conditions the above natural 

Lyapunov procedure does not get stuck in a local minimum of V and so does converge to the 

equilibrium set, if at each point [X, Y] two directions are considered for reducing V. 

 Looking at the equilibrium condition (6), the most obvious direction to move to reduce 

V is ∆∆∆∆  =  [∆∆∆∆X, ∆∆∆∆Y]. The two directions (in this section 2) are to be: 

  ∆∆∆∆  =  [∆∆∆∆X, ∆∆∆∆Y] and ∆∆∆∆┴ =  [M∆∆∆∆Y, -MT∆∆∆∆X]     (7) 

It is easy to see that the dot product of these two directions is zero so they are at right angles. 

 Why two directions? Here we give a simple example where the single most obvious 

direction ∆∆∆∆ fails to reduce V; but following ∆∆∆∆┴ then reduces V. In this simple example the cost 

and demand functions are flat; so that costs are constant and demands are rigid. 

 So now for the moment suppose that all routes are uncongested; so Cr(X) = Cr 

(constant) for all X, and demands are rigid so Dp(Y) = Dp (constant) for all Y. Suppose also 

that we are attempting to calculate the equilibrium by following ∆∆∆∆(X, Y) at all points (X, Y).  

 Suppose also that our algorithm is currently at an (X, Y) at which the “current” OD 

costs Yp are all too large so that  

  [MY]r – Cr > 0 for all r,  

and all the “current” route flows Xr are too small so that  

  Dp - [M
T
X]p > 0 for all p.  

Then the negative parts of all coordinates of ∆ are zero and the non-negative parts are all 

positive so, for all r, p:  
 

∆∆∆∆Xr(X, Y) = [[MY]r – Cr]+ + [[MY]r – Cr]- Xr
2
  = [MY]r – Cr  = ∆∆∆∆X

0
r(X, Y) > 0 and 

∆∆∆∆Yp(X, Y) = [Dp - [M
T
X]p]+ + [Dp - [M

T
X]p]- Yp

2 = = Dp - [M
T
X]p  = ∆∆∆∆Y

0
p(X, Y) > 0.  



 

 

It follows that for such (X, Y), where ∆∆∆∆(X, Y) points upwards and so equals ∆∆∆∆0
(X, Y),    

 V(X, Y)  =   ½ ∆∆∆∆0
(X, Y)

T∆∆∆∆(X, Y)  =  ½ ∆∆∆∆0
(X, Y)

T∆∆∆∆0
(X, Y) > 0. 

Further, now consider what happens to V as we follow ∆∆∆∆(X, Y) =  ∆∆∆∆0
(X, Y) > 0 at this (X, Y). 

Since we are assuming here that C and D are constant, JC(X)T = 0 and JD(Y)T = 0, so 

 ∇∇∇∇XV(X, Y) =  - JC(X)T∆∆∆∆X
0
(X, Y) - ∆∆∆∆Y

0
(X, Y) = -M∆∆∆∆Y

0
(X, Y), and 

 ∇∇∇∇YV(X, Y) =   M
T∆∆∆∆X

0
(X, Y) + JD(Y)T∆∆∆∆Y

0
(X, Y) =  M

T∆∆∆∆X
0
(X, Y). 

Hence the rate of change of V (or the directional derivative of V) in direction ∆∆∆∆(X, Y) is: 

∇∇∇∇V(X, Y) ⋅ ∆∆∆∆(X, Y)  =    ∇∇∇∇XV(X, Y) ⋅  ∆∆∆∆X
0
(X, Y) +  ∇∇∇∇YV(X, Y) ⋅  ∆∆∆∆Y

0
(X, Y)   

   =  - M∆∆∆∆Y
0
(X, Y) ⋅⋅⋅⋅ ∆∆∆∆X

0
(X, Y) + M

T∆∆∆∆X
0
(X, Y)⋅⋅⋅⋅ ∆∆∆∆Y

0
(X, Y)  

   =   0. 

Thus the search direction ∆∆∆∆(X, Y) fails to reduce V for completely uncongested rigid demand 

networks when the vector ∆∆∆∆(X, Y) points upwards in all co-ordinates.  

 However the above calculation of ∇∇∇∇V(X, Y) provides an immediate possible repair; 

for it shows that the direction ∆∆∆∆┴(X, Y) defined in (7) above satisfies:  

∆∆∆∆┴(X, Y) =  [M∆∆∆∆Y(X, Y), -MT∆∆∆∆X(X, Y)] = - [∇∇∇∇XV(X, Y), ∇∇∇∇YV(X, Y)] = -∇∇∇∇V(X, Y). 

Thus ∆∆∆∆┴(X, Y) is in this case the steepest descent direction of V. The remedy suggested by the 

above análysis is: follow ∆∆∆∆┴(X, Y) instead of ∆∆∆∆(X, Y) when ∆∆∆∆(X, Y) fails to reduce V. 

 While the new direction ∆∆∆∆┴(X, Y) = -∇∇∇∇V(X, Y) in the above very special 

circumstances, we still need to check that in this case ∇∇∇∇V(X, Y) doesn’t vanish. Otherwise we 
may have failed to find a descent direction (because there isn’t one).  Now in our special 
circumstances:   

 ∆∆∆∆Xr = [MY]r – Cr  > 0 for all r and ∆∆∆∆Yp = Dp - [M
T
X]p  > 0 for all p.  

Hence  ∆∆∆∆X > 0, ∆∆∆∆Y > 0, M is an incidence matrix and so there is no cancellation in M(∆∆∆∆X):  

 ∆∆∆∆X > 0 implies that M(∆∆∆∆X) > 0 

and also, similarly, ∆∆∆∆Y > 0 implies that MT
(∆∆∆∆Y) > 0. It follows that the gradient ∇∇∇∇V(X, Y) 

cannot vanish when both ∆∆∆∆X > 0 and ∆∆∆∆Y > 0 as is the case here. 

 This completes the argument that ∆∆∆∆┴(X, Y) works when required, but only for our 

special non-equilibrium (X, Y) where ∆∆∆∆X and ∆∆∆∆Y > 0. To generalise this argument we use 
theorem 1 below. 
 

Theorem 1. Given f: R+
L
 � R+

L
, for 1 ≤  i ≤  L and x ∈ R+

L
 define  

fi-(x) = max[fi(x), 0] and fi-(x) = min[fi(x), 0] 

(so that fi(x) = fi+(x) + fi-(x)). 

   Let hi(x) = fi+(x) + xi
2
fi-(x), h(x) = (h1(x), h2(x), . . . , hM(x))T

, let  

 V(x) = ½∑i [fi+(x) + xi fi-(x)]2
 and W(x) = ∑i [xi fi-(x)]3

.  

Suppose that f is differentiable and –f is monotone; so that –Jf(x) is positive semi-definite at 

each x ∈ R+
L
. Then, for all x ∈ R+

L
, 

 

 h(x) ·∇V(x) ≤  W(x).  

 

Proof.  Suppose given a differentiable function f: R+
L � R+

L, and let V, W  be defined as 

above. Suppose first that all fi(x) ≠ 0. Then: 

 ∂V/∂ xk = [fi+(x) + xi fi-(x)] [∂fi+(x)/∂ xk + xi ∂fi-(x)/∂ xk + fi-(x) εik] 
where εik = 1 if i = k and = 0 if i ≠ k.  



 

 Now hk(x) = fk+(x) + xk
2

 fk-(x) for all k so in this case where all fi(x) ≠ 0: 

∇V(x) · h(x)  =   ∑k∂V/∂ xk hk (x)  

 =   ∑∑k,i [fi+(x) + xi fi-(x)] [∂fi+(x)/∂ xk + xi ∂fi-(x)/∂ xk + fi-(x) εik][ fk+(x) + xk
2

 fk-(x)] 

 =   ∑∑k,i [fi+(x) + xi fi-(x)] [∂fi+(x)/∂ xk + xi ∂fi-(x)/∂ xk][ fk+(x) + xk
2

 fk-(x)] 

     +  ∑∑k,i [fi+(x) + xi fi-(x)] [ fi-(x) εik][ fk+(x) + xk
2

 fk-(x)] 

 =   ∑∑k,i [fi+(x) + xi
2

 fi-(x)] [∂fi+(x)/∂ xk +  ∂fi-(x)/∂ xk][ fk+(x) + xk
2

 fk-(x)] 

     +  ∑k [fk+(x) + xk fk-(x)] [ fk-(x)][ fk+(x) + xk
2

 fk-(x)] 

 =   ∑∑k,i [fi+(x) + xi
2

 fi-(x)] [∂fi(x)/∂ xk][ fk+(x) + xk
2

 fk-(x)] 

     +  ∑k [xk fk-(x)] [ fk-(x)][xk
2

 fk-(x)] 

 ≤   0  +  ∑k [xk fk-(x)] [ fk-(x)][xk
2

 fk-(x)] 

 ≤   ∑k  xk
3
fk-

3(x) = W(x).        (8) 

Thus the required result has been obtained provided that each fi(x) ≠ 0.  

 If some fi(x) = 0 we decompose the sum defining V into two parts, where the first part 

is a sum over just the non-zero terms in V and the second part is a sum over just the zero 

terms in V. Thus we put:  

 V1(x) = ½∑i: [ ] ≠ 0 [fi+(x) + xi fi-(x)]2
 and V2(x) = ½∑i: [ ] = 0 [fi+(x) + xi fi-(x)]2

  

Then: 

 V(x)  =  V1(x) + V2(x) for all x. 

Now, under our assumption that f(x) is differentiable at all x, for all k: 

 ∂V2(x)/∂ xk =  0.  

and so:  

 ∇V(x) = ∇V1(x) + ∇V2(x) =  ∇V1(x)  +  0 = ∇V1(x) . 

Similarly dividing the sum defining W in (6) in two parts,  

 W(x)  =  W1(x) + W2(x) for all x.  

It is clear that W2(x) =  0 and so   

 W(x)  =  W1(x) + W2(x)  =  W1(x) + 0   =  W1(x).  

Using the above equalities and an extremely small extension of the partial result obtained so 

far above it now follows that: 

 h(x) ·∇V(x) =  h(x) ·∇V1(x)  ≤  W1(x)  =  W(x) for all x.  

This proves the theorem.  
 

2.7 Positive definite, semi-definite and almost-definite matrices 

 

We shall say that the L×L matrix P is positive semi-definite, positive almost-definite, and 

positive definite in the following cases.  

P is positive semi-definite if and only if xT
P

T
x ≥ 0 for all x ∈ R

L;  

P is positive almost-definite if and only if P is positive semi-definite and  

x
T
P

T
x = 0 implies PT

x = 0; and 

P is positive definite if and only if P is positive semi-definite and  

x
T
P

T
x = 0 implies x = 0. 

The middle condition here lies between the other two. Thus: 

P is positive definite ⇒ P is positive almost-definite ⇒ P is positive semi-definite. 

The middle condition here is introduced here as it permits the possibility that the functions C 

and D may have some constant “parts” and some steeply sloping “parts”; and so allows 



 

networks which have some uncongested rigid demand routes and also some highly congested 

high elasticity routes. Such a case is illustrated by the following cost and demand functions in 

a simple network with two OD pairs each joined by one route:  

OD pair 1: C1(X) = 1 + 2X1 and D1(Y1) = 4 - Y1  

OD pair 2: C2(X) = 3 and D2(Y2) = 1.   

OD pair 1 has steep cost and demand functions and OD pair 2 has flat ones. 
 

2.8 Application of theorem 1 to the two-direction method 

 

Recall our definition (7) of the new direction 

 ∆∆∆∆┴(X, Y) = [M(∆∆∆∆Y), - M
T
(∆∆∆∆X)].        

Why should this new direction be a descent direction when ∆∆∆∆(X, Y) isn’t? To see this we 

utilise theorem 1 with 

x = [X, Y] and f(x) = ∆(X, Y). 

If C(X) and -D(Y) are both monotone then -f is monotone and it then follows from inequality 

(8) which is the main content of theorem 1 that ∇V(X, Y) ⋅ ∆∆∆∆(X, Y)  <  0 if ∆∆∆∆X or ∆∆∆∆Y has a 

negative coordinate, for in this case  

 W(X, Y) = W(x) < 0. 

Thus if ∆∆∆∆(X, Y) is not a descent direction for V at a non-equilibrium [X, Y] then all co-

ordinates of (∆∆∆∆X, ∆∆∆∆Y) are non-negative. Therefore to show that the new direction ∆∆∆∆┴(X, Y) 

defined in (7) above “fills the gap” as required we just need to consider these “problematic” 

(X, Y) where all co-ordinates of (∆∆∆∆X, ∆∆∆∆Y) are non-negative.  

 

Theorem 2. Suppose that JC and -JD are both positive almost-definite everywhere. Suppose 

that [X, Y] is not an equilibrium, but is feasible. Then:  

either ∆∆∆∆ = ∆∆∆∆(X, Y) or ∆∆∆∆┴  
= ∆∆∆∆┴(X, Y) is a feasible descent direction for V at [X, Y]. 

 

Proof. Suppose that JC and -JD are both positive almost-definite everywhere and that [X, Y] is 

not an equilibrium so that V(X,Y) > 0. Finally suppose that ∆∆∆∆ = ∆∆∆∆(X, Y) = [∆∆∆∆X, ∆∆∆∆Y]  is not a 

descent direction for V at (X, Y). Then every co-ordinate of ∆∆∆∆ = [∆∆∆∆X, ∆∆∆∆Y] is non-negative. 

(We need to show that ∆∆∆∆┴ 
= ∆∆∆∆┴(X, Y) is a descent direction for V in this case.) 

 It is easy to see that in this case: 

  ∇V (X, Y)  =  [JC
T(∆∆∆∆X) – M(∆∆∆∆Y), MT

(∆∆∆∆X) + JD
T(∆∆∆∆Y)], while  

  ∆∆∆∆┴(X, Y)  =   [M(∆∆∆∆Y), - M
T
(∆∆∆∆X)] 

by the defintion above. Thus    

  ∆∆∆∆┴(X, Y)  =   -∇V (X, Y)  

if both  JC
T(∆∆∆∆X) and JD

T(∆∆∆∆Y) are zero vectors. Now, since JC and -JD are positive almost 

definite these matrices are also positive semi-definite and so, in any case (at every (X, Y)): 

    a      =  ∆∆∆∆X⋅ {-JC
T(∆∆∆∆X)} ≤   0 and  

    b      =  ∆∆∆∆Y ⋅ {JD(Y)T(∆∆∆∆Y)} ≤   0.  

So, at this (X, Y) where ∆∆∆∆ = ∆∆∆∆(X, Y) is not a descent direction for V:   

a+b  =  (∆∆∆∆X)⋅ {- JC
T(∆∆∆∆X)} + (∆∆∆∆Y)⋅ {JD(Y)T(∆∆∆∆Y)} 

 =  (∆∆∆∆X) ⋅ {- JC
T(∆∆∆∆X) - M(∆∆∆∆Y)}  + (∆∆∆∆Y) ⋅ {M

T(∆∆∆∆X) + JD
T(∆∆∆∆Y)}  

 =  [∆∆∆∆X, ∆∆∆∆Y] ⋅ [- JC
T(∆∆∆∆X) – M(∆∆∆∆Y), MT

(∆∆∆∆X) + JD
T(∆∆∆∆Y)] 



 

 = ∆∆∆∆⋅ ∇V  ≥  0 

as, by our current assumption, ∆∆∆∆(X, Y) is not a descent direction for V at (X, Y). 

 Thus for our non-equilibrium (X, Y) where ∆∆∆∆(X, Y) not a descent direction for V, 

 a ≤ 0, b ≤ 0, and a + b ≥ 0. 

Hence:  

     a      =  (∆∆∆∆X)⋅ {- JC
T(∆∆∆∆X)} =  0 and 

  b  =  (∆∆∆∆Y) ⋅ {JD
T(∆∆∆∆Y)}  =  0.   

Since JC and -JD are both positive almost definite, it now follows that    

  JC
T(∆∆∆∆X) =  0 and JD

T(∆∆∆∆Y) =  0   

and so ∆∆∆∆┴  
= ∆∆∆∆┴(X, Y) = - ∇∇∇∇V(X, Y).   

 It remains to show that away from equilibrium this vector is non-zero, or that if this 

vector is zero then we are at an equilibrium. So suppose that ∆∆∆∆(X, Y) ≠ 0. Our other current 

conditions are:∆∆∆∆X ≥ 0 and ∆∆∆∆Y ≥ 0. 

 Now ∆∆∆∆ ≠ 0. So either ∆∆∆∆X ≠ 0 or ∆∆∆∆X ≠ 0. Since ∆∆∆∆X ≥ 0 and M is an incidence matrix, if 

∆∆∆∆X ≠ 0 then MT∆∆∆∆X ≠ 0 as there can be no cancellation. Similarly, since ∆∆∆∆Y ≥ 0 and M is an 

incidence matrix, if ∆∆∆∆Y ≠ 0 then M∆∆∆∆Y ≠ 0 as again there can be no cancellation. Thus:  

  ∆∆∆∆ ≠ 0 implies ∆∆∆∆┴ =  [M(∆∆∆∆Y), - M
T
(∆∆∆∆X)]  ≠  0. 

 We have now shown that ∆∆∆∆┴(X, Y) is the steepest descent direction - ∇∇∇∇V(X, Y) at our 

“problematic” point and also that this is non-zero and so certainly (at non-equilibria) reduces 

V when ∆∆∆∆(X, Y) does not reduce V. 

    
2.9 Relevant descent directions are feasible when needed  

 

We show that ∆∆∆∆(X, Y) is always feasible, for all feasible (X, Y). We also show that ∆∆∆∆┴(X, Y) 

is feasible whenever ∆∆∆∆(X, Y) is not a descent direction for V. 

 The feasible set F = {(X, Y); Xr ≥ 0 and Yp ≥ 0 for all p, r} has just non-negativity 

constraints. So a direction H ∈ RN+K
 is feasible at (X, Y) ∈ F unless (X, Y) has a zero co-

ordinate where the direction H has a negative co-ordinate; we apply this to ∆∆∆∆(X, Y) and to 

∆∆∆∆┴(X, Y) in turn. 

 First, consider ∆∆∆∆(X, Y). It is clear that if Xr = 0 then ∆∆∆∆Xr(X, Y)  ≥  0 and if Yp = 0 then  

∆∆∆∆Yp(X, Y)  ≥  0. Hence ∆∆∆∆(X, Y) is always feasible for all feasible [X, Y]. 

 Second, consider ∆∆∆∆┴(X, Y) =  [M(∆∆∆∆Y), - M
T
(∆∆∆∆X)]. Suppose, on the one hand, that 

M(∆∆∆∆Y) has a negative component. Then ∆∆∆∆Y and so ∆∆∆∆(X, Y) also has a negative component. 

This implies that ∆∆∆∆(X, Y) is a descent direction for V. So if ∆∆∆∆(X, Y) is not a descent direction 

for V then M(∆∆∆∆Y) has no negative component and is therefore X-feasible. Now suppose, on 

the other hand, that - MT
(∆∆∆∆X) has at least one negative component. Consider any negative 

component; [- MT
(∆∆∆∆X)]p < 0 say.  Then - (∆∆∆∆X) has a negative component; say  

  -  (∆∆∆∆X)r < 0, 

where route r joins OD pair p. Thus - (Yp  -  Cr(X)) < 0 and this in turn implies that  

  Yp  > Cr(X) > 0 

and hence that [- MT
(∆∆∆∆X)]p is feasible at Yp. This argument works for all negative components 

of - MT
(∆∆∆∆X) and so - MT

(∆∆∆∆X) is Y-feasible. 



 

 Hence ∆∆∆∆┴(X, Y) is feasible at any (X, Y) for which ∆∆∆∆(X, Y) is not a descent direction 

for V. Thus ∆∆∆∆┴(X, Y) is not only a descent direction when needed (as shown by theorem 2 

above); it is also feasible when needed. 

 

 

3 A model with capacity constraints and bottleneck delays (model II) 
 

To consider capacitated links and the associated bottleneck delays within this same 

framework we need to generalise theorem 1 and we give this generalisation here as theorem 3. 

 

Theorem 3. Given the vector function  f: R+
L+ n

 � R+
L
, x ∈ R+

L
 and y ∈ R+

n
 define  

fi+(x, y) = max[fi(x, y), 0] and fi-(x) = min[fi(x, y), 0] for 1 ≤  i ≤  L.   

Given the vector function g: R+
L + n 

� R+
n
, x ∈ R+

L
 and y ∈ R+

n
 define  

gi+(x, y) = max[gi(x, y), 0] and gi-(x, y) = min[gi(x, y), 0]  for 1 ≤  i ≤  n. 

(So fi(x, y) = fi+(x, y) + fi-(x, y) for 1 ≤  i ≤  L and gi(x, y) = gi+(x, y) + gi-(x, y) for 1 ≤  i ≤  n.) 

Let  

 hi(x, y)  =   fi+(x, y) + xi
2
fi-(x, y)    for  1 ≤  i ≤  L 

 ki(x, y)  =    (ui – yi)
2
gi+(x, y) + yi

2
gi-(x, y)  for  1 ≤  i ≤   n. 

Also,  let 

h(x, y) = [h1(x, y), h2(x, y), . . . , hL(x, y)] and k(x, y) = [k1(x, y), k2(x, y), . . . , kn(x, y)],   

V(x, y) = ½∑1 ≤ i ≤ L {fi+(x, y) + xi fi-(x, y)}2
 +  ½∑1 ≤ i ≤ n {(ui – yi)gi+(x, y) + yigi-(x, y)}2

  

and   

 W(x, y) = ½∑1 ≤ i ≤ L {xi fi-(x, y)}3
 +  ½∑1 ≤ i ≤ L {-(ui – yi)gi+(x, y) + yigi-(x, y)}3

.  

Suppose that f and g are differentiable and -[f, g] is monotone; so that  

 –J[f, g](x, y) is positive semi-definite.  

Then, for all [x, y] ∈ R+
L+ n

,  

 [h(x, y), k(x, y)] ·∇V(x, y) ≤  W(x, y).  

 

Proof: This follows the proof of theorem 1 very closely indeed and is omitted. 

 

3.1 Application of theorem 3 to the two-direction method with capacity constraints 

 

Now we suppose that all links are capacitated and that the upper bound for flow va on link a is 

sa. In addition to these capacity constraints we also suppose that at each link exit there is a 

bottleneck delay or queueing delay ba. Finally we suppose that “at equilibrium” these bottleneck 

delays satisfy the following queue-equilibrium condition: 

  va ≤ sa and va < sa implies ba = 0 

or 

  (AX)a ≤ sa and (AX)a < sa implies ba = 0. 

We augment our previous model which just had a (flow-vector, cost-vector) pair (X, Y) by 

adding in the new vector of bottleneck delays ba.  

 Then an equilibrium (X, Y, b) must satisfy, for all r, p, a:  

∑ p MrpYp  - Cr(X) – ∑ a A
T

ra b a≤  0 and if ∑ p MrpYp - Cr(X) - ∑ a A
T

ra b a < 0 then Xr = 0;   

Dp(Y) - ∑ r MprXr =  0; and          (9)  



 

∑ r Aar Xr  - sa  ≤ 0 and ∑ r Aar Xr - sa < 0 implies ba = 0. 

 We again assume that Cr(X) > 0 for all feasible X ≥ 0 and write conditions (9) as: 

∑ p MrpYp - Cr(X) – A
T

ra b a ≤  0 and if ∑ p MrpYp - Cr(X) < 0 then Xr = 0;    

Dp(Y) - ∑ r M
T

prXr ≤  0 and if Dp(Y) - ∑ r M
T

prXr <  0 then Yp = 0; and   (10) 

∑ r Aar Xr  - sa  ≤ 0 and ∑ r Aar Xr - sa < 0 implies ba = 0. 

 Condition (10) is again a “complementarity problem” like (3) in which the feasible set E 

= R+
L. To see that this is the case here we let: 

  ∆∆∆∆X
0

r(X, Y, b) = [MY]r – Cr(X) – [AT
b]r; 

  ∆∆∆∆X
0
 (X, Y, b)  =  the column vector of all the ∆∆∆∆X

0
r(X, Y, b);  

  ∆∆∆∆Y
0
p(X, Y, b) = Dp(Y) - [MT

X]p;   

  ∆∆∆∆Y
0 (X, Y, b) =  the column vector of all the ∆∆∆∆Y

0
p(X, Y, b); 

  ∆∆∆∆b
0

i(X, Y, b) = [AX]i – si; 

  ∆∆∆∆b
0
 (X, Y, b)  =  the column vector of all the ∆∆∆∆b

0
i(X, Y, b);  

and finally put: 

  ∆∆∆∆0
(X, Y, b)  =  [∆∆∆∆X

0
(X, Y, b), ∆∆∆∆Y

0
(X, Y, b), ∆∆∆∆b

0
 (X, Y, b)],   (11) 

again a column vector. 

 Using ∆∆∆∆0
(X, Y, b) defined in (11) above, condition (10) may now be expressed 

succinctly in the form of the complementarity condition (3) as follows: 

  ∆∆∆∆0
(X, Y, b) is normal at [X, Y, b] to F.     (12) 

This is a complementarity problem since it is a variational inequality, (3), in which the 

feasible set F is a non-negative orthant in Euclidean space:  

  F = {(X, Y, b); Xr ≥ 0, Yp ≥ 0, ba ≥ 0 for all r, p, a} = R+
N+K+n. 

Here: 

   MY – C(X) - A
T

 b  

∆∆∆∆0
(X, Y, b)   =  D(Y) – M

T
X  

   AX - s. 

 
3.2 The equilibrium condition (2), (5) expressed as a zero of an objective function 

First, again we split the components of ∆∆∆∆0
(X, Y, b) into non-positive and non-negative parts 

as before, but now adding: 

  [∆∆∆∆b
0
i(X, Y, b)]+  =  max {∆∆∆∆b

0
i(X, Y, b), 0}, and  

  [∆∆∆∆b
0
a(X, Y, b)]-  =  min {∆∆∆∆b

0
a(X, Y, b), 0}. 

Now we let (for all r, p, a): 

  ∆∆∆∆Xr(X, Y, b) =   [∆∆∆∆X
0

r(X, Y, b)]+ +  [∆∆∆∆X
0

r(X, Y, b)]- Xr
2, 

  ∆∆∆∆Yp(X, Y, b) =   [∆∆∆∆Y
0
p(X, Y, b)]+ + [∆∆∆∆Y

0
p(X, Y, b)]- Yp

2, 

  ∆∆∆∆ba(X, Y, b) =  [∆∆∆∆b
0
a(X, Y, b)]+(

 
ua – ba) 

2 + [∆∆∆∆b
0

a(X, Y, b)]- ba
2, 

where ua is an upper bound for the bottleneck delay ba. The upper bounds ua are apparently 
necessary here for what follows. Also now let:  

  ∆∆∆∆X(X, Y, b)   =  the column vector of all the ∆∆∆∆Xr(X, Y, b);   

  ∆∆∆∆Y(X, Y, b)  =  the column vector of all the ∆∆∆∆Yp(X, Y, b); and  

  ∆∆∆∆b(X, Y, b)   =  the column vector of all the ∆∆∆∆ba(X, Y, b).   
Finally let: 

  ∆∆∆∆(X, Y, b)   =  [∆∆∆∆X(X, Y, b), ∆∆∆∆Y(X, Y, b), ∆∆∆∆b(X, Y, b)],  



 

again a column vector. It is again easy to check that equilibrium condition (12) holds if and 

only if  

  ∆∆∆∆(X, Y, b) = 0         (13) 

and the upper bounds are not binding. We will say that [X, Y, b] is a u-equilibrium if and 

only if ∆∆∆∆(X, Y, b) = 0.      

 For all (X, Y, b) ∈∈∈∈ F, let  V(X, Y, b) = ½ ∆∆∆∆0
(X, Y, b)

T∆∆∆∆(X, Y, b). Then (X, Y, b) is a u 
-equilibrium if and only if  

  V(X, Y, b) = 0.         (14) 

A u-equilibrium (X, Y, b) is an equilibrium if and only if the upper bounds are not binding. 

 

3.3 The Lyapunov approach to finding the set of u-equilibria 

 

We show here that a natural Lyapunov procedure to solve the equilibrium condition (12, 13, 

14) does not get stuck in a local minimum of V and so does converge to the set of zeros of V,  

provided that at each point [X, Y, b] two directions are considered for reducing V. 

The two directions here are: 

 ∆∆∆∆  =  [∆∆∆∆X, ∆∆∆∆Y, ∆∆∆∆b] and ∆∆∆∆┴ = [M(∆∆∆∆Y) - A
T
(∆∆∆∆b), - M

T
(∆∆∆∆X), A(∆∆∆∆X)].  (15) 

We now apply theorem 3 with 

x = [X, Y], y = b and f(x, y) = [∆X, ∆Y] and g(x, y) = ∆b. 

If C(X) and -D(Y) are both monotone then –[f, g] is monotone and it then follows from 

theorem 3 that ∇V(X, Y, b) ⋅ ∆∆∆∆(X, Y, b)  <  0 if [∆∆∆∆X(X, Y, b), ∆∆∆∆Y(X, Y, b)] has at least one 

negative co-ordinate or ∆∆∆∆b(X, Y, b) ≠ 0, for in this case W(x) < 0. 

 Thus if ∆∆∆∆(X, Y, b) is not a descent direction for V at a non-equilibrium [X, Y, b] then  

 (1) all co-ordinates of [∆∆∆∆X, ∆∆∆∆Y] are non-negative and  

 (2)  ∆∆∆∆b = 0. 

Thus to show that the new direction ∆∆∆∆┴(X, Y, b) in (16) “fills the gap” as required we just need 

to consider these (X, Y, b). In just these cases, is ∆∆∆∆┴(X, Y, b) a non-zero descent direction for 

V? Below we show that the answer under natural conditions is “yes”. 

 

Theorem 4. Suppose that JC and -JD are both positive almost-definite everywhere. Suppose 

that [X, Y, b] is not a u-equilibrium, but is feasible. Then:  

either ∆∆∆∆ = ∆∆∆∆(X, Y, b) or ∆∆∆∆┴  
= ∆∆∆∆┴(X, Y, b) is a feasible descent direction for V at [X, Y, b]. 

 

Proof. Suppose that JC and -JD are both positive almost-definite everywhere and that [X, Y, 

b] is not a u-equilibrium so that V(X, Y, b) > 0. Suppose that ∆∆∆∆ = ∆∆∆∆(X, Y, b) = [∆∆∆∆X, ∆∆∆∆Y, ∆∆∆∆b] 

is not a descent direction for V at (X, Y, b). Then, by virtue of theorem 3 with  

  x = [X, Y], y = b, h(x, y) = [∆∆∆∆X, ∆∆∆∆Y] and k(x, y) = ∆∆∆∆b,  

every co-ordinate of ∆∆∆∆ = [∆∆∆∆X, ∆∆∆∆Y, ∆∆∆∆b] is non-negative and also ∆∆∆∆b = 0. (We need to show 

that ∆∆∆∆┴ 
= ∆∆∆∆┴(X, Y, b) is in this special case a descent direction for V.) 

 It is easy to see that, as above: 

∇V (X, Y, b)    =  [JC
T(∆∆∆∆X) – M(∆∆∆∆Y) + AT

(∆∆∆∆b), MT
(∆∆∆∆X) + JD

T(∆∆∆∆Y), - A(∆∆∆∆X)] and 

∆∆∆∆┴(X, Y, b)    =   [M(∆∆∆∆Y) - A
T
(∆∆∆∆b), - M

T
(∆∆∆∆X), A(∆∆∆∆X)]. 

Thus    



 

  ∆∆∆∆┴(X, Y, b)  =   -∇V (X, Y, b)  

if both  JC
T(∆∆∆∆X) and JD

T(∆∆∆∆Y) are zero vectors. 

 Since JC and -JD are positive almost definite these matrices are also positive semi-

definite and so, in any case (at every (X, Y)): 

   a      =  ∆∆∆∆X⋅⋅⋅⋅ {-JC
T(∆∆∆∆X)} ≤   0 and  

   b      =  ∆∆∆∆Y ⋅⋅⋅⋅ {JD(Y)T(∆∆∆∆Y)} ≤   0.  

So, at this (X, Y, b) where ∆∆∆∆ = ∆∆∆∆(X, Y, b) is not a descent direction for V, and so ∆∆∆∆b = 0:   

a+b  =  (∆∆∆∆X)⋅⋅⋅⋅ {- JC
T(∆∆∆∆X)} + (∆∆∆∆Y)⋅⋅⋅⋅ {JD(Y)T(∆∆∆∆Y)} 

=  (∆∆∆∆X) ⋅⋅⋅⋅ {- JC
T(∆∆∆∆X) - M(∆∆∆∆Y) + AT

(∆∆∆∆b)}  + (∆∆∆∆Y) ⋅⋅⋅⋅ {M
T(∆∆∆∆X) + JD

T(∆∆∆∆Y)} - (∆∆∆∆b)·A(∆∆∆∆X)  

=  [∆∆∆∆X, ∆∆∆∆Y, ∆∆∆∆b] ⋅⋅⋅⋅ [- JC
T(∆∆∆∆X) – M(∆∆∆∆Y) + A

T
(∆∆∆∆b), MT

(∆∆∆∆X) + JD
T(∆∆∆∆Y), - A(∆∆∆∆X)] 

= ∆∆∆∆⋅⋅⋅⋅ ∇V  ≥  0 

as, by our current assumption, ∆∆∆∆(X, Y, b) is not a descent direction for V at (X, Y, b). 

Thus for our non-equilibrium (X, Y, b), where ∆∆∆∆(X, Y, b) not a descent direction for V, 

a ≤ 0, b ≤ 0, and a + b ≥ 0. 

Hence:  

    a      =  (∆∆∆∆X) ⋅⋅⋅⋅ {- JC
T(∆∆∆∆X)} =  0 and 

 b  =  (∆∆∆∆Y) ⋅⋅⋅⋅ {JD
T(∆∆∆∆Y)}  =  0.   

Since JC and -JD are both positive almost definite, it now follows that    

 JC
T(∆∆∆∆X) =  0 and JD

T(∆∆∆∆Y) =  0   

and so as before ∆∆∆∆┴  
= ∆∆∆∆┴(X, Y, b) = - ∇∇∇∇V(X, Y, b).  

 It remains to show that away from equilibrium this vector is non-zero, or that if this 

vector is zero then we are at an equilibrium. So suppose that we are away from equilibrium or 

that ∆∆∆∆(X, Y, b) ≠ 0. Our other current conditions at our special point are: 

  ∆∆∆∆X ≥ 0, ∆∆∆∆Y ≥ 0 and ∆∆∆∆b = 0. 

Recall that ∆∆∆∆┴(X, Y, b) = [M(∆∆∆∆Y), - M
T
(∆∆∆∆X), A(∆∆∆∆X)]. Now since  

  ∆∆∆∆X ≥ 0, ∆∆∆∆Y ≥ 0, and [∆∆∆∆X, ∆∆∆∆Y] ≠ 0 and M is an incidence matrix,  

there can be no cancellation in the sum M(∆∆∆∆Y) or in the sum M
T
(∆∆∆∆X) and so  

  ∆∆∆∆(X, Y, b) ≠ 0 implies ∆∆∆∆┴(X, Y, b) ≠ 0. 

 We have now shown that ∆∆∆∆┴(X, Y, b) is not only the steepest descent direction -∇∇∇∇V  at 

our special point but also is non-zero at non-equilibria and so, at non-equilibria, reduces V 

when ∆∆∆∆(X, Y, b) does not reduce V. 

 As before relevant directions are feasible. 

 

4 A model with capacity constraints, bottleneck delays and responsive 

traffic signal control (model III) 
 
There can be great advantages in real traffic situations if the signal controls respond 
appropriately and automatically to the flows and delays on the network. There is a large 
potential for smoothing out random fluctuations by using signals in this way; and there is also 
the possibility of influencing the routeing of traffic favourably.  
 The P0 responsive signal control policy is designed to encourage a routeing pattern 
which automatically makes the best use of the overall capacity of the network. To state the 
policy concisely we need to specify the pressure on an arbitrary signal stage k.  This is defined 
as follows:  



 

the pressure on stage k = ∑approaches a belonging to stage k saba. 
In terms of this stage pressure, the P0 policy seeks to choose stage green times at each 
junction j so that:  

the stage pressures at junction j are equal. 
This is rather like Wardrop’s route-choice principle. As with that principle, it may not be 
feasible for these pressures to be made exactly equal so we generalise the above specification 
to the following more flexible specification: 

   Pressure on stage k < Pressure on stage h ⇒ the green time Gk awarded to stage k = 0. (16) 
(For simplicity we are assuming that there are no minimum green-time constraints.) See 
Smith [3, 19, 24] for some detailed background including some justifications for using this 
policy and also some discussion. 
 Changing the complementarity condition in section 3 above to allow for this special 
responsive policy P0 by adding in the following complementarity version of (16) we obtain: 
The P0  control system For given bottleneck delays ba choose stage green times Gk  (and 
junction multipliers Y*j ) so that  

∑a A
*T

ka ba  -  ∑ j M*
T

kjY*j  ≤  0  and if ∑a A*
T

ka ba  -  ∑ j M* 
T

kjY*j   < 0 then Gk  = 0; and   

∑ jkGk  - 1 ≤  0 and if ∑ jkGk  - 1 <  0 then Y*j = 0.  

This is an alternative formulation of (16) above, but it appears complicated; it is clearly already 

an equilibrium condition in itself. This means that it naturally fits within the complementarity 

system already developed above for networks with capacity constraints and bottleneck delays.  

 Adding in the above two new “control” equilibrium conditions to those previously 

specified in section 3 we obtain: (X, Y, b, G, Y*) is an equilibrium if for all r, p, a, k, j:  

∑p MrpYp - Cr(X) – ∑ a A
T

ra b a  ≤   0  and if ∑p MrpYp - Cr(X) – ∑ a A
T

ra b a  < 0 then Xr = 0; 

Dp(Y) - ∑ r M
T

prXr  ≤   0   and if  Dp(Y) - ∑ r M
T

prXr   <  0 then Yp = 0;    

∑r Aar Xr – ∑k A*akGk ≤  0    and if   ∑r Aar Xr – ∑k A*akGk  <  0  then ba = 0;  (17) 

∑a A*
T

ka ba  -  ∑ j M*kjY*j  ≤  0   and if  ∑a A*
T

ka ba  -  ∑ j M*kjY*j  < 0 then Gk  = 0; 

∑k M*
T

 jkGk  - 1 ≤  0    and if ∑k M*
T

 jkGk  - 1 <  0 then Y*j = 0. 

This condition may now as before be expressed succinctly in the form of the yet more 

extended complementarity condition (3) as follows: 

 ∆∆∆∆0
(X, Y, b, G, Y*) is normal at [X, Y, b, G, Y*] to F    (18) 

where ∆∆∆∆0
(X, Y, b, G, Y*) is the vector of all the left hand sides of the ≤ inequalities in (17) 

above. This is yet again a complementarity problem since it is a variational inequality, (3), in 

which the feasible set F is a non-negative orthant in Euclidean space:  

 F = {(X, Y, b, G, Y*); Xr ≥ 0, Yp ≥ 0, ba ≥ 0,  Gk  ≥ 0, Y*j ≥ 0} =  R+
N+K+n+S+J. 

S = the number of stages and J = the number of junctions. The starred variables and matrices 

highlight a symmetry between routes joining a single OD pair and stages at a single junction.  

 The vector ∆∆∆∆0
(X, Y, b, G, Y*) is as follows:   

  

    MY - C(X) – A
T

 b      

   Dp(Y) –  M
T
X       

∆∆∆∆0
(X, Y, b, G, Y) =  AX – A*G        (19) 

    A*
T
b  -  M*Y*     

   M*
T
G  - 1     

The Jacobian of this vector function is: 



 

 























−

−

−

−

=

0000))))(M(M(M(M000000000000

MMMM0000))))(A(A(A(A00000000

0000AAAA00000000AAAA

000000000000(Y)(Y)(Y)(Y)JJJJMMMM

00000000    AAAA----MMMM(X)(X)(X)(X)JJJJ

JJJJ TTTT**** ****TTTT**** ****DDDDTTTT TTTTCCCC
    (20) 

and the alternative direction ∆∆∆∆┴(X, Y, b, G, Y*) is now given by: 

     M∆Y - A
T∆b      

    -M
T∆X       

∆∆∆∆┴(X, Y, b, G, Y*)  =  A∆X –A*∆G       (21) 

     A*
T∆b  -  M*∆Y*    

    M*
T∆G      

Equations (19, 20, 21) summarise the current scenario with the P0 responsive control policy. 
 

4.1 The equilibrium condition expressed as a zero of an objective function V 

 and the Lyapunov approach 

 

For all (X, Y, b, G, Y*) ∈ F, let again as before:  

 V(X, Y, b, G, Y*) =  ½ ∆∆∆∆0
(X, Y, b, G, Y*)

T∆∆∆∆(X, Y, b, G, Y*). 
Then (X, Y, b, G, Y*) is a *-equilibrium if and only if  

 V(X, Y, b, G, Y*) = 0.          

As before, a u-equilibrium (X, Y, b, G, Y*) is an equilibrium if and only if the upper bounds 

ui are not binding. 

 We show here that a natural Lyapunov procedure does not get stuck in a local 

minimum of V and so does converge to the set of zeros of V,  

provided that at each point [X, Y, b, G, Y*] two directions are considered for reducing V. 

The two directions are: 

∆∆∆∆(X, Y, b, G, Y*)  =  [∆∆∆∆X, ∆∆∆∆Y, ∆∆∆∆b, ∆∆∆∆G, ∆∆∆∆Y*]  

and  

∆∆∆∆┴(X, Y, b, G, Y*) = [M∆Y - A
T∆b, -M

T∆X, A∆ X –A*∆G, A*
T∆b - M*∆Y*, M*

T∆G].  

 It again follows from theorem 3 that ∇V(X, Y, b, G, Y*) ⋅ ∆∆∆∆(X, Y, b, G, Y*)  <  0 if  

  ∆∆∆∆(X, Y, b, G, Y*) has at least one negative co-ordinate or  

  ∆∆∆∆b(X, Y, b, G, Y*) ≠ 0,  

for in either of these cases W(x) < 0. Thus if ∆∆∆∆ is not a descent direction for V at a non-

equilibrium then  

  (1) all co-ordinates of ∆∆∆∆ are non-negative and  

  (2)  ∆∆∆∆b = 0. 

To finish we state and prove the result needed her. This is similar to previous results. 

 

Theorem 5. Suppose that JC and -JD are both positive almost-definite everywhere. Suppose 

that [X, Y, b, G, Y*] is not a u-equilibrium, but is feasible. Then, at [X, Y, b, G, Y*],  

either ∆∆∆∆ = ∆∆∆∆(X, Y, b, G, Y*) or ∆∆∆∆┴  
= ∆∆∆∆┴(X, Y, b, G, Y*) is a feasible descent direction for V. 

 

Proof. This follows from the proof of theorem 4, just slightly extended to allow for G and Y*. 



 

 

5 Conclusion  
 

5.1 General 

 

The paper has described a two-direction method for solving three variable demand problems. 

In each case, provided Armijo [18] or Smith [17] step lengths are chosen the methods are 

bound to converge to the set of equilibria provided the cost and –demand functions have 

positive almost definite Jacobian matrices and provided upper bounds for each bottleneck 

delay are large enough. It would be natural to find a way of automatically updating bottleneck 

upper bounds when these were shown to be too small.  

 

5.2 Signal plan generation 

 

 Model III, with the responsive traffic control policy P0, may be useful for designing 

new fixed time signal plans for a variety of settings; such as when a road is blocked. To 

obtain such a plan, modify the network model by deleting the blocked road link, run the 

model for an increasing set of rigid demands and note the equilibrium signal timings 

generated; these are the new plans which may be thought suitable in this specific situation. 

The corresponding equilibrium traffic flows may be thought of as forecasts of how flows may 

be expected to evolve if the new signal timing plans are implemented in this specific situation. 

Many such plans might be created and stored and then retrieved quickly when the need arises. 

 

5.3 Intelligent Network Management using model III outlined in section 4 above 

 

Modelling methods of generating and evaluating signal plans may be utilised within an 

intelligent decision support system for network managers, such as the one shown below. This 

system or framework below would therefore be a natural one for utilising model III above and 

would be a great help for network managers in their day to day network management task. 

 FREEFLOW is a new UK project funded by EPSRC/DfT/TSB and the scheme below 

has been proposed as part of a network management system. It is within this scheme that plan 

generation strategies like model III here may prove their worth many times over in reducing 

incident-caused or recurrent urban congestion which is currently a major cost of urban life 

today. 
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Abstract 

The paper presents a dynamic route guidance system (DRGS) which can be used for dynamic 
traffic management purposes. The guidance advices in this paper are prescriptive en-route partial 
routings from a decision point to an intermediate key point, called a waypoint. As a result of this, 
the advices are not required to be formulated in a destination specific way but are formulated as a 
partial routing between the decision point and waypoint. By doing so, it is not required to specify 
the final destination in the advice, but the waypoint is used instead. This approach is unique and 
usable by both en-route VMS panels and in-car systems in the current traffic system. Whereas 
other DRGS usually require a dedicated and costly infrastructure in order to disseminate the 
destination specific advices, this research focuses on using the existing infrastructure of VMS 
panels. The paper presents a traffic model to evaluate the measure, based on an existing 
framework to which a series of extensions are proposed resulting in a first order traffic flow 
model with the ability to correctly model the proposed DRGS.  
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1 Introduction 

In this paper a dynamic route guidance system (DRGS) for traffic management purposes is 
presented together with the required modeling framework. As a working title, the intended DRGS 
is coined RG++. Which can be read as Route Guidance ‘plus plus’, where the latter is a reference 
to programmers jargon when increasing an integer with a value one. In this case we propose an 
improvement to the existing route guidance systems as they are currently being used in practice, 
changing them from an information measure to a traffic management tool.  
In the past three decades a vast amount of research on DRGS has been done, making a 
comprehensive overview tedious. This is partially due to the fact that DRGS have many key 

aspects associated with them, allowing for a wide variety in approaches. The key aspects define 
the way in which the DRGS operates, what the aims are, the type of guidance which is 
disseminated and how the guidance is determined.  
In this paper, first the functional requirements of the DRGS are presented and motivated. Then, a 
series of design and modeling choices are discussed in the subsequent section in order to meet 
these requirements. At this point, most key aspects of the intended DRGS in this research are 
clear, allowing a comparison between similar approaches in the literature. Based on this 
discussion, the need for a new modeling framework is illustrated which is presented in the next 
section. Furthermore, given the proposed framework, a discussion is presented.  
 
1.1 Key Aspects of DRGS; 

Gathering from other research on DRGS that describe the system components e.g. [1-3] the 
following key aspects are considered: 
  
i. The objective of the guidance being user-oriented or system-oriented. In other words, is 

the system providing guidance to improve personal travel conditions, or to improve traffic 
conditions in the system.  

ii. The guidance may be based on current traffic conditions or on predicted traffic 
conditions.  

iii. The dissemination of guidance may be per individual by means of personalized 
navigation systems, or collective by roadside variable message signs (VMS). 

iv. The content of the guidance can carry descriptive information or prescriptive routing 
recommendations. Descriptive information can be given in the form of queue lengths, 
travel times or other types of information describing the network state. Prescriptive 
routing is accomplished by providing explicit routing recommendations, telling a driver 
which route to take or which link to take next for a certain destination.    

v. The availability of the guidance throughout the network: where is the guidance 
information presented, and how frequently is it updated etc. 

vi. The type of traffic flow model which is used to represent the traffic system, e.g., a 
microscopic, mesoscopic or macroscopic type of dynamic traffic flow model.  

vii. The structure of the system responsible for determining the actual guidance, being 
decentralized or centralized. In the decentralized case the guidance is determined locally 
and in the centralized case by a central operator or automatic controller. 



In order to clarify these key aspects in the intended DRGS, Section 1.2 discusses the functional 
requirements in order to operate as a dynamic traffic management measure. Section 1.3 discusses 
a series of design choices and specifications in order to meet these requirements, and by doing so 
it specifies the above key aspects.  
 
1.2 Functional requirements of RG++; 

In order to use the DRGS as a management measure given the presently available technologies 
the following five requirements are formulated: 
  
i. The DRGS is intended as an advanced traffic management system (ATMS). The route 

guidance is used by a traffic manager to steer the network traffic conditions towards a 
more desirable trajectory from a management point of view. The exact formulation of 
what is desirable is left to decision makers, but it should be able to include elements such 
the environment, network performance, traveler objectives and traveler constraints. This 
is quite similar to the MARGOT project as discussed in  [4] which aimed to “Find the 
route guidance strategy which minimizes some global and community criteria with 
individual needs as constraints”.  

ii. The route guidance must be usable by both in-car and en-route actuators, as they are 
presently available, in order to maximize the usability of the measure. The en-route 
actuators are variable message signs (VMS) or variable direction signs (VDS) located on 
the side of the road. The intended in-car systems are navigation devices (stand alone, car 
consoles or smart phones) with the ability to receive route guidance information.  

iii. The DRGS must be able to determine the appropriate guidance messages in real-time 
which satisfy the management objective, limiting the available computation time.  

iv. The DRGS will operate online, meaning the advices are based upon a best estimate of the 
current prevailing traffic conditions in the network and on an accurate prediction of the 
traffic conditions in the near future.  

v. The guidance which is generated should be robust with respect to uncertainty in the real 
life traffic dynamics. 

 
Given the above functional requirements, the following section discusses the main design choices 
regarding key aspects of the DRGS.  
 
1.3 RG++ design choices 

A macroscopic dynamic traffic flow simulation model in state space form is considered in this 
research as the model to represent the traffic system. In [5] advantages of these models for 
motorway control are discussed such as the suitability for online state estimation, and for model-
based predictive control techniques. These types of models can be executed at high speed, which 
directly satisfies requirement iii. Additionally the state description of such models allows to 
specify a broad range of objective functions as was illustrated in [6] by combining an emission 
model with total travel time spent. In the case of route guidance, relevant traffic phenomena are 



queue onset, spillback, and dissolution, which can be adequately captured by a first-order traffic 
flow model, which is the simplest among macroscopic models.  
 
The DRGS in this research uses prescriptive guidance, in the form of explicit routing 
recommendations of the type: “Heading for A follow B” where A denotes the (intermediate) 
destination, and B indicates the path to follow. This type of advice can be used as a means for 
management by actively routing traffic over alternatives (requirement i.), which is much harder 
when providing travel information as route guidance. This is because, providing information may 
influence the route choice process of the driver but the route choice decisions will likely still be 
made in order to improve his/her conditions. One can only actively steer traffic over an 
alternative if that is the most attractive option from the driver perspective. And such routing 
decision may under certain circumstances not coincide with the desired routing decision when 
considering the management objective. As argued in [7] prescriptive advices are considered to 
have an additional advantage over descriptive information, in that it prevents travelers to compare 
experienced travel times or queue lengths with those provided by the DRGS. When providing 
bad predictions travelers may loose confidence in the system and stop using it. Also some forms 
of information (delay time, queue lengths) require prior network knowledge in order to be used 
by a traveler, which is not the case with explicit routing recommendations. When considering 
user behavior, a compliance model can be used to determine the effect of route change as a result 
of prescriptive information. In [8] such a model is used where a single scalar factor, the 
compliance, determined a fraction of total traffic which would respond to the advice and the 
corresponding fraction which would ignore the advice. The combination of prescriptive advices 
and a user behavior compliance model is simple, especially compared to models that use travel 
information, which is still an active field in need of attention as identified in [1, 9, 10].  
 
The DRGS in this research provides spatially limited guidance. The limitation on the one hand is 
due to the fact that only a limited set of locations in the network are considered where the 
guidance is disseminated; the so called decision points. At the decision point, a driver can 
actually access an alternative route. This limited set is in agreement with the current practice of 
VMS panels which are also sparsely located. On the other hand, the limitation is also in the detail 
of the guidance in terms of the destination specification. This means that the routing 
recommendations are not explicitly formulated in terms of destinations. In other words, the 
guidance will not deliver the driver to the front door. In this DRGS the guidance is specified for a 
large common downstream key infrastructure/navigation point which needs to be passed in order 
to reach the final destination: the waypoint. Given the decision point and waypoint, the advices 
between them are called partial routes and the DRGS gives advices at the decision point to take a 
partial route to the waypoint a type of advice which is compatible with both en-route and in-car 
systems as required by ii. 
 



 
Figure 1: Partial routes between a decision point and a waypoint fort the network Rotterdam 

 
In Figure 1, a ring road network of the Dutch city of Rotterdam is presented. This network 
features multiple decision point-waypoint combinations of which one is drawn. The top left detail 
of the exact network specification near the waypoint shows that several drivers heading for any of 
the reachable destinations (e.g., in this case off-ramps) can benefit from this advice. A reachable 
destination denotes a destination which may be reached by taking any of the partial routes 
between the decision point and waypoint.  
The specific type of advice in this DRGS differs from other approaches that use prescriptive 
guidance and is unique to the author’s best knowledge. When considering DRGS with 
prescriptive guidance frequently paths between origin and destinations are being advised such as 
in [2, 9, 11, 12]. In other cases the guidance is presented en-route at numerous nodes and in a 
destination specific context, as is in [4, 8, 13, 14]. Approaches that do use a limited set of 
decision points, either provide the information still in a destination specific context as in [15], or 
provide information such as  travel time or queue length [16] which, as argued earlier, might not 
allow to steer network conditions according to the desired management objective.  
Partial routes between a decision point and a waypoint might not be available on every network, 
since the topology of a network must feature their existence, and the partial routes must be to 
some extent considered as alternatives in terms of travel times. However, ring way networks 
surrounding cities (E.g., the Dutch cities Rotterdam in Figure 1 or Amsterdam) are likely 
candidates for such partial routes. The effects of the DRGS may not be as pronounced as when 
considering a less spatially limited form of guidance, one that is capable to route more people at 
more locations to more detailed destinations according to a system objective. Such conditions 
however are only found within synthetic research environments and can certainly not be achieved 
in real life. Given the current state of practice, the best one can do is use a limited set of decision 
locations which feature a VMS and use these for traffic management, as this DRGS intends to.  
Benefits of the partial routes between a decision point and a waypoint are the simplicity of the 
measure in terms of understandability to the driver. Additionally, the control freedom when 
recommending partial routes is smaller compared to approaches using more detailed spatial 



guidance. This is because there are fewer combinations possible of partial routes between a 
decision point and a waypoint, than there are of possible ‘door-to-door’ routes.  
 
The third requirement states that the DRGS advices are used to satisfy the management objective. 
The objective translates the desires of the network operator how he/she would like the conditions 
in the network to be. An objective can for example be to minimize the total travel time spent in 
the system while taking care not to allow differences in travel time between the partial routes to 
be greater than 20%. To find the set of route guidance instructions which will result in these 
desired network conditions is done by the optimization process. Generally speaking, smaller 
control freedom leads to simpler optimization problems which is favorable when working in real-
time. The intended DRGS will operate in a model predictive control (MPC) context. To this end, 
a traffic flow model which is capable of predicting traffic conditions for a future horizon is 
needed. This model must also be able to evaluate the effect of the proposed route guidance 
instructions in the prediction and to determine the objective function value. Where the latter 
expresses how well the predicted network conditions correspond with those which are considered 
desirable by the network operator. Given the prediction model and the objective function, the 
optimization algorithm determines the set of route guidance instructions advices that optimize 
this network prediction. The exact details of the optimization algorithm are outside the scope of 
this paper. The MPC uses a rolling horizon in order to keep the prediction errors as small as 
possible. Given the last estimate of the traffic conditions in the network, the traffic flow model 
uses these conditions as the start of the prediction and determines the evolution of the traffic for 
the future horizon. Based on these predictions the optimization procedure determines the route 
guidance messages that lead to the best performance for the prediction horizon. Next, when new 
measurement data becomes available, a new estimate of the traffic conditions are made and the 
horizon is shifted a further in time and new optimal route guidance instructions are determined 
for this horizon. Typically only the first part in time of the routing instructions is used, until a 
new optimal control signal is found for the next horizon. The terms rolling horizon, receding 
horizon or model predictive control all denote the above principle. It has been used for the 
purpose of route guidance in several studies since 1991 [3].  
 
Estimating traffic conditions in a network is a process called state estimation. Typically traffic 
networks are measured sparsely (e.g., by induction loops or floating car data) meaning that only a 
limited set of measurements of the traffic system are available in space and time. State estimation 
uses this partial measurement data to make an estimate about the conditions in the entire network. 
A detailed application called RENAISSANCE of such a state estimator is presented in [17]. In 
short, the network is described by a model state in terms of densities and speeds on a link. When 
measurement data becomes available the modeled values of these densities and speeds get 
corrected by the measurement data. The intended DRGS in this paper uses the same model for 
state estimation as it does for optimization, benefiting the quality of the model prediction. A 
description of the state estimator is given in [18] which features a scalable approach which is 
especially usable when considering large networks. Using this form of state estimation satisfies 
requirement iv.  
 



Given the above functional specifications, the most important key aspects of the system have 
been defined. The main difference between the proposed approach and other existing approaches 
is that here we use partial routes between a decision point and waypoint, whiel other approaches 
use a more detailed form of guidance. The route guidance is provided en- route with a system 
objective in mind and determined by a central operator. The next section discusses the modeling 
framework used to evaluate this form of route guidance.  
 

2. Modeling framework 

Given the approach of using a macroscopic model, a general framework for route guidance has 
been proposed by Papageorgiou in [8]. The framework used a state space macroscopic traffic 

flow model of which the exact details are not discussed here. The model used splitting rates mnjβ  

as a key variable to route traffic entering a node n , heading toward destination j  over outgoing 

link m  of that node. The nominal route choice of traffic in the network was considered static and 

estimated by nominal

mnjβ  [-]. Traffic following the nominal route choice is called background traffic 

and is not influenced by the route guidance. The framework used prescriptive advices at advice

mnjkβ  [-

] in combination with a compliance level η  [-] to determine the effect on the resulting route 

choice by the simple yet effective model: 
 

nominal advice(1 )mnjk mnj mnjkβ η β ηβ= − + .  

 
Given the traffic flow model, the goal would be to minimize the total travel time spent in the 

network by finding the appropriate guidance instructions advice

mnjkβ  in time.  Using splitting rates as 

a way to model route choice in a traffic flow model was also used in [4, 13, 19] and is pursued in 
this research as well.  
 
The framework as presented above is extended for this research in three ways.  
 



The original framework has no information with respect to whether or not traffic has already been 
routed. In the diagram below an illustration is given of two partial routes between a decision 
point and a waypoint where one of the routes also contains off-ramps.  
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Figure 2: Example of routed traffic leaking through background route choice 

 
Some portion of the background traffic is assumed to take the off-ramps and use the urban roads 
to head toward their destination. In this DRGS however, it is assumed that when a driver 
complies with the routing advice (which is given from the decision point to the waypoint) he/she 
will follow this advice until the waypoint. In order to fulfill this assumption, a distinction has to 
be made between background traffic and routed traffic to make sure the latter completely follows 
the partial route. The way in which routed vehicles are logically separated from the background 
traffic based on the traffic flow dynamics of the macroscopic model and the first in first out 
principle (FIFO) is the first proposed extension. Second, several model parameters are defined 
which allow to implement the decision points, waypoints, partial routes, and determine the 
routable traffic. Third, a general model for the network topology is presented which does not 
have any restrictions on node cardinality.  
 
2.1 Traffic model topology and dynamics 

Given a network topology from to( , , , )
l l

G N Nl n  which describes the relation between links l ∈ l  

from the set of links l , nodes n ∈n  from the set of nodes n  and the specifications of the from 

nodes from

l
N  of a link l  and the to node of a link to

l
N  which specify the direction. Every node n  

now has a series of i  incoming links in

ni
L ∈ l  and j  outgoing links out

njL ∈ l  without any 

restrictions to the number of incoming or outgoing links. Origins o∈ ⊂o l  from the set of origins 

o  in a network are considered special types of links l  without from nodes, as are destinations 

d ∈ ⊂d l  from the set of destinations d  considered as links without to nodes. Traffic demand is 

modeled by an OD matrix 
od

Ω [veh/h] describing the desire to travel from an origin o  to a 

destination d . 
 



i=
1

j=
1

in

niL

out

njL o

n

n

d

l
n n

i=...

n

from

ln N= to

ln N=
from

dn N=

to

on N=

from

oN = ∅

to

dN = ∅

 
Figure 3: Network topology of links, nodes, origins and destinations.  

 

Route choice is modeled by splitting rates ljdψ  [-] defining for every link l  what portion takes 

downstream link j  when heading for destination d . The background traffic route choice is 

represented by nominal

ljdψ  and advices for a direction are given by advice

ljdψ  in a similar way as in [8] 

 
Nodes are modeled as points and determine the traffic which flows out of an upstream link onto a 
downstream link according to the route choice, the total demand of the upstream links and the 
supply of the downstream link. For the details we refer the interested reader to [20].  
 
The dynamics of traffic are modeled by the LWR model [21, 22], which is a first-order traffic 
flow model and numerically approximated by the Godunov scheme [23]. To this end, every link 

l  is decomposed into a series of cells nCells1,..,
l

c φ=  dependent on the maximum  link speed 
maxSpeed

l
φ  [km/h] and the simulation time step t∆  [h] resulting in a fixed cell length per link of 

l
∆�  [km] in which traffic conditions are considered homogeneous. The traffic flow model in 

state-space form is represented by 1 ( , )
k k

f+ = Ξr r  where the state 
k

r  consists of the collection of 

all destination specific cell densities 
lcdk

r  [veh/km] on link l , cell c  heading for destination d  at 

time k  for all destinations nDestinationsφ  [-], and all model inputs and variables are represented by  

Ξ .  
 

The dynamics of traffic are determined by the aggregated cell densities 
lck

r  [veh/km], which are 

the summation of all destination specific densities. So, traffic in the same cell heading for 
different destinations all flow according to the aggregated dynamics:  
 

 

nDestinations

1

lck lcdk

d

r r
φ

=

= ∑  . 

 

At each time step k  the density change out

lcdk
r∆  in [veh/km] is  the traffic which crosses from cell 

c  into cell 1c +  on link l  at time k  heading for destination d . This quantity is used in the next 
section to determine the routable traffic.  
 



2.2 Routable traffic 

This section discusses the model parameters needed to evaluate the routing between a decision 
point and a waypoint. The second part discusses how these parameters are used to determine the 
size and dynamics of the routed traffic.  
 
Let the combination of a decision point, waypoint and the partial routes between them be 

represented by an index w  and called a routing instance. Let 
w

W ⊂ d  be called the catch area, 

and consists out of a number of reachable destinations which can use the routing advice at the 
decision point (see Figure 1, which shows several reachable destinations). The exact extend to 

which a reachable destination considers the advice applicable is defined by the vector  0 1 
d

δ< ≤  

where 
w

d W∈   and 1 denotes fully applicable and 0 inapplicable. Exact estimation of such values 

will be difficult in real life, but do allow for fine model calibration. The compliance 
w

η  [-] 

determines to which extent traffic heading for the catch area will actually comply to the advice, 
or be unaffected and use the nominal route choice.  

A routing instance w  has a number  nAlternatives

w
φ  of partial routes 

waz
p ∈ l  between the decision 

point and the way point. Each route alternative is indexed by nAlternatives1,..,
w

a φ=  and formed by a 

series of consecutive links indexed by nLinks1,..,
wa

z φ= . Where nLinks

wa
φ  denotes the number of links in 

the partial path a  for the routing instance w .  
The decision point is specified by the exact link and cell where the routing of traffic starts. The 

first link of the partial route is called the decision link decision

1w wa
l p a= ∈ ∀l  and shared by all 

alternatives a . From this link a choice can be made to enter a downstream link belonging to a 

partial route and leading to the waypoint. The decision cell is specified by decision

w
c  denoting the 

cell number on the decision link where routed traffic gets logically separated from the 
background traffic. The waypoint is specified in a similar way. The last link of the path is the 

way link nCells

way

wa
wa a

l p
φ

= ∈ l  and may differ per alternative a . The way cell way

w
c  defines the exact 

cell number on this link where routed vehicles get merged again to the background traffic and can 
finish their journey.   

And last, the suggested advice over the partial paths a  for this routing instance w  is given by 

wa
ϕ  [-] where: 

 
nAlternatives

1
w

wa

a

φ

ϕ =∑ .  

 
Given the above parameters, the dynamics of routed traffic are discussed below. 
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Figure 4: Dynamics of routed vehicles at decision point and waypoint.  

 
In Figure 4, the dynamics of the routed traffic at the decision point and waypoint are depicted. 

For convenience the index w  is dropped. Given the vector 
d

δ , the compliance η  and the split 
a

ϕ  

at any time k  the exact size of routed traffic heading to the catch area d W∈  being routed over 

alternative a  is determined by: 
 

routed out

adk a d lcdk
r rηϕ δ∆ = ∆  [veh/km].  

 

Where out

lcdk
r∆  is the actual traffic density crossing cell borders and determined by the first-order 

traffic dynamics. This traffic is separated from the background traffic and added to the routed 

traffic with a new destination index wa
d , and so at each time step k  the total number of routed 

vehicles is: 
 

out routed
wa adklcd k

d

r r∆ = ∆∑  [veh/km]. 

 
Which is a summation of the contribution of all reachable destinations who consider the advice 

applicable and actually comply. The out
wa

lcd k
r∆  [veh/km] is the total size of all routed traffic which 

will cross the cell border to the next cell but this time with the new destination index wa
d . By 

giving routed traffic a separate destination index, it can be guaranteed that all traffic from the 
decision link to the way link will follow the path, without being influenced by the background 

route choice for their final destinations. This is done by assuring that all splitting rates 1wa
ld j

ψ =  

if pointing to a link 
wa

j p∈  on the partial path 
wa

p . The original destination of the traffic should 

be preserved so when it reaches the waypoint, it can continue to the original intended destination. 
Since both the single class first-order traffic dynamics, as well as the formulation of alternative 
routes as a series of consecutive links do not allow overtaking, the first in first out (FIFO) 
principle can be used to maintain the destination composition.  
 

Let the number of routed vehicles decision

dka
s  [veh] per destination d W∈  at each time k  for each 

alternative a  at the decision point be determined by:  
 



decsion out

dka lcdk d a l
s r δ ηϕ= ∆ ∆�  [veh], where decision decision and  l l c c= =   

 

And let the total number of routed vehicles decision

ak
S  [veh] per alternative a  at time k  be 

determined by:  
 

decision decision decision

, 1ak a k dka

d

S S s−= +∑ [veh]  

  

Let the discrete index m  denote a group of routed vehicles with a total size groupφ  [veh]. At each 

time step k  the group index m  at the decision point is determined by: 
 

group decision group( 1)
ak

m S mφ φ< < +  

 

Let 
dma

π  [veh] denote the cumulative number of vehicles for a group of routed vehicles m  which 

have entered alternative route a , heading for destination 
w

d W∈  and be determined every time 

step k  by: 
 

dma dma dka
sπ π= +    

 

Now, for any group of routed vehicles, the relative contribution 
dma

M  [-] of a destination d  in 

that group m  for alterative a  can be found by: 
 

dma
dma

dma

d

M
π

π
=
∑

   

 

At some point, the routed traffic wa
lcd k

r  [veh/km] will reach the way cell way
c c=  at the link 

way
l l=  at time k  whilst still being logically separated by destination index wa

d . Since it has 

reached the waypoint it should continue the journey to the original intended destination. Once the 

routed traffic has reached the waypoint it is added to the total number of vehicles way

ak
S  [veh] 

which have reached the waypoint.  
 

way way

, 1 waak a k llcd k
S S r−= + ∆�  

 

And given this total number of vehicles, the group index m  of the routed vehicles which holds 
the destination composition may be determined by: 
 

group way group( 1)
ak

m S mφ φ< < +  



 

Given the correct routed group index m , the relative destination composition 
dma

M  of that 

platoon is known, and used to redistribute the routed traffic over the original intended 
destinations again by: 
 

wa
lcdk lcdk dma lcd k

r r M r= +  [veh/km] 

 
At this point all three changes to the original modeling framework have been presented.  

3. Conclusions  

This paper has presented a top down approach to a DRGS. First the functional requirements of 
the system have been defined aimed at making it a dynamic traffic management measure. Given 
the requirements a series of design choices have been made leading to a specification of the key 
aspects of such a system. The main distinction between this research and other research into 
DRGS is the formulation of the guidance as partial routes between a decision point and a 
waypoint. The latter does not require that dissemination devices specify the advice per 
destination but use an intermediate key navigation point, making it usable on both VMS panels as 
well as in car systems. The modelling framework uses splitting rates and a dynamic first-order 
traffic flow model, extended to model decision points, waypoints and route traffic over partial 
routes between them.  
 
One of the requirements listed was that both en-route systems as well as in-car systems will be 
able to use the advices. When determining an optimal split over the partial paths, this split must 
then somehow be realized. A VMS panel has the ability to change the message in time, allowing 
it to accomplish a split over the alternative routes. The way in which in-car systems will adjust 
their advices is considered a technical problem. However early generations of navigation devices 
use RDS-TMC broadcasts to update their information, and new generations offer even more 
advanced ways of communication, which should feature enough opportunities. 
 
The main question which arises is how effective are the partial routings? And how applicable is 
the concept given the requirements of the topology? The first question will be dealt with in future 
research in which a comparison study will be performed. However, early work by the author [24] 
which used similar types of advices already showed that significant improvements could be made 
on the ring-way structure network of Rotterdam. Whether the DRGS is applicable depends on the 
topology of the network. Typical ring-way structures, which are quite common, have a high 
chance on featuring the possibility of a decision point and waypoint and are deemed suitable. 
 
To finish the discussion, a long heard objection to providing route guidance with a system 
objective in mind is that no one will follow routings which may not improve their own situation, 
or worse; deteriorate them in terms of travel time. First of all, using proper constraints in the 
objective function can limit the amount of deterioration to acceptable levels (a nice example is 
given in [25]). Additionally the prescriptive advices do not offer a numerical base to evaluate 



traffic conditions, making it not so easy to determine whether you were better or worse off by 
following the advice. Positive feedback could even be provided at the waypoint by displaying 
system cost savings. An even more interesting notion is that a gradual transition in traffic systems 
is set in motion in which electronic tolling becomes more important. The relation between route 
guidance and electronic tolling and their symbiotic relationship has already been analyzed in [26] 
and [27]. As a final thought to end this paper, the idea is presented of combining the prescriptive 
advices of this DRGS with dynamic tolling. The partial path which is recommended by the 
system will have no toll since it is the ‘social’ way to drive and good for the system. Whereas if 
one chooses to travel between the decision point and the waypoint according to its own ‘selfish’ 
route, one is charged. Tolling is thus only charged to those who disbenefit the system by driving 
selfish. Such a combination will very likely increase the levels of compliance and so the 
efficiency of RG++, and may even generate additional support from the public for this very 
unpopular management measure since paying becomes a choice, not a fact.  
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A fully disaggregate approach to the calibration of

simulation-based DTA

Gunnar Flötteröd1

Berlin Institute of Technology, Germany

Abstract

We describe a novel method for the fully disaggregate calibration of a motorist demand
simulator from aggregate measurements of �ows, densities or velocities that are obtained
at a limited set of network locations. The problem is solved in a Bayesian setting where
the prior assumption about an individual's choice distribution is combined with the avail-
able measurements' likelihood into an estimated posterior choice distribution. The ap-
proach is simulation-based in that it (i) only requires a simulation system to represent
the behavioral prior distribution, and (ii) only generates realizations from the behavioral
posterior distribution. We focus on the o�ine-calibration problem in conjunction with an
equilibrium-based dynamic tra�c assignment system.

Keywords: demand calibration, tra�c state estimation, dynamic tra�c assignment

1 Introduction

The subject matter of this text is the calibration of

Figure 1: Simulation-based DTA

a simulation-based dynamic tra�c assignment (DTA)
system from aggregate measurements of �ows, densi-
ties or velocities that are obtained at a limited set of
network locations. Figure 1 outlines the considered
type of simulation system. It consists of a demand
simulator and a supply simulator. The demand simu-
lator maps network conditions (such as travel times)
on travel behavior (such as route, destination, and de-
parture time choice). The supply simulator models
how well a road network serves a traveler's need of
driving most conveniently along a route to a desti-
nation in a potentially congested tra�c situation. Time-dependent Nash equilibria are
computed on such models via iteration: Start with some version of time-dependent de-
mand. Have each vehicle execute its pre-computed trips in the supply simulator. Then,
re-compute the travel behavior for some fraction of travelers given the most recently ob-
served network conditions. This procedure is iterated until an approximate �xed point is
reached.

1This project was funded in part by the German research society DFG under the grant �State esti-

mation for tra�c simulations as coarse grained systems�. Signi�cant amounts of computing time on the

computing cluster of TU Berlin's mathematical faculty are gratefully acknowledged.1



In this article, we describe a method to calibrate the demand simulator. While our
approach can (and should) be complemented by an additional calibration component for
the supply simulator, the subsequent presentation assumes the supply simulator to be
modeled without error. To serve the purpose of this work, travel behavior in terms of
breaking, acceleration, and lane changing is subsumed in the physical representation of
tra�c �ow.

The arguably most frequently adopted approach to demand calibration is origin-destination
(OD) matrix estimation. An OD matrix models the demand of a given time interval in
terms of number of trips from every origin to every destination of a tra�c system. The
originally static problem was to estimate such a matrix from observed link volumes, given
a linear assignment mapping of demand on link �ows. Various methods such as entropy
maximization and information minimization [33], Bayesian estimation [22], generalized
least squares [2, 10], and maximum likelihood estimation [31] were proposed to solve this
task. Non-constant assignment mappings were incorporated by a bilevel-approach that
iterates between a nonlinear assignment and a linearized estimation problem [23, 35, 36]
until a �xed point of this mutual mapping is reached [13]. The combined estimation of
OD matrices at subsequent time slices was demonstrated in [11], and many originally
static methods were applied to dynamical problems in this vein, e.g. [1, 21, 29, 37]. The
conceptual equivalence of the static and the dynamic OD matrix estimation problem was
demonstrated in [9].

Since a time-dependent OD matrix maps (origin, destination, departure time) tuples on
demand levels, it directly represents destination and departure time choice. A motorist
OD matrix re�ects mode choice at least in terms of decisions for or against the vehicular
mode. Route choice, however, constitutes no additional degree of freedom but is a function
of demand de�ned by the DTA procedure. The path �ow estimators outlined below
constitute a notable exception to this, yet only in a (behaviorally) static setting.

The naming �path �ow estimator� is usually associated with the approach proposed in [6].
It describes a macroscopic one-step network observer that estimates static path �ows from
link volume measurements based on a stochastic user equilibrium modeling assumption
in a congested network [3]. The estimation problem is transformed into one of smooth
optimization which is iteratively solved. The model has been enhanced by multiple user
classes and a simple analytical queuing model to represent tra�c �ow dynamics [5], and
has been successfully implemented in various research and development projects [4]. The
limitations associated with its original assumption of a logit path choice model (�over-
lapping path problem�, e.g. [7]) have been mitigated by the implementation of a C-logit
path choice model [12, 34]. The path �ow estimator's non-stochastic user equilibrium
counterpart has been proposed in [28, 30] and was further advanced in [24, 25].

The calibration of a fully disaggregate demand simulator from aggregate sensor data
appears to be a novel venture. Sophisticated calibration procedures are available for
random utility models (RUMs) which capture demand at the individual level [8, 32].
However, we are not aware of any research that calibrates a RUM from aggregate sensor
data such as tra�c counts.

The remainder of this article is organized as follows. Section 2 states the formal require-
ments on a DTA system to be calibrated by our methodology. Section 3 describes the
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estimation framework and presents two operational estimators. Section 4 demonstrates
the method's practical applicability. Finally, Section 5 concludes the article and sketches
our continuative research.

2 Modeling requirements

We assume a microsimulation-based demand model and a mixed micro/macro (�meso-
scopic�) supply simulator to be given. Microsimulation greatly simpli�es modeling issues
and likewise complicates the calibration task. Consequently, every property of the simula-
tor has to be carefully matched by a formal representation that allows for a mathematical
treatment. The formalism set up in this section captures a wide variety of microscopic
aspects while ensuring tractability of the mathematical estimation problem.

2.1 Macroscopic tra�c �ow model

A deterministic and macroscopic representation of tra�c �ow dynamics is required since
these dynamics need to be linearized: The supply simulator maps travel demand on
link volumes. Basically, an inverse mapping is needed to deduce the demand from these
volumes. Since such an inversion does generally not exist, a linearization of this mapping
is used and non-linearities are accounted for in an iterative manner.

For calibration purposes, the tra�c �ow dynamics are represented in terms of a general
state space model

xms(0) = xms
0 (1)

xms(k + 1) = fms[xms(k), β(k), k]. (2)

The vector xms(k) denotes this mobility simulation's state at discrete simulation time
step k. For a spatially discretized 1st order model (such as the cell-transmission model
[14, 15]) this vector contains one element for every cell in the network. Single-commodity
�ow splits β(k) = (βij(k)) from every upstream link i to every downstream link j at
all intersections are exogenously provided. The vector-valued transition function fms

de�nes the system's evolution through time. It fully encapsulates the speci�cally chosen
tra�c �ow model. It is required that at least approximate Jacobians ∂fms[. . . , k]/∂xms(k)
and ∂fms[. . . , k]/∂β(k) can be calculated. The handling of demand sources and sinks is
described later in this section.

This state space model is supplemented with an output equation

y(k) = g[xms(k), ε(k)] (3)

that maps xms(k) by a linearizable function g on the vector y(k) of macroscopic observ-
ables. These may include �ows, velocities, and densities generated by sensors such as
inductive loops, �oating cars, and tra�c surveillance cameras. The in�uence of various
sources of error on these observations is accounted for by the random disturbance vec-
tor ε(k) that turns y(k) into a random variable itself. The resulting probability density
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function (p.d.f.) of y(k) is

p(y(k)|x(k)) =
�

δ(y(k)− g[x(k), ε])p(ε)dε (4)

where δ is the Dirac function and p(ε) is the known p.d.f. of ε. Here and in the following,
a lower-case p denotes a p.d.f. while an upper-case P represents a discrete probability.

An exemplary tra�c �ow model that meets all requirements of this subsection is described
in [16, 17].

2.2 Mesoscopic supply simulation

Consider a set of particles n = 1 . . . N (a population of travelers, agents or vehicles)
moving through the network. Particles have no �mass� insofar as they do not contribute
to the macroscopic occupancy of a link. At the time of a particle's entrance into the
network an appropriate amount of macroscopic �ow is also dismissed into the system,
resulting in a mass balance between particles and total macroscopic occupancy.

The macroscopic tra�c �ow model is required to specify a local velocity vi(k) on every
link i at every time step k. At any such time step of duration T , each particle n advances
according to the local velocity of its current link. Particle locations within a link are
continuous variables and particle movement is regarded as continuous in time as well:
When n crosses a link boundary during a single move of duration T , it freely chooses
its next link (if there is more than one downstream link) and continues with the velocity
encountered there until its available move time ends. When a particle has reached its
destination, it is removed from the system and an appropriate amount of macroscopic
�ow is also �ltered out of the tra�c stream passing the exit location.

The route choice of particle n is expressed by a vector un(k) = (uij,n(k)) of turning
move indicators where

uij,n(k) =

{
1 if n proceeds from link i to j at time step k
0 otherwise.

(5)

An additional state vector xcnt(k) = (xij(k)) is introduced. Each element xij(k) represents
the accumulated count of particles having moved from link i to j until time step k. The
dynamics of this turning counter xcnt(k) are de�ned by

xcnt(0) = 0 (6)

xcnt(k + 1) = xcnt(k) +
∑N

n=1 un(k). (7)

The macroscopic �ow splits β(k) = (βij(k)) of the state space model (2) are now speci�ed
through

βij(x
cnt(k)) = xij(k)/

∑
l xil(k). (8)

This is a maximum likelihood estimator of the turning probabilities if the particle turning
moves follows a multinomial distribution [19]. While the update equation (7) assumes
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time-independent turning probabilities, a straightforward approach to introduce time de-
pendency is to de�ne an additional forgetting parameter w ∈ (0, 1) in a modi�ed turning
counter state equation

xcnt(k + 1) = wxcnt(k) + (1− w)
∑N

n=1 un(k). (9)

In the absence of newly observed turning moves, this scheme causes an exponential for-
getting of previously learned counts. A useful property of this �lter is its in�nite memory:
Even if no particles arrive at an intersection for a while, turning counts remain strictly
positive and thus ensure well-de�ned �ow splits (8). In order to avoid unde�ned 0/0 di-
visions at the beginning of a simulation, turning counters should be initialized with small
positive values instead of all zeros.

A state space representation of the combined system (2) and (9) can now be given. De�n-
ing

x(k) =

[
xms(k)
xcnt(k)

]
(10)

and

f [x(k),u1(k) . . .uN(k), k] =

[
fms[xms(k), β(xcnt(k)), k]

wxcnt(k) + (1− w)
∑N

n=1 un(k)

]
, (11)

one obtains
x(k + 1) = f [x(k),u1(k) . . .uN(k), k]. (12)

Given a linearizable model (2) of tra�c �ow dynamics, the combined state transition
function f is likewise linearizable with respect to the macroscopic states x and all un.

A more elaborate description of this combined micro/macro simulation logic that includes
a number of exerimental results can be found in [16, 18].

2.3 Microscopic demand simulation

The decision making process of a traveler is structured according to the framework given
in [8]:

1. de�nition of the choice problem,
2. generation of alternatives,
3. evaluation of attributes of alternatives,
4. choice,
5. implementation.

These steps are made precise in the remainder of this section. The discussion omits
speci�c modeling assumptions and algorithmic details that would be necessary for the
implementation of an applicable behavioral model. This is justi�ed by the intention
to provide a calibration procedure that is compatible with a broad range of demand
simulators.
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2.3.1 De�nition of choice problem

The activity and traveling intentions of a motorist are denoted as her plan. For simplicity,
only plans for a single day are considered. Physically, a plan describes a round trip through
the transportation network. This round trip comprises a sequence of routes that connect
intermediate stops during which activities are conducted. The �rst and last activity of a
plan typically take place at the individual's home location.

Formally, a (simple) route U can be speci�ed as a (physically feasible) sequence of
turning moves

U = . . .u(k − 1),u(k),u(k + 1) . . . = {u(k)}k (13)

with u(k) de�ned in (5). This notation can be extended to express all mobility related
aspects of a complete plan if additional turning moves for all possible network entrances
and exits are speci�ed: The concatenation of all (network entry, route, network exit)
turning move sequences for all trips in a particular plan is de�ned as the (generalized)
path U of that plan.

Any tra�c �ow model of structure (12) can be steered by the turning move indicators of
generalized paths instead of simple routes without formal modi�cation. Macroscopically,
a particle entry or exit merely corresponds to a local density modi�cation the e�ect of
which can be globally extrapolated by the linearizable state space model. Consequently,
the model is also linearizable with respect to the newly introduced turning moves that
represent such entries and exits. That is, the mobility simulation can linearly predict the
e�ect of a single traveler's plan choice on the global network conditions.

2.3.2 Generation and evaluation of alternatives, choice

The choice set of behavioral alternatives available to decision maker (agent) n is denoted
by Cn. The elements of this set are plans, formally represented by (generalized) paths U .
It is required that a non-empty choice set Cn is available to every decision maker n. Since
the goal of this work is to treat the behavioral model as much as a black box as possible,
it is only required that there exists a nonempty set Cn of alternatives that contains all
possible choices of n in a given situation. However, an enumeration of this set is not
required.

The systematic (deterministic) utility of an alternative, represented by a real-valued
number, is a model of the bene�ts the decision maker expects from choosing this alter-
native. It re�ects the decision maker's preferences. The perception of utility can vary
among decision makers, and clearly utility can di�er among alternatives. Formally, a sys-
tematic (deterministic) utility Vn(U) is associated with every plan U in the choice set Cn

of traveler n. An evaluation of this function only has to be available on request and on a
per-plan basis. It is not required that the choice set is enumerated for evaluation before a
choice is made. Furthermore, if the decision protocol sequentially composes a choice, e.g.
by incrementally building a plan as a sequence of activities and legs, the utility function
may be limited to an evaluation of the according plan components.
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The choice of a plan is modeled non-deterministically. The probability that decision maker
n chooses plan U ∈ Cn is denoted as Pn(U). This choice distribution may be parame-
terized in an agent-speci�c way but otherwise is required to depend only on the systematic
utilities of the elements in Cn. (In its general form, the calibration procedure does not
even require a utility function. This is detailed in Section 3.) A probabilistic choice logic
may represent randomness in human behavior or account for modeling imprecisions [8].
The speci�c modeling assumptions that underly a particular choice distribution are not
relevant for the subsequently developed calibration approach. Furthermore, no explicit
(e.g. closed-form) representation of the choice distribution is required. Only realizations
of choices need to be generated by the demand simulator.

2.3.3 Implementation

The implementation of a choice requires its realization in the mobility simulation. How-
ever, a traveler with imperfect knowledge of the actual tra�c conditions may observe an
inconsistency between what she wants to do and what is physically possible. In particu-
lar, the generalized path representation of a plan comprises a sequence of turning move
indicators that prespecify the timing of every turning move and every entry/exit move in
the network. It is unlikely that (congested) tra�c conditions admit precisely this timing.
A generalized path does, however, implicate a logically feasible sequence of activities and
routes. It therefore is assumed that the mobility simulation extracts the physically rele-
vant information from a generalized path whenever it is stated that �U1 . . .UN are loaded
on the network� or �U1 . . .UN are fed into the mobility simulation�.

The speci�c properties of the simulation components described in this section are now
exploited in the formulation and solution of a DTA calibration problem.

3 Calibration methodology

The considered problem is to use spatially and temporally incomplete sensor information
to reconstruct spatially and temporally complete system state information. Macroscopi-
cally, the system state to be reconstructed is represented by the state vector sequence

X = {x(k)}k (14)

of tra�c �ow model (12). Since this model unfolds deterministically given an initial state
and a driver population's plans U1 . . .UN , the calibration problem becomes to identify
control sequences U1 . . .UN that steer X = X (U1 . . .UN) towards most likely values given
the available measurements and the behavioral a priori knowledge represented by the
demand simulator.

3.1 General formulation of estimator

Aggregate measurements alone do not provide su�cient information for unique plan es-
timates since usually there are many behavioral combinations that generate the same

7



observations. Here, this problem is resolved by the incorporation of additional behavioral
information in a Bayesian setting.

Consider a single iteration of a simulation-based DTA procedure. An (arbitrary) demand
simulator draws choices U ∈ Cn according to an individual choice distribution Pn(U) for
every agent n = 1 . . . N . Only realizations from these distributions are available. Given
mutually independent traveler decisions, the behavioral prior for the whole population
is de�ned as

P (U1 . . .UN) =
∏N

n=1 Pn(Un). (15)

According to (4), the measurements

Y = {y(k)}k (16)

result from a joint distribution

p(Y|X ) =
∏

k p(y(k)|x(k)) (17)

where stochastic independence between outputs on di�erent time steps is assumed. This
is, so far, the not unexpected result that all spatiotemporal measurements Y can be
probabilistically described if all spatiotemporal system states X are known � no behavioral
information is needed directly. However, since X = X (U1 . . .UN), the likelihood of a
particular plan choice combination U1 . . .UN is

p(Y|U1 . . .UN) = p(Y|X (U1 . . .UN)). (18)

Bayes' theorem allows to combine the behavioral prior and the likelihood into a behav-
ioral posterior

P (U1 . . .UN |Y) = const · p(Y|U1 . . .UN)P (U1 . . .UN). (19)

The estimation objective is to make the population choose its plans according to the
posterior (19) instead of the prior (15). This can be enforced if draws are taken from
the prior but are rejected with a certain probability that depends on the measurements.
Denote by φ(U1 . . .UN) the probability to accept a draw U1 . . .UN from the prior. If this
probability is speci�ed as

φ(U1 . . .UN) = p(Y|U1 . . .UN)/D, (20)

D ≥ max
V1∈C1...VN∈CN

p(Y|U1 . . .UN), (21)

then the following accept/reject procedure draws from the posterior, as can be shown by
straightforward manipulations.

1. Draw candidate choices U1 . . .UN from the prior (15).
2. With probability 1− φ(U1 . . .UN), discard the candidates and goto 1.
3. The �rst accepted plans U1 . . .UN constitute a draw from the posterior (19).

The behavioral posterior can thus be generated by suppressing certain draws from the
prior. Somewhat coarsely expressed: (i) The simulation is run many times with di�erent
random seeds, (ii) a large portion of these runs is �thrown away�, based on the above
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rejection criterion, and (iii) the remaining runs are draws from an accurate Bayesian
combination of the behavioral prior and the measurements. Although appealing because
of its simplicity, this approach is in this form computationally intractable in all but trivial
cases. There are two major problems.

1. It is computationally infeasible to evaluate all possible p(Y|U1 . . .UN) values before-
hand since every such evaluation requires a full network loading in order to map
U1 . . .UN on a macroscopic state sequence X that enters the likelihood via (18).
However, these evaluations are required in order to guarantee a feasible denomina-
tor (21) for the acceptance probabilities. Furthermore, the need for a choice set
enumeration implies that the estimation logic is aware of this set, which constitutes
an unwanted dependency of the estimator on modeling details.

2. Even if the acceptance probabilities' denominator was replaced by an estimate in
order to mitigate problem 1, a single draw from the posterior might still require
a substantial number of mobility simulation runs since every draw from the prior
needs to be loaded on the network at least once, and since it cannot be guaranteed
that an �accept� occurs after a �xed number of draws from the prior.

In light of these di�culties, simplifying assumptions that speed up the simulation of
the posterior are highly desirable even at the cost of some loss in accuracy. Two such
simpli�cations are proposed in the following.

3.2 Operational accept/reject estimator

The estimation problem is considerably simpli�ed if the full likelihood is replaced by
an approximation. Appendix A derives the following linearization of the log-likelihood
ln p(Y|U1 . . .UN) with respect to the plans U1 . . .UN :

ln p(Y|U1 . . .UN) ≈
∑N

n=1〈Λ,Un〉+ const (22)

where the �inner product� 〈Λ,Un〉 is de�ned as

〈Λ,Un〉 =
∑

k

∑
ij λij(k)un,ij(k). (23)

The time-dependent λ coe�cients represent the sensitivities of the log-likelihood with
respect to the corresponding turning move indicators. These coe�cients are identical for
all agents. Subsequently, Λ will be used as a collective term for all λ coe�cients. The
linearized log-likelihood implies the following likelihood approximation:

p(Y|U1 . . .UN) ≈ const ·
∏N

n=1 e〈Λ,Un〉. (24)

Substitution of this in the behavioral posterior (19) yields

P (U1 . . .UN |Y) ≈ const ·
∏N

n=1 e〈Λ,Un〉Pn(Un). (25)

The bene�ts of the linearization are twofold. First, the population's joint posterior (25) is
decomposed into a product of individual posteriors that can be evaluated agent by agent.
These individual-level posteriors are subsequently denoted by

Pn(U|Y) = const · e〈Λ,U〉Pn(U). (26)
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Algorithm 1 Accept/reject estimator

1. Initialization.
(a) Set iteration counter m = 0.
(b) Fill Λ̄(m) (estimate of Λ �xed point) with all zeros.

2. One iteration of simulation-based DTA (plus calibration procedure).
(a) For all n = 1 . . . N :

i. Draw candidate choice U (m)
n from n's behavioral prior.

ii. Evaluate acceptance probability φn(U (m)
n ) based on Λ̄(m) as de�ned in (27).

With probability 1− φn(U (m)
n ), discard the candidate and goto 2(a)i.

iii. Retain the �rst accepted choice U (m)
n .

(b) Load U (m)
1 . . .U (m)

N on the network and obtain X (m).
(c) Linearize ln p(Y|U1 . . .UN) and obtain Λ(m).
(d) Update Λ̄(m+1) = (mΛ̄(m) + Λ(m))/(m + 1).

3. If another iteration is desired:
(a) Increase m by one.
(b) Goto step 2.

Second, a single run of the mobility simulation (plus one calculation of the Λ coe�cients)
is su�cient to parameterize these posteriors for all agents in the population.

The accept/reject procedure can now be applied to every decision maker individually.
The acceptance probability for plan U from n's choice set is de�ned as

φn(U) = e〈Λ,U〉/Dn (27)

Dn ≥ max
V∈Cn

e〈Λ,V〉 (28)

but otherwise the method remains unchanged. This approach is subsequently denoted
as the accept/reject (AR) estimator. The only simplifying assumption made here is
that the log-likelihood can be linearized with su�cient precision. Since this linearization
is likely to be di�erent given the network conditions that result either from the behavioral
prior or the posterior, an iterative approach is appropriate: Starting from the behavioral
prior, successively improved linearizations are generated from iteration to iteration until
a stable state is reached where the estimator draws from the behavioral posterior based
on a linearization that in turn is most appropriate given this very posterior. That is, a
�xed point of the Λ coe�cients is sought after. Here, the existence of such a �xed point
is merely assumed and an elementary stochastic approximation method is employed for
its identi�cation.

The AR estimator is summarized in Algorithm 1. The behavioral prior implemented
by the demand simulator is arbitrary. Since a choice set enumeration is only required to
provide a lower bound for the acceptance probabilities' denominator de�ned in (28), it can
be avoided if this denominator is treated as a tuning parameter. Choosing a large value
is likely to comply with the (unknown) lower bound but also to result in low acceptance
probabilities and increased computational cost. Vice versa, a smaller denominator yields
faster but also increasingly imprecise estimates. A computationally more e�cient yet not
as broadly applicable estimator is presented in the next section.
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3.3 Operational utility-modi�cation estimator

This estimator assumes a particular prior choice distribution

Pn(U) ∝ sn(U)eµVn(U) (29)

which is a multinomial logit model with positive scale parameter µ and a likewise positive
plan-speci�c probability scaling function sn(U). Substituting this prior into the behavioral
posterior (26) for a single decision maker yields

Pn(U|Y) ∝ sn(U)eµ(Vn(U)+〈Λ,U〉/µ). (30)

This posterior is structurally identical to its prior. Only the addition of 〈Λ,U〉/µ to Vn(U)
is di�erent. This allows to force a demand simulator that implements (29) to immediately
draw from the posterior only by adding a correction term 〈Λ,U〉/µ to every alternative
U 's systematic utility. For this, the sn(·) coe�cients need not be known by the estimator.

This approach is called the utility-modi�cation (UM) estimator. Its requirements are
more restrictive than those of the AR estimator since the demand simulator is required to
implement (29). However, if this prior is given, the UM estimator and the AR estimator
yield equivalent results since both rely on the same linearization-based approximation
(26) of the posterior. In this case, the UM estimator is to be preferred over the AR
estimator since it is computationally more e�cient in that it rejects no draws from the
prior but immediately draws from the posterior. The UM estimator follows the same
logic as outlined in Algorithm 1, only that steps 2(a)i to 2(a)iii need to be replaced by an
appropriate utility-modi�cation logic.

Technically, the UM estimator can be applied in conjunction with an arbitrary utility-
driven demand simulator. The following analysis identi�es the conceptual limitations of
such an approach. Assume that decision maker n disposes of a choice set Cn and that
prespeci�ed utilities V 0

n (U) for every U ∈ Cn are given. Based on these utilities, the
arbitrary demand simulator draws from well-de�ned but to the estimator unknown choice
probabilities P 0

n(U). These choice probabilities can be perfectly reproduced by the model
(29) if the sn(·) coe�cients are re-de�ned as

sn(U) = P 0
n(U)/eµV 0

n (U). (31)

The resulting choice probabilities are

Pn(U) ∝ P 0
n(U)eµ(Vn(U)−V 0

n (U)) (32)

such that Vn(U) = V 0
n (U) results in Pn(U) = P 0

n(U) for all U ∈ Cn. Loosely speaking, any
behavioral prior can be approximated up to 0th order in this way. The adequacy of this
approximation for others than the prespeci�ed utilities only depends on the approximated
prior's elasticities, i.e. the way relative utility changes induce relative changes in the choice
probabilities.

Recall that the UM estimator functions without explicit knowledge of the sn(·) coe�-
cients. This implies that an application of the UM estimator can be justi�ed by the

11



Figure 2: Berlin network. Left: toll zone, right: sensor locations.

approximation (32) even if the P 0
n and V 0

n values that de�ne the sn(·) coe�cients in (31)
are unknown. However, it is required that the prior choice distribution's elasticities are
su�ciently similar to those of (29). Otherwise, only a heuristic application of the UM
estimator is possible.

Summarizing, this section derives two operational procedures for drawing from a Bayesian
posterior choice distribution that results from the combination of aggregate sensor data
and a general demand simulator. The computational e�ciency of these procedures results
from a linearization of the log-likelihood function that allows to decompose the popula-
tion's joint posterior choice distribution at the level of individual decision makers.

4 Test case

This section outlines a number of experimental results. A detailed description can be
found in [16]. The considered test case comprises the metropolitan region of Greater
Berlin. The underlying network has 2459 links and 1083 nodes. A synthetic population
of 206'353 travelers with complete activity plans is available for this scenario [27]. All
experiments are constrained to the time span from 6 to 9 am. This interval exhibits the
most variable tra�c conditions because of the morning rush hour.

4.1 Simulation procedure

The only behavioral degree of freedom considered here is route choice. That is, all behav-
ioral aspects apart from route choice are retained unchanged in the original plans. Since
route choice can be generalized to plan choice by minor modi�cations to the original net-
work as shown in Section 2.3, an e�ective route choice estimator is likely to be applicable
in a more general setting as well.

A time-independent toll of 0.24 EUR/km is charged on all link in the city center shown in
Figure 2 (left), and no toll is charged outside of this area. The unitless utility of a route
U is

Vn(U) = (−tt(U)− toll(U)/VOTn)/1s (33)
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where tt(U) is the travel time on route U , toll(U) is the toll accumulated along route U , and
VOTn is individual n's value of time (in monetary units per time unit). For simplicity, it
is assumed that all drivers have an identical value of time, i.e. VOTn = VOT, n = 1 . . . N .

The employed simulation logic is very simple. It recalculates the routes for 10% of all
travelers in every iteration. For each replanning agent, a �proposal route� is generated by
calculation of a time-dependent best path based on a randomly chosen VOT and the link
travel times of the previous iteration. The proposal route is adopted by the agent if and
only if has a higher utility than the hitherto applied route according to the agents actual
VOT. Otherwise, the agent maintains its previous route.

4.2 Calibration procedure

A synthetic reality is generated by a simulation where all travelers react to the toll ac-
cording to a 12 EUR/h VOT. Time-dependent �ow rates are collected as synthetic sensor
data at the 50 sensor locations indicated in Figure 2 (right). Since the sensors loca-
tions are fairly scattered, the measurements are assumed to follow independent normal
distributions with identical variance σ2.

The UM estimator is deployed. It does not interfere with the proposal route generation
itself but only a�ects the subsequent choice between the proposal route and the hitherto
applied route. Since the underlying route choice model cannot be shown to be of structure
(29), this constitutes a heuristic application of the UM estimator.

The UM estimator replaces the original utility Vn(U) of a route by Vn(U) + 〈Λ,U〉/µ,
cf (30), where the second addend results from a linearization of the sensor data's log-
likelihood. For univariate normal measurements, this log-likelihood becomes a sum of
squared deviations between estimated and measured �ows, which are weighted by σ−2.
That is, the overall utility modi�cation is e�ectively divided by µσ2. This product de�nes
the sole tuning parameter of the UM estimator, which is

wprior =
√

µσ2. (34)

This parameter de�nes the weight of the behavioral prior information (represented by
Vn(U)) when compared to the sensor data (basically represented by 〈Λ,U〉).

4.3 Results

A prior scenario with an in�nite VOT is assumed. That is, the demand simulator itself
e�ectively ignores the toll. The question is investigated to what degree the UM estimator
is able to reconstruct the network-wide tra�c conditions of the synthetic reality (which
results from a 12 EUR/h VOT) given only a limited set of �ow measurements.

Figure 3 shows the resulting root mean square error measures over di�erent wprior values.
The �ow measurement reproduction error at the 50 sensor locations is given on the left,
and the network state reproduction error between the estimated occupancies of all links
in the network and those in the synthetic reality is shown on the right. For comparison,
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Figure 3: Result overview. Blue dots: estimation, red dots: plain simulation.

the error measures of four plain simulations of the prior scenario are also given in each
diagram. They are equivalent to running the estimator without sensor input. For ease of
comparison, they are re-drawn over every wprior value in red color. The three estimation
results per wprior value are drawn in blue.

All results are fairly stable in that there is limited variability among repeated runs. Often
enough, the dots lie on top of each other and cannot be distinguished. Reproducible
convergence is a desirable and not at all self-evident feature for a nonlinear estimator. In
these experiments, it can be observed with good precision.

The left diagram of Figure 3 shows that the measurement reproduction error decreases
monotonously with wprior. This is plausible: the smaller the belief in the behavioral
model, the more weight is put on measurement reproduction. The greatest estimation
improvement over a plain simulation of the prior is 86%.

The right diagram of Figure 3 shows a non-monotonous relation between wprior and the
network state reproduction error. As wprior grows, the measurement in�uence vanishes
and the estimation quality gracefully deteriorates towards that of a plain simulation.
However, as wprior decreases, a minimum error value is invariably encountered after which
a further decrease of wprior results in an increased network state reproduction error. This
is an over-�tting e�ect. The attained minimum error value re�ects the estimator's ability
to spatiotemporally extrapolate the available �ow measurements. A 48% improvement
in network-wide tra�c conditions is achieved � based on tra�c counts from only 50
measurement locations out of altogether 2459 links.

Overall, these quality measures must be considered in light of the idealized setting in
which they were obtained. However, it can be concluded that the estimator performs
structurally correct, and that the calibration results in a speci�c application will mainly
depend on the available data and modeling quality.
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5 Summary and outlook

We presented a novel approach for the Bayesian calibration of plan choice distributions
from aggregate sensor data. The proposed method is independent of the underlying
demand simulator. The main precondition for its application is the availability of a supply
simulator with linearizable tra�c �ow dynamics. The weakening of this requirement is
an important aspect of our future research.

Another relevant issue is the utilization of the obtained estimation results. The identi�-
cation of plan choice distributions clearly has predictive power within a considered day
(this motivates an application in a telematics context), but it does not immediately allow
to predict plan choice in changed conditions. Therefore, our method is currently extended
to the joint calibration of plan choice distributions and the parameters of the underlying
demand simulator. An example of such parameters are the utility coe�cients of a random
utility model. The following paragraph outlines this approach.

The AR estimator draws plans from an individual-level posterior choice distribution
Pn(U|Y) ∝ e〈Λ,U〉Pn(U), cf. (26). If the choice Un of individual n depend on a parameter
vector θn which is distributed according to p(θ), the AR estimator can immediately be
applied to a demand simulator that draws not only from n's parameterized choice dis-
tribution Pn(U|θn) but also from p(θ) itself. The modi�ed AR procedure for a single
decision maker n is as follows:

1. Draw θn from p(θ).
2. Draw Un from Pn(U|θn).
3. Accept (θn,Un) with probability ∝ e〈Λ,Un〉, otherwise goto 1.

The �rst accepted draw is from pn(U , θ|Y) which is individual n's joint posterior plan and
parameter distribution given the sensor data. That is, the plan choice distributions are
now calibrated together with their underlying parameters. Our current work concentrates
on an experimental investigation of this parameter calibration procedure.

A Linearization of the log-likelihood function

A linearization of the log-likelihood function with respect to plan choice must account
for the coupling between U and X through the dynamical system constraint (12) that
represents the demand simulator. This di�culty can be dealt with by well-known methods
from control theory [20, 26]. A self-contained exposition is given in the following.

For the sake of generality, a functional Φ(X ) of the macroscopic system states is linearized
with respect to the population plan choice U1 . . .UN . A time-additive structure of Φ is
assumed. This corresponds to the structure of the log-likelihood since the likelihood itself
is a product over subsequent time steps, cf. (17) and (18). Denote

Φ(k) =
∑K

κ=k ϕ[x(κ), κ] (35)

15



for k = 1 . . . K. This is the remaining contribution to Φ(X ) from time step k on until the
�nal time step K. It can be recursively written as

Φ(k) =

{
ϕ[x(k), k] + Φ(k + 1) k = 1 . . . K − 1
ϕ[x(K), K] k = K.

(36)

As a �rst step, sensitivities with respect to states are computed by

dΦ(k)

dx(k)
=


∂ϕ[x(k), k]

∂x(k)
+

dΦ(k + 1)

dx(k)
k = 1 . . . K − 1

∂ϕ[x(K), K]

∂x(K)
k = K.

(37)

Since the interplay between variables at di�erent time steps is fully de�ned by the state
equation (12),

dΦ(k + 1)

dx(k)
=

∂f [x(k),u1(k) . . .uN(k), k]T

∂x(k)

dΦ(k + 1)

dx(k + 1)
(38)

holds for k < K, where x(k + 1) = f [. . .] was used and the superscript T denotes the
transpose.

Now, sensitivities with respect to control variables u1(k) . . .uN(k) result from

dΦ(X )

dun(k)
=

∂f [x(k),u1(k) . . .uN(k), k]

∂u(k)

T dΦ(k + 1)

dx(k + 1)
. (39)

Here, ∂ϕ[x(k), k]/∂un(k) disappears since un(k) in�uences no state earlier than x(k + 1).
∂f [. . .]/∂u(k) denotes the partial derivative of f [. . .] with respect to any un(k), which
is independent of n. This independence allows to entirely omit the n subscript in Φ's
sensitivities and to subsequently write dΦ(X )/du(k) instead of dΦ(X )/dun(k), and it
allows to compute all sensitivities for all agents simultaneously.

In summary, dΦ(X )/du(k) is obtained in a two-pass-procedure.

1. Using (38), solve (37) recursively for k = K . . . 1. Moving backwards through time
introduces a �far sightedness� into the calculation that is necessary to predict the
in�uence of present state variations on future system states.

2. Determine the in�uence of controls by (39) for k = 0 . . . K−1. Since this expression
is identical for all agents, it needs to be evaluated only once for the entire population.

One obtains the following linearization of Φ(X ) with respect to U1 . . .UN :

Φ(X (U1 . . .UN)) ≈ Φ(X 0) +
∑K−1

k=0 dΦ(X 0)/du(k)T
∑N

n=1(un(k)− u0
n(k)) (40)

where u0
n(k) is the control vector of traveler n at step k around which linearization took

place and X 0 is the resulting macroscopic state sequence. The computational logic behind
this approximation can be seen most clearly if it is fully expanded:

Φ(X (U1 . . .UN)) ≈
∑N

n=1

(∑
k

∑
ij λij(k)uij,n(k)

)
+ const (41)
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with
λij(k) = dΦ(X 0)/duij(k). (42)

Only such λij(k) coe�cients are summed up in (41) that correspond to a nonzero turning
move uij,n(k) that is actually contained in Un. Using the same λ coe�cients for all agents
re�ects that the sensitivities of Φ to a turning move (sequence) are independent of which
agent is actually moving.

References

[1] K. Ashok. Estimation and Prediction of Time-Dependent Origin-Destination Flows.
PhD thesis, Massachusetts Institute of Technology, 1996.

[2] M.G.H. Bell. The estimation of origin-destination matrices by constrained generalised
least squares. Transportation Research B, 25B:13�22, 1991.

[3] M.G.H. Bell. Stochastic user equilibrium assignment in networks with queues. Trans-
portation Research B, 29(2):125�137, 1995.

[4] M.G.H. Bell and S. Grosso. Estimating path �ows from tra�c counts. In W. Brilon,
F. Huber, M. Schreckenberg, and H. Wallentowitz, editors, Tra�c and mobility:

simulation�economics�environment, pages 85�102. Springer, 1999.

[5] M.G.H. Bell, W.H.K. Lam, and Y. Iida. A time-dependent multi�class path �ow
estimator. In J.-B. Lesort, editor, Proceedings of the 13th International Symposium

on Transportation and Tra�c Theory, Lyon, France, July 1996. Pergamon.

[6] M.G.H. Bell, C.M. Shield, F. Busch, and G. Kruse. A stochastic user equilibrium
path �ow estimator. Transportation Research C, 5(3/4):197�210, 1997.

[7] M. Ben-Akiva and M. Bierlaire. Discrete choice methods and their applications to to
short-term travel decisions. In R. Hall, editor, Handbook of transportation science,
pages 5�34. Kluwer, 1999.

[8] M.E. Ben-Akiva and S.R. Lerman. Discrete Choice Analysis. MIT Press series
in transportation studies. The MIT Press, Cambridge, Massachusetts and London,
England, 1985.

[9] M. Bierlaire. The total demand scale: a new measure of quality for static and dynamic
origin-destination trip tables. Transportation Research B, 36:837�850, 2002.

[10] E. Cascetta. Estimation of trip matrices from tra�c counts and survey data: a
generalised least squares estimator. Transportation Research B, 18B:289�299, 1984.

[11] E. Cascetta, D. Inaudi, and G. Marquis. Dynamic estimators of origin-destination
matrices using tra�c counts. Transportation Science, 27:363�373, 1993.

17



[12] E. Cascetta, A. Nuzzolo, F. Russo, and A. Vitetta. A modi�ed logit route choice
model overcoming path overlapping problems. Speci�cation and some calibration
results for interurban networks. In J. B. Lesort, editor, Proceedings of the 13th

International Symposium on Transportation and Tra�c Theory, Lyon, France, July
1996.

[13] E. Cascetta and N.N. Posterino. Fixed point approaches to the estimation of o/d ma-
trices using tra�c counts on congested networks. Transportation Science, 35(2):134�
147, 2001.

[14] C.F. Daganzo. The cell transmission model: A dynamic representation of high-
way tra�c consistent with the hydrodynamic theory. Transportation Research B,
28B(4):269�287, 1994.

[15] C.F. Daganzo. The cell transmission model, part II: Network tra�c. Transportation
Research B, 29B(2):79�93, 1995.

[16] G. Flötteröd. Tra�c State Estimation with Multi-Agent Simulations. PhD thesis,
Berlin Institute of Technology, Berlin, Germany, 2008.

[17] G. Flötteröd and K. Nagel. Some practical extensions to the cell transmission model.
In Proceedings of the 8th IEEE Intelligent Transportation Systems Conference, pages
510� 515, Vienna, Austria, September 2005. IEEE.

[18] G. Flötteröd and K. Nagel. High-speed combined micro/macro simulation of tra�c
�ow. In Proceedings of the 10th IEEE Intelligent Transportation Systems Conference,
pages 1�6, Seattle, USA, September/October 2007. IEEE.

[19] M.C. Jones and S.K. Vines. Choosing the smoothing parameter for unordered multi-
nomial data. Sociedad de Estadistica e Investigacion Operativa Test, 7(2):411�424,
1998.

[20] A. Kotsialos, M. Papageorgiou, C. Diakaki, Y. Pavlis, and F. Middelham. Tra�c
�ow modeling of large-scale motorway networks using the macroscopic modeling tool
METANET. IEEE Transactions on Intelligent Transportation Systems, 3(4), 2002.

[21] F. Logi, M. Ullrich, and H. Keller. Tra�c estimation in munich: Practical problems
and pragmatical solutions. In Proceedings of the 4th IEEE Intelligent Transportation

Systems Conference, Oakland (CA),USA, August 2001. IEEE.

[22] M. Maher. Inferences on trip matrices from observations on link volumes: a bayesian
statistical approach. Transportation Research B, 17:435�447, 1983.

[23] M.J. Maher, X. Zhang, and D. Van Vliet. A bi-level programming approach for trip
matrix estimation and tra�c control problems with stochastic user equilibrium link
�ows. Transportation Research B, 35:23�40, 2001.

[24] Y. Nie and D.-H. Lee. An uncoupled method for the equilibrium-based linear path
�ow estimator for origin-destination trip matrices. Transportation Research Record,
(1783):72�79, 2002.

18



[25] Y. Nie, H.M. Zhang, and W.W. Recker. Inferring origin-destination trip matrices
with a decoupled GLS path �ow estimator. Transportation Research B, 39:497�518,
2005.

[26] J.B. Pearson and R. Sridhar. A discrete optimal control problem. IEEE Transactions

on automatic control, 11(2):171�174, April 1966.

[27] M. Rieser, K. Nagel, U. Beuck, M. Balmer, and J. Rümenapp. Truly agent-oriented
coupling of an activity-based demand generation with a multi-agent tra�c simulation.
In Proceedings of the 86. Annual Meeting of the Transportation Research Board,
Washington DC, USA, 2007.

[28] H.D. Sherali, A.Narayan, and R. Sivanandan. Estimation of origin-destination trip-
tables based on a partial set of tra�c link volumes. Transportation Research B,
37:815�836, 2003.

[29] H.D. Sherali and T. Park. Estimation of dynamic origin-destination trip tables for a
general network. Transportation Research B, 35:217�235, 2001.

[30] H.D. Sherali, R. Sivanandan, and A.G. Hobeika. A linear programming approach for
synthesizing origin-destination trip tables from link tra�c volumes. Transportation

Research B, 28(3):213�233, 1994.

[31] H. Spiess. A maximum likelihood model for estimating origin-destination models.
Transportation Research B, 21:395�412, 1987.

[32] K.E. Train. Discrete Choice Methods with Simulation. Cambridge University Press,
Cambridge, United Kingdom, 2003.

[33] H. van Zuylen and L. G. Willumsen. The most likely trip matrix estimated from
tra�c counts. Transportation Research B, 14B:281�293, 1980.

[34] M. Vrtic, K.W. Axhausen, M.G. H. Bell, S. Grosso, and W. Matthews. Methoden
zu Erstellung und Aktualisierung von Wunschlinienmatrizen im motorisierten Indi-
vidualverkehr � methods for estimating and updating of origin-destination matrices
from tra�c counts. Forschungsauftrag auf Antrag der Vereinigung Schweizerischer
Verkehrsingenieure 2000/379, Eidgenössisches Departement für Umwelt, Verkehr,
Energie und Kommunikation / Bundesamt für Strassen, 2004. partially in German.

[35] H. Yang. Heuristic algorithms for the bilevel origin/destination matrix estimation
problem. Transportation Research B, 29:231�242, 1995.

[36] H. Yang, T. Sasaki, and Y. Iida. Estimation of origin-destination matrices from
link tra�c counts on congested networks. Transportation Research B, 26(6):417�434,
1992.

[37] X. Zhou. Dynamic origin-destination demand estimation and prediction for o��

line and on�line dynamic tra�c assignment operation. PhD thesis, University of
Maryland, College Park, 2004.

19



  1 

The effect of dynamic network loading models on DTA-
based OD estimation 
 

Rodric Frederix, Chris M.J. Tampère, Francesco Viti, Lambertus 

H. Immers 
Katholieke Universiteit Leuven, Belgium 

 

ABSTRACT 

This paper studies the impact of adopting different queuing mechanisms in 

dynamic network loading (DNL) models on DTA-based origin-destination 

estimation. We compare the point queue model (PQ), the spatial queue model 

(SQ) and the link transmission model (LTM), which all have different spatial 

queuing characteristics. Our experiments indicate that the SQ and PQ models may 

confuse supply information for demand information: if a lower flow is observed 

due to congestion, these models interpret it as due to lower demand. Applying a 

DNL model that correctly represents queing behavior is a therefore necessary 

condition for accurate OD estimation. However using a proper DNL model cannot 

always guarantee convergence if no information about the traffic regime is 

included. 

 

Keywords: OD estimation, Dynamic Network Loading, Queue Dynamics, SPSA. 

 

INTRODUCTION 

 

Congestion causes substantial economic losses, both for individual and 

commercial transport. To analyse congestion dynamic traffic models are essential. 

A critical input component of such models is the dynamic origin-destination 

matrix, which captures the spatial and temporal distribution of traffic demand. 

Errors in this matrix translate themselves to incorrect network flows, affecting 

network performance measures. For this reason estimating OD-flows correctly is 

of paramount importance. Many OD estimation methods use dynamic network 

loading models to formulate the interrelation between the link flows and the OD 

flows. In this paper we examine the effect of different dynamic network loading 

models on traffic counts based OD estimation. More specifically, we compare 

three different queuing approaches: vertical queuing, horizontal queuing and 

queuing based on simplified first-order shockwave theory. 
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This paper is organized as follows: we start with a short review on OD estimation 

methods,followed by a discussion of the different dynamic network loading 

models and the solution algorithm used in this paper. Next the effect of choosing 

one of the above mentioned queuing approaches is examined by solving the OD 

estimation problem on different test networks. In the last section we formulate our 

conclusions along with possible future research. 

LITERATURE REVIEW 

OD estimation 

Several techniques have been proposed in the past for the estimation of OD 

matrices. Initially the focus was on static OD estimation, where OD flows are 

assumed constant during a certain time period, and estimations are made based on 

average counts during this time period (Maher (1983), Cascetta (1984), Bell 

(1983)). More recently this approach has been extended to the dynamic case, in 

which this time period is divided in many smaller intervals in which the OD flows 

fluctuate (Cascetta (2001)). Evaluation is done by assigning these OD flows onto 

a network and comparing the obtained link flows with the traffic counts in the 

different intervals. 

 

In literature, dynamic OD estimation methods are generally classified into two 

main categories: non-DTA based OD estimation and DTA-based OD estimation 

(see Peeta and Ziliaskopouols (2001) for an overview of these models). In the 

former approach the relations between link flows and OD flows are estimated 

through measurements of entry flows, exit flows and link flows. Methods of this 

category are often used when estimating OD patterns in small networks such as 

single intersections or small freeway segments, for which the entry and exit flows 

are easily available and which cover most of the information on the link flows. 

Examples of these studies are Bell (1991), Chang and Wu (1994). 

DTA based OD estimation, which is the focus of this paper, uses a dynamic traffic 

assignment for formulating the interrelation between the link flows and the OD 

flows. This method is recommended when dealing with complex network 

structures and when driver’s reactions have to be accounted for explicitly. For 

example, DTA-based OD-estimation approaches are needed to correct an existing 

OD-matrix because of some change in the system, e.g., a change in the 

infrastructure, newly implemented Intelligent Transportation Systems or traffic 

management strategies, etc.  
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Algorithms for solving the DTA-based OD estimation problem generally use an 

iterative approach between two levels: 

 

Upper level 

The OD flows are estimated at the upper level, minimizing the distance between 

observed values (often traffic counts are used) and values obtained through 

assignment of the OD flows. Because there are usually many more OD flows than 

observed values, the problem is underspecified and additional information is 

required.The most common approach is to add a target matrix to capture the 

structure of the OD matrix. The problem is to minimize the sum of the distance 

mentioned above and the distance between the target OD-flows and the estimated 

OD-flows: 

 

^ ^
*

1 2arg min , ,
x

x z x x z y Ax
    

= +        
       (1) 

where x is the unknown OD vector 

 x* is the estimated OD vector 

 
^

x  is the target OD vector 

 
^

y  is a vector with traffic counts 

 A is the assignment matrix obtained from the lower level 

z1 and z2 are distance measures  

 

Lower level 

The assignment matrix is calculated at the lower level and captures the 

interrelation between the OD flows and the link flows: 

 

,
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Note that ,

,

m

l r
aτ , denoting the proportion of OD-pair r departed during time period 

m which passes over link l in time period τ , cannot be determined independently 

as soon as congestion occurs: therefore it depends on the OD flows. Because the 

OD flows are unknown, ,

,

m

l r
aτ must be interpreted as a local approximation of the 

relation between OD flows and traffic counts. 

 

Generally a solution is obtained by iterating between these two levels. First an 

assignment matrix A is calculated through a dynamic assignment of the target OD 
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flows at the lower level. This matrix is then held constant in the upper level, and 

the OD flows x which minimize equation (1) are determined. The previous 

assignment matrix A normally does no longer correspond to the new OD flows, 

and is recalculated at the lower level, etc. 

Because simultaneously estimating OD flows requires a large computational effort 

with the inversion of a large augmented assignment matrix (see Bierlaire (2004), 

Balakrishna & Koutsopoulos (2008)), OD flows are normally estimated 

sequentially: the OD flows from prior time periods are fixed when estimating OD 

flows for a new time period.  

 

Relationship (2) between OD flows and link flows does not need to be stated 

explicitly. As mentioned by Balakrishna & Koutsopoulos (2008) one can use any 

network loading model to capture these relationships, instead of using an 

assignment matrix. So instead of calculating an assignment matrix at the lower 

level and holding it constant in the upper level, it is possible to use a DNL model 

in equation (1) directly. There are a number of advantages of this methodology: 

while the assignment matrix A is only a linear approximation of the interrelation 

between OD flows x and link flows y, a network loading model captures these 

relationships directly. Also the relationship between OD flows and other data such 

as speed and density, which are highly non-linear, can be expressed this way. 

 

As mentioned above, any DNL model can be used for DTA-based OD estimation. 

The purpose of this paper is to investigate the effect of using different DNL 

models on the estimation of OD flows. More specifically we compare three 

different queuing approaches: vertical queuing, horizontal queuing and queuing 

based on simplified first-order shockwave theory. The models are described in the 

next section. 

 

DNL models 

DNL models are generally classified into two main categories. The first group 

consists of analytical models, that describe the average behaviour of traffic with 

macroscopic traffic flow variables such as inflow rates and travel times. 

 

A second group contains the simulation-based models, which keep track of 

individual vehicles, or vehicle packets, at each time step. Such models describe 

certain traffic phenomena more accurately, though at a higher computational cost. 
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A more detailed overview of the different DNL models and their properties can be 

found in (Peeta (2001), Nie & Zhang (2005), Viti and Tampere (2008)). 

 

In this paper three different queuing models are compared. The vertical queue or 

point queue model (PQ)is the most basic model that still describes queuing 

behaviour, though in an approximate way. In this model vehicles travel at free-

flow speed along a link, and form a queue at the end of a link if the outflow rate 

exceeds the capacity of that link. There is no restriction on the inflow of the link. 

A continuous mathematical form of this model can be found in (Nie & Zhang 

(2005)) and is given as below: 

 

0

0

0                 if =0 and ( )

( )                       otherwise

u t t cd

u t t cdt

λλ − <
=

− −





      (3) 

     

0 0
( )      if =0 and ( )

( )
                                      otherwise

u t t u t t c
v t

c

λ− − <
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      (4) 

 

 where  u(t) is the inflow rate at time t 

   v(t) is the outflow rate at time t 

   λ (t) is the queue length at time t 

   c is the capacity of the link 

 

The second model we use is the horizontal queue or spatial queue model (SQ). It 

uses a node model to describe the interaction between upstream and downstream 

links. Congestion propagation through links can thus be modelled. For every link 

the demand D and supply S is calculated as follows: 

 

0 0
( ) if ( )=0 and ( )

( )
                                     otherwise

u t t t u t t c
D t

c

λ− − <
=




      (5) 

 

( )( ) min , max( ,  0)
jam

S t c k l x= ⋅ −        (6) 

 

where  kjam is the jam density, x is the number of vehicles on the link and l is the 

link length. Depending on the type of node the outflow of the upstream link is 

determined. In this paper we use typical freeway diverge, merge and connecting 

nodes (see Daganzo (1995) and Tampère et al. (2008)). 
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The third model is the Link Transmission Model (LTM) developed by Yperman 

(2007), a macroscopic simulation-based DNL model that is consistent with 

simplified first-order kinematic wave theory. The LTM solution algorithm is 

computationally efficient and is capable of dealing with large networks. In each 

timestep demand and supply are determined based on Newell’s simplified 

kinematic wave theory (Newell, (1993)), and the outflow is determined by the 

node model. The same node models as above are used. 

The sending flow is defined as the maximum amount of vehicles that can leave the 

downstream end of the link if this link end were connected to a reservoir with 

infinite capacity. The only constraints are the minimal link travel time and the 

link’s capacity: 

 

0
( ) min ( , ) ( , ),

L

f

L
S t N x t t N x t c t

v
= + ∆ − − ∆

 
 
 

     (7) 

 

The receiving flow is defined as the maximum amount of vehicles that can enter 

the upstream end of the link if this link end were connected to a reservoir with 

infinite demand. The only constraints are the link’s capacity and an inflow 

restriction due to the spilling back of queues: 

 

0
( ) min ( , ) ( , ),

L

jam

L
R t N x t t k l N x t c t

w
= + ∆ − + − ∆

 
 
 

    (8) 

 

Here x0 and xL are the link boundaries, the cumulative vehicle numbers are N(x,t) 

and vf and w are respectively the wave speeds for free-flow traffic and congestion. 

For more details about this model, we refer to Yperman (2007). 

 

The three models discussed above differ from each other only in the case of 

congestion. In the PQ model there is no restriction on the inflow of the link. Thus, 

if the inflow exceeds the capacity, a queue starts building up in the bottleneck link 

itself, without affecting upstream links. Therefore, spilling back of this queue to 

other links is not modeled. In the SQ model link interactions can be accounted for. 

As soon as the number of vehicles on a link exceeds kjam.l vehicles on it, 

congestion spills back. The vehicles are thus stacked together as densely as 

possible. Therefore it takes longer for a queue to reach the end of a link compared 

to models consistent with simplified first-order kinematic wave theory, where the 
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queue has a lower density for the same outflow. LTM will thus predict earlier 

spillback than with SQ models. This has implications for the interactions with 

other links. 

In Figure 1 the difference in queuing for the three models is illustrated. 

 

 

 

 

 

 

 

(a)     (b)    (c)  

  

Figure 1: Queing in PQ (a), SQ (b) and LTM (c) 

 

Solution algorithm 

Equation (1) is solved using the Simultaneous Perturbation Stochastic 

Approximation (SPSA) algorithm, an approximate-gradiënt stochastic 

optimization algorithm, developed by Spall (1998). In contrast with the Finite 

Difference method, which requires 2p measurements (p being the number of 

variables) of the objective function to obtain one gradient approximation, SPSA 

only takes 2 measurements per iteration, regardless of the number of variables. 

For the OD estimation problem, where the number of variables rapidly increases 

with the network size and the considered time period, this is a very attractive 

feature.The algorithm iterates between the following steps (see Spall (1998)): 

 

- Gradiënt approximation:  
1

1
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where 
^

kθ is a vector with the estimated values of the variables at iteration k, 

k

c
c

k
γ

=  and k
∆  is a p-dimensional random perturbation vector where each of the 
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components are generated from a Bernouilli ±1 distribution with probability of ½ 

for each ±1 outcome.    

  

- Updating θ estimate: 

^ ^ ^ ^

1 ( )k k kkk
a gθ θ θ+ = −         (10)  

 

where 
( )

k

a
a

A k
α

=
+  

is the step size. In these equations A, a, c, α and γ are 

parameters which may be determined following the practical guidelines in Spall 

(1992). 

 

CASE STUDY 

 

In this part the influence of different DNL models on OD estimation is examined 

for some small test networks. The purpose is to check which level of detail in the 

DNL model queuing behavior is necessary for accurate OD estimation. Another 

point of interest is to check if applying such a DNL model is sufficient to 

guarantee accurate estimation. The optimization problem to be solved is given by 

equation (1). The term that accounts for the distance between the target matrix 

and the estimated matrix is ignored, because we are interested in the influence of 

DNL models on the estimation process, without any other influence. Normally this 

target matrix is necessary for eliminating the underspecification of equation (1) 

(see Marzano et al. (2008)). In the test networks described below there are more 

traffic counts than OD flows, so there is no need for including the target matrix. 

The Root Mean Square Normalized (RMSN) error is used as a distance measure: 

 
2

^

^

( )n y y x

RMSN

y

 
− 

 
=

∑

∑
        (9)  

 

where n is the number of traffic counts, 
^

y  are the traffic counts and y(x) 

respresents the link flows obtained from a DNL model when OD flow x is 

assigned. Equation (1) then simplifies to the following expression: 
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2
^

*

^

( )

arg min
x

n y y x

x

y

   − 
  =  

 
  

∑

∑        (10)

 

 

In the experiments described below an OD matrix is assigned onto a network 

using LTM. We generated synthetic traffic counts using LTM. These traffic 

counts are available every 5 minutes. Convergence is assumed when the 

difference in RMSN after 100 iterations is smaller than 0.001. 

 

1. Link 

 

The test network consists of 9 nodes and 8 links, and has 1 OD pair (see figure 2). 

The time period considered is 2 hours. Link 4 is a bottleneck in this network. The 

capacities and demand are chosen such that congestion does not reach the origin 

node of the network, because otherwise demand information will be blocked. 

Detectors (and thus traffic counts) are assumed available on all nodes. 

Flow (veh./h)

1000

500
T (h)

21.50.25

OD 1-8

 

 

Link ID Length (km) Speed (km/h) Capacity (veh./h) Jam density (veh./km) 

4 1 90 800 62 

Other links 1 90 1800 140 

 

 

 

Figure 2: Link network and demand 

 

The initial OD matrix used in the optimization algorithm is the OD matrix 

actually assigned, to check if all DNL models can find the solution if they start 

close to it. The results are summarized below. 
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Figure 3: OD flow according to different models on link network 

 

LTM reproduces the solution almost exactly, which is to be expected, as it starts 

on top of the solution and traffic counts are obtained by LTM itself. The small 

deviations that can be seen in Figure 3 are the result of the stochastic nature of the 

SPSA algorithm. 

The performance of the SQ model is worse. Estimation of the OD flow is correct 

until spillback passes node 3 in the traffic counts at t=0.9. In the SQ model the 

queue has not yet reached node 3 at this point in time, because of a slower 

spillback. The lower traffic counts are thus misinterpreted as a decrease of the 

demand, while actually it only carries information about the supply, namely a 

lower capacity downstream leading to congestion. When the queue finally reaches 

node 3 in the SQ model at t=1.1, the demand is estimated correctly. As soon as the 

queue passes node 2 in the traffic counts this process is repeated. The drop of the 

demand afterwards is not observable in all traffic counts because some carry only 

supply information. The SQ model again mistakes these higher traffic counts for 

demand information, because the traffic state in the traffic counts around node 2 

is different from the one in the SQ model. As a result the OD flow is 
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overestimated. This error disappears when the queue at node 2 dissolves in the 

traffic counts and traffic states correspond again. 

Finally this error reappears and disappears again, because of the different instant 

at which the queue at node 3 dissolves. 

The results of the PQ model deviate substantially from the intended solution. 

While in the SQ model traffic states still adequately match for some links, this is 

not the case for the PQ model. If the queue passes a detector in the traffic counts 

the OD flow is decreased in this model. Furthermore the flow over node 4 is 

larger than the capacity of link 4 when the correct demand is assigned to the PQ 

model. To achieve a better match to the traffic counts, the total flow sent is 

therefore underestimated by this model. 

 

2. Diverge 

 

This test network consists of 13 nodes and 12 links (see Figure 2), and has 2 OD 

pairs (1-2 and 1-3). The time period considered is 2 hours.  

Flow (veh./h)

1000

500
T (h)

21.250.25

OD 1-2

600

300
T (h)

21.250.25

OD 1-3

 

 

Link ID Length (km) Speed (km/h) Capacity (veh./h) Jam density (veh./km) 

7 1 90 760 59 

Other links 1 90 1800 140 
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Figure 4: Diverging link network and demand 

 

Detectors are assumed available on all nodes except for the right branch of the 

diverge. With this OD matrix link 7 is a bottleneck. Again the start OD matrix 

equals the real OD matrix.  
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Figure 5: OD flow according to different models on diverge network 

 

A comparison of the results of link flows and OD flows shows that LTM 

approximates the solution well. Again only small deviations from the solution are 

observed. 

The results for the SQ model are correct until the queue passes node 9 in the 

traffic counts at t=0.95. The lower count is interpreted as a decrease of OD flow 

1-2. Because there are no traffic counts available for OD flow 1-3, this demand is 

increased with the same amount, so that the sum of both OD flows still matches 

the traffic counts on node 1, 4, 5 and 6. When the real demand drops again at 

t=1.25, the detector at node 9 still observes a queue and its corresponding traffic 

flow until this queue dissolves. During this time period traffic counts are therefore 

higher than the demand. The SQ model considers these traffic counts to contain 

demand information, and thus OD flow 1-2 is not lowered significantly. Again the 

opposite holds for OD flow 1-3, so that the sum of OD flow 1-2 and 1-3 matches 

with the traffic counts on the incoming branch of the diverge. 

In the PQ model the flow over node 10 exceeds the capacity of link 7 when the 

correct demand is sent. Therefore, to spread the errors over the different traffic 

counts, OD flow 1-2 is underestimated. OD flow 1-3 is overestimated accordingly. 

Similar to the SQ model OD flow 1-2 is decreased and OD flow 1-3 is increased if 

congestion spills back. Afterwards at t=1.25 demand does not decrease as much as 

in the solution, because else the mismatch for the flow on node 10 would be too 

large. One would expect that the surplus of OD flow 1-2 is compensated by a 

decrease of OD flow 1-3. This does not occur here, because the convergence 

criteria was reached and thus the optimization algorithm ended. 

 

3. Merge 

 

This test network consists of 13 nodes and 12 links (see figure 3), and has 2 OD 

pairs (1-3 and 2-3). The time period considered is 2.5 hours. The merging of the 2 

OD pairs creates a bottleneck on link 9. Traffic counts are available on all nodes 

except on the right branch of the merge. 
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Flow (veh./h)

1200

800
T (h)

2.51.580.25

OD 1-3

800

500
T (h)

1.580.25

OD 2-3

2.5

 

 

Link ID Length (km) Speed (km/h) Capacity (veh./h) Jam density (veh./km) 

2 2.5 90 1800 140 

Other links 1 90 1800 140 
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Figure 6: Merge network and demand 

 

With LTM the optimization problem converges towards the solution. The SQ 

model deviates from the solution. OD flow 1-3 and  2-3 are overestimated so that 

the speed of the congestion wave can increase, in accordance with the solution. 

Still this queue reaches node 6 at a later time (t=0.75) than the traffic counts 

indicate (t=0.6). Therefore the decrease of flow in the traffic counts results in a 

decrease of OD flow, as in the previous test cases. As demand decreases at t=1.58 

extra capacity becomes available for OD flow 1-3, because there is no congestion 

on link 8. The outflow of link 4 increases, and the corresponding traffic state 



  15 

travels backwards. When this wave passes node 5 an increased flow over this node 

is observed in the traffic counts, because the outflow increases.But as there is no 

queue at node 5 due to slower congestion spillback in the SQ model, and thus no 

extra vehicles that can make use of the increased outflow, OD flow 1-3 is 

increased instead for a better match with the traffic counts. Because congestion 

dissolves at the same moment as in the solution (thus avoiding extra errors), this 

increase is limited. Obtaining an extra increase by decreasing OD flow 2-3 

(making the total OD flow sent equal) is also not possible, because then even 

more capacity would become available. 

The PQ model gives a result similar to the SQ model. Both OD flows are 

underestimated at the start, because the flow on node 10 in the model is not 

restricted, and sending the correct OD flow would result in large deviations from 

the traffic counts. OD flow 1-3 is increased when the measured traffic flows 

increase due to the extra available capacity. Because of the underestimated 

demand at the start, this increase is not restricted as was the case for the SQ 

model. 

 

 

Figure 7: OD flow according to different models on merge network 
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The results of the three cases are summarized below (see Table 1). They show that 

not all DNL models are able to correctly predict the OD flows in case of 

congested traffic situations, independent of the optimization algorithm used. Both 

the SQ and PQ model tend to misidentify a decreased flow due to congestion as a 

lower demand. This leads to a lower estimate of the demand when congestion is 

building up, and a higher estimate when congestion is dissolving. Demand can 

also be shifted between different OD pairs, as illustrated in the case of the 

diverge. As expected the SQ model performs better than the PQ model. While in 

the SQ model the traffic state behind a bottleneck can still partly be reproduced, 

this is not the case for the PQ model, where no link interactions are possible. 

 
 Model RMSN link flow RMSN OD flow 

Link PQ 0.1007 0.1002 

  SQ 0.0555 0.0400 

  LTM 0.0096 0.0117 

Diverge PQ 0.1063 0.1059 

  SQ 0.0542 0.0611 

  LTM 0.0051 0.0108 

Merge PQ 0.0684 0.1024 

  SQ 0.0477 0.0398 

  LTM 0.0113 0.0224 

Table 1: Results for the three cases 

 

We acknowledge the fact that LTM was used as a reference, and thus no definitive 

conclusion about its performance can be drawn. However, by reversing the 

process from generated link counts to estimated OD flows using the same LTM 

gives an indication of the order of magnitude of the error caused by the SPSA 

algorithm, and have a clearer idea of what contribution is instead given by the 

chosen queue model. This way, the drawbacks of the SQ and PQ model can be 

extrapolated to real situations, as they both misidentify real phenomena like 

congestion spillback. 

Applying a DNL model that properly represents spillback is therefore a necessary 

condition for accurate OD estimation. It is however not sufficient, as the next case 

illustrates. The network and the travel demand remain the same as above (figure 

7) except for the start OD matrix. The start OD flow for all time periods are 1000 

veh./h and 600 veh./h for OD flow 1-3 and 2-3 respectively. The results are given 

below. 
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Figure 8: OD flow according to different models 

 

All three DNL models give a similar result for OD 1-3. If congestion spills back 

the demand is lowered to better match the decreased flows from the counts. 

Subsequently, as extra capacity becomes available, demand is increased. For the 

SQ and PQ model this is in accordance with the previous case. The question 

remains why the correct congestion pattern is not recognized when using the 

LTM, as it was used to generate the target matrix. Apparently, due to the strong 

non-linearity of travel times, the SPSA algorithm could find only a local optimum. 

With these obtained OD flows the congestion wave does not pass node 6. 

Therefore increasing the demand with a small amount would increase the flow on 

node 1, 4, 5 and 6. This enlarges the error on node 6 more than it reduces the error 

on node 1, 4 and 5. Only when demand would be increased with a large amount 

the congestion wave would pass node 6 and a better match would be obtained for 

all 4 nodes. 

 

This case shows that applying a DNL model that incorporates spillback effects 

more correctly does not seem sufficient for accurate OD estimation. Only when 

starting close to the solution the correct demand can be predicted with certainty. 

Naturally this is not a simple condition, because generally we do not know 
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beforehand if we are close enough. As alternative one can use a different search 

algorithm which is less dependant on the convexity of the objective function, 

e.g.genetic algorithms. 

The local optima seem to originate from an incorrect traffic state estimation. 

Traffic counts cannot indicate whether the traffic regime is in free-flow or 

congestion. Therefore when starting in the wrong regime the optimization 

algorithm first has to cross one or more local peaks before it can find the correct 

solution. These peaks can be avoided by providing enough traffic counts that 

indirectly carry information about the traffic state at other detectors. However this 

seems unfeasible: the number of required dectectors depends strongly on the 

demand and network characteristics. A better solutionwould be to include 

information about the traffic regime, in the form of speed or travel time 

measurements. The impact of including these measurements will be examined in 

future research. 

 

CONCLUSIONS 

 

In the present paper, the effect of using different queue mechanisms in the DNL 

models on the dynamic OD estimation problem is examined on different test 

networks. When applying the PQ and SQ models for OD estimation two 

phenomena can be observed. Firstly they tend to confuse supply information with 

demand information: if in reality spillback occurs over a detector the SQ and PQ 

models will interpret this as a decrease of the OD flow that passes over that 

detector, or as a decrease of an OD flow of which no information is available. 

Secondly the demand information is sometimes misidentified: if a queue builds up 

on one link because of a merging with flow from another link, and this queue 

passes a detector, there may be information available about this other flow in the 

measurements. The SQ and PQ model will relate this information to the demand 

passing the detector. 

The results indicate that applying a DNL model that represents queuing properly 

is a necessary condition for accurate OD estimation. However it is not a sufficient 

condition. Convergence is not guaranteed when the starting point is not close to 

the solution, as is illustrated in our test case. Local optima may arise from the fact 

that the traffic regime is estimated wrongly, and although shifting to the right 

traffic regime would reduce the error, small steps in this direction increase the 

error. Only when the step is big enough a reduction of the error is obtained. 



  19 

Including information about the traffic state in the OD estimation problem, in the 

form of speeds or travel times may solve this problem. First all links should be 

iterated towards the right traffic state, and OD flows can then be fine-tuned using 

the traffic counts. This will be the object of our future research. 
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Stochastic dynamic network loading for travel time 
variability due to incidents 
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Abstract 

 
When considering travel options for trips under repetition (travel mode, time, route), 
travellers value variability of travel time as an important component of travel cost. 
Dynamic Traffic Assignment (DTA) models should therefore not only predict 
nominal travel times in road networks, but also variability of travel times over 
various routes at a certain time of day. In order for the Dynamic Network Loading 
(DNL) component of the DTA to produce this output, the model should consider the 
sources of variability (capacity and demand fluctuations, incidents) and quantify 
their impact on travel times. This is usually not done because of high computation 
times required for dynamic network loading. This paper presents a highly efficient 
method for approximately quantifying congestion spillback and the corresponding 
travel time increase due to an incident: Marginal Incident Computation (MIC). 
Instead of carrying out a complete DNL with the incident, which would involve 
many calculations that are largely identical to the base simulation (e.g. prior to the 
incident, far away from the incident), MIC superimposes the effect of an incident on 
a single base simulation run. Whereas the errors due to the approximation with 
respect to a complete DNL are small, the gain in computation time is considerable: a 
factor 1000 for the Sioux Falls benchmark network. Although in essence MIC is 
nothing more than an efficient numerical scheme for well-known models, its speed 
enables applications that were previously unfeasible. This paper proposes 
considering one deterministic base DNL plus a large set of incident samples 
evaluated through MIC together as one stochastic DNL in DTA applications. A 
simple case study illustrates the use of MIC as a stochastic DNL, quantifying travel 
time variability due to incidents and examining the influence on travellers’ route 
choice in stochastic dynamic user equilibrium.  
 
Keywords: Marginal Incident Computation, stochastic dynamic network loading, 
travel time variability, dynamic user equilibrium 
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1. Introduction 

 
From time immemorial, reliability has been a vital issue in the planning, operation 
and evaluation of economically and socially important systems such as water 
distribution, health care, communication networks and so on. This holds equally for 
the field of transportation. Several studies have considered reliability from the 
travellers’ perspective. Studies based on both stated preference surveys (Jackson & 
Jucker, 1981; Abdel-Aty et al., 1995; Bates et al., 2001; De Palma & Picard, 2005) 
and revealed preference surveys (Lam & Small, 2001; Lam et al., 2002) proved that 
route choice is determined to a large extent by the variability of travel times. Liu et 
al. (2004) inferred similar findings from empirical traffic counts on a congested 
corridor with a tolled congestion free bypass, showing that the median value of 
reliability even exceeds the value of travel time savings. Noland & Small (1995) and 
Noland et al. (1998) showed that also departure time choice is largely influenced by 
travel time variability in addition to expected travel time.  
 
The sensitivity of travellers’ decisions to travel time variability has motivated 
research from the system perspective, inquiring into the reliability of travel times on 
road networks, the factors influencing travel time variability, and the identification 
of vulnerable links and nodes that are most susceptible of inducing extra delay in the 
case of capacity fluctuations (e.g. due to incidents). Different types of reliability for 
road networks can be defined, with research mainly focused on connectivity and 
travel time reliability (e.g. Bell & Cassir, 2000; Bell & Iida, 2003; Sumalee & 
Karauchi, 2006; Murray & Grubesic, 2007). Chen et al. (1999) introduced capacity 
reliability as a new network performance index, which also provides travel time 
reliability as a side product. 
 
In dense road networks like the Western European network, connectivity is seldom 
an issue. Here the focus is on unreliability of travel time, caused by both variations 
of travel demand (e.g. daily fluctuations and mass events) and variations of capacity, 
caused by disturbances such as extreme weather conditions, road works and 
incidents. Travel time variation arising from daily demand fluctuations has been 
studied by a.o. Bell et al. (1999), Clark & Watling (2005) and empirically by Tu et 
al. (2005). Other researchers focus on variation of capacity. Asakura (1996) 
examined the effect of capacity degradation due to road deterioration, while various 
researchers studied the influence of incidents on travel time, hereby relying on 
Monte Carlo simulation. For example, Chen (2002) studied travel time reliability as a 
function of link capacity variations and correlations between links. Inouye (2003) 
and Ritsema van Eck et al. (2004) estimated travel time reliability assuming 
stochastic user equilibrium by blocking important links. 
In network terms, travel time reliability translates to robustness, which is the ability 
of a road network to cope with disturbances without a considerable influence on 
travel times. A natural first step towards a robust network is to identify vulnerable 
links, i.e. links for which a blocking or capacity reduction causes a significant 
increase in travel time. Several methods to analyse vulnerability have been proposed 
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over the last few years (Murray-Tuite et al., 2004; Tamminga et al., 2005; Scott et al, 
2006; Tampère et al, 2006). 
 
For all these types of network analysis, a traffic assignment model is required that 
quantifies the impact on route travel times of a large sample of demand or capacity 
fluctuations (Monte Carlo simulation). For this purpose, proper modelling of 
congestion spillback is vital, thus requiring the use of dynamic network loading 
(DNL) models (Knoop & Hoogendoorn, 2007). However, due to high computation 
times of existing DNL models, evaluating large numbers of Monte Carlo samples in 
real size networks is practically unfeasible. In literature, this is circumvented by 
either limiting the analysis to small networks or to small samples (e.g. for incidents, 
typically one specific incident per network link, whereas the time, severity and 
duration of an incident are known to have large impact on travel time loss), or by 
using fast but unrealistic static network loading models. 
 
This paper presents a highly efficient method for approximately quantifying 
congestion spillback and the corresponding travel time increase due to an incident: 
Marginal Incident Computation (MIC). Starting from a base simulation without 
incidents, it calculates only the additional congestion on the affected links upstream 
of the incident. Computational effort is thus limited to a fraction of all links during a 
fraction of all time intervals compared to a full explicit simulation. Calculation time 
can instead be devoted to fine sampling of incidents of various duration, severity, 
and starting times. Although in essence MIC is nothing more than an efficient 
numerical scheme for well-known models, its speed enables applications that were 
previously unfeasible. This paper proposes considering one deterministic base DNL 
plus a large set of incident samples evaluated through MIC together as one stochastic 
DNL in DTA applications.  
 
The remainder of this paper is structured as follows. Section 2 briefly outlines the 
Link Transmission Model (LTM), a DNL model based on simplified first-order 
kinematic wave theory. The function of this section is twofold. For one, MIC applies 
node models and numerical methods for tracing congestion spillback similar to LTM. 
Secondly, in this paper, the deterministic base simulation (without incident) is 
performed using LTM (although MIC can in principle be combined with a base 
simulation obtained through any existing DNL). Section 3 explains the MIC 
algorithm and discusses its performance in terms of approximation errors and 
computation time. In Section 4, a simple case study illustrates the use of MIC as a 
stochastic DNL, quantifying travel time variability due to incidents and examining 
the influence on traveller’s route choice in a stochastic dynamic user equilibrium. 
Finally, conclusions and future research prospects are formulated in Section 5. 
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2. The Link Transmission Model 

 
In this section, the Link Transmission Model (LTM) is introduced. LTM is a DNL 
model based on simplified first-order kinematic wave theory (Yperman et al., 2006). 
The role of LTM in the stochastic DNL model is twofold. For one, MIC applies 
numerical methods for tracing congestion spillback and node models similar to LTM. 
For two, in this paper, the deterministic base simulation (without incident) is 
performed using LTM. Note however that MIC can in principle be combined with a 
base simulation obtained through any existing DNL, whether it is microscopic, 
mesoscopic or macroscopic.  
 
Simulation of incidents on a road network requires a model that properly represents 
queue propagation and congestion spillback. This excludes static assignment and 
dynamic queuing models. Yperman et al. (2006) have recently presented the Link 
Transmission Model (LTM), a macroscopic DNL model that combines high realism 
in the representation of queue propagation and dissipation with computational 
efficiency. The LTM is consistent with simplified first order kinematic wave theory 
after Newell (1993). This theory assumes a functional relation between traffic flow q 
and density k, captured in the triangular shaped fundamental diagram (Figure 1).  
 

 

Figure 1: Triangular shaped fundamental diagram 

 
In free flow (k < kM), vehicles travel with a fixed free flow speed vf. Congested 
traffic (k > kM) travels with a speed q/k. Traffic states move through the links of the 
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network with a wave speed dq/dk. If a free flow state intersects with a congestion 
state, a shock wave originates that may travel upstream or downstream in accordance 
with the intersecting traffic states. 
 
The LTM is a multi-commodity model, where each commodity corresponds to a 
specific (pre-defined) route. A route is a series of links and nodes between an origin 
node and a destination node. Nodes (connecting the links) have no physical length 
and act merely as a flow exchange medium. Since vehicles are disaggregated by 
route, traffic is represented by the cumulative number of vehicles N

p
(x,t) of route p 

that has passed location x at time t. These numbers are calculated and stored for 
every time interval at the upstream end xa

0 and the downstream end xa
L of each link 

a. Link volumes and link travel times are derived from these cumulative vehicle 
numbers as shown in Figure 2, where N(x,t) is the total cumulative vehicle number of 
all routes added up.  
 

( , ) ( , )p

p

N x t N x t=∑   for all p (1) 

 
The vertical distance between the curves at time tx represents the amount of vehicles 
Na on link a at time tx, while the link travel time Ta of the h

th vehicle on link a is 
represented by the horizontal distance between these curves at height h. This 
determination of link travel times requires first-in-first-out (FIFO) behaviour on each 
network link, which is ensured by the LTM algorithm. 
 

 

Figure 2: Cumulative vehicle numbers 
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Note that the LTM does not explicitly compute travel times. After the simulation is 
finished, link travel times can easily be derived from cumulative vehicle numbers at 
both ends of a link. The same applies for routes, where route travel times are derived 
from the disaggregated cumulative numbers Np in the origin and destination links.. 
 
LTM algorithm 

 

The LTM algorithm can be divided into three steps, executed for every time interval 
t∆ : 

 
Step 1: 

For each node n, the sending flows at the downstream end of all incoming links and 
the receiving flow at the upstream end of all outgoing links are calculated. The 
sending flow Sij(t) at time t is defined as the maximum amount of vehicles that could 

leave incoming link i and enter outgoing link j during time interval [t - t∆ , t] , 
assuming an infinite capacity for link j. The receiving flow Rj(t) of outgoing link j at 
time t is defined as the maximum amount of vehicles that could enter link j during 

time interval [t - t∆ , t], assuming an infinite traffic demand upstream (see Yperman, 
2007 for details). 
 
Step 2: 

For each node n, the flows that are actually transferred from every incoming link i to 
every outgoing link j are determined. These flows qij(t) are calculated by the node 
model, which always obeys conservation of vehicles. 
The LTM applies a generic node model, dividing the available downstream receiving 
flows over the incoming links via a capacity-proportional distribution scheme, thus 
determining the flows qij(t). We refer to Tampère et al. (forthcoming) for more 
details on capacity-proportional distribution. 
 
Step 3: 

For all link boundaries xa
0 and xa

L, the cumulative vehicle numbers N(x,t) are 
updated: 
 

( , ) ( , )L L

i i ij

j

N x t t N x t q+ ∆ = +∑   for all j (2) 

0 0( , ) ( , )
j j ij

i

N x t t N x t q+ ∆ = +∑   for all i (3) 

 
The MIC algorithm that is described in the next section modifies these cumulative 
numbers at the upstream and downstream boundaries of links in accordance with the 
constraints imposed by the incident. If another DNL model is used to simulate the 
base incident-free scenario, the outputs of this simulation should be transformed into 
cumulative numbers at link ends according to eqs. (2) and (3) before MIC can be 
applied. 
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3. The Marginal Incident Computation model 

 
Existing models simulate incidents on a road network in an explicit way. An incident 
is simulated by reducing the capacity of a link (or completely blocking it) and 
calculating the resulting traffic flow through the entire network. In that way, every 
link flow in the network is recalculated for each incident sample, even though many 
links are not influenced by the incident during all or most of the simulated time 
increments. Obviously, these redundant calculations are inefficient, causing high 
computation times if large incident samples need to be evaluated. 
 
The MIC model presented in this section approximates (extra) congestion caused by 
an incident by superimposing it on a single base simulation (without incident). 
Drivers are assumed to make the same journey (no changes in departure time, 
destination or route) in case of an incident as they would make in the base situation. 
Rerouting effects that can occur after an incident are thus neglected (note that in 
future versions of the MIC model, this rather stringent assumption will be partially 
released). Consequently, the influence zone of an incident becomes relatively small, 
especially in large networks. The influence zone is a set of congested or ‘affected’ 
links, starting at the link on which the incident takes place and growing in the 
upstream direction. The affected links are links on which the incident spillback wave 
imposes a constraint on the original link flow of the base situation and thus causes 
(extra) congestion. For every simulated incident, new calculations are only carried 
out for the affected links. Since in large networks the influence zone of an incident 
only covers a few percent of the entire network, a significant reduction of 
computation time is possible. 
 
Procedure: 

 
From the base simulation run the cumulative vehicle numbers for all link boundaries 
are known for the incident-free situation. The MIC algorithm is repeated for every 
incident of the sample using the same base simulation. 
 
For convenience (cumulative numbers without the incident are known there) it is 
assumed that an incident always takes place at either the upstream or downstream 
boundary of a link, thus reducing the capacity of this link. (Note that – if required – 
any location within a link could be chosen, since Newell’s theory (1993) allows 
constructing cumulative vehicle numbers at any location within a link, that could 
subsequently serve as a reference for the algorithm). From there on, the flow 
constraint due to the incident is tracked upstream as a spillback wave. The constraint 
alters as the wave travels further upstream, starting as the reduced capacity of the 
link where the incident takes place. If the spillback wave reaches a node, the 
incoming links of that node are subjected to the constraint imposed by the spillback 
wave. If the spillback constraint is restrictive to the flow of an incoming link, this 
link is affected by the incident. For every affected link it is checked whether or not 
congestion reaches the upstream boundary of this link. If this is the case, the 
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constraint of the spillback wave on this affected link is passed on the upstream node 
and the influence zone of the incident expands further. The cumulative vehicle 
numbers from the base simulation are altered for every affected link, reducing them 
to obey the spillback constraint. After clearance of the incident, capacity at the 
original incident location is restored. The acceleration wave proceeds through the 
affected links in a similar way as the spillback wave and finally catches up with and 
neutralizes the spillback wave. This completes the MIC procedure, and the 
evaluation of the next incident is started. 
 
MIC algorithm: 
 
For every affected link, the MIC algorithm involves two steps: 
 
Step 1: 

This procedure alters the cumulative vehicle numbers of the base simulation, 
reducing them to fit the constraints of the spillback wave on the affected link. First 
the downstream cumulative vehicle numbers are changed. The spillback constraint is 
visible in Figure 3 as the slope of the altered cumulative curve (see Figure 5 for a 
clearer example). Then the changes in the downstream curve are copied to the 
upstream link boundary, shifted L/-w in time and kjL in cumulative vehicle numbers, 
according to Newell’s theory (Newell, 1993; Yperman, 2007). 
 

 

Figure 3: The spillback constraint is passed on to the upstream link boundary 
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If the spillback constraint intersects with the upstream curve, the cumulative vehicle 
numbers are altered. The spillback constraint at the upstream link boundary is passed 
on to the upstream node in step 2.  
 
Step 2: 
When a spillback wave moving on an affected link j* reaches the upstream node, 
congestion spills back onto some or all of the incoming links i as indicated by the 
dotted lines in Figure 4.  
 
 

 
 

Figure 4: Incident spillback wave passing upstream node 

 
The spillback constraint imposed on the incoming links i equals the receiving flow 
Rj* that can enter link j*. This constraint is represented by the slope of the 
cumulative vehicle numbers plot at the upstream boundary of link j

* (see Figure 5), 
determined in step 1. This constraint can roughly be split up into two phases. The 
first phase, the ‘queue propagation’ phase, starts when the spillback wave reaches the 
link boundary (at t1). The second phase, starting when congestion begins to dissolve 
(at t2), is the ‘queue dissipation’ phase, which can be split up further into k sub 
phases. This fragmentation of the second phase into sub phases is a consequence of 
the fact that queues do not dissolve on all incoming links of a node at the same time. 
In Figure 5, this second phase consists of three sub phases. The dashed line 
represents the original cumulative vehicle numbers of the base simulation. 
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Figure 5: Spillback constraint on the inflow of affected link j* 

 
Step 2 passes the constraint on to the downstream link boundaries of the incoming 
links of the node, making a distinction between the two mentioned phases. 
 

• Phase 1: queue propagation 
 

The ‘base flows’ *ijq  (vehicles per hour) from link i to link j* are the flows of 

the base simulation, averaged between t1 and t2 (phase 1). These base flows 

*ij
q  are calculated for all incoming links (using the cumulative vehicle 

numbers). Next, the maximum flows max

*ijq  (outflow at capacity) are calculated 

as a share of the total capacity Ci, maintaining the same split fraction (i.e. the 
way the outflow of link i is distributed over link j

* and the other outgoing 
links j) as in the base simulation: 
 

*max

*

ij

ij i

ij

j

q
q C

q
=
∑

   for all i (4) 
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The link flows of the incident simulation are referred to as the ‘incident 

flows’. A first value for the incident flows 1

*,0ijI  to link j* during phase 1, is 

calculated as the capacity-proportional part of the spillback constraint 1

*jR : 

 
max

*1 1

*,0 *max

' *

'

ij

ij j

i j

i

q
I R

q
=
∑

   for all i (5) 

 

Now, if 1

*,0ijI  < *ijq  link i is affected by the incident. The set of affected links 

at a node is defined as A. If 1

*,0ijI  ≥  *ij
q  the flow on link i is not restricted by 

the incident spillback wave and thus the incident flow equals the base flow, 

during both phase 1 and 2. The total ‘spare flow’ is equal to 
1

'' *,0 '' *
''

( )
i j i j

i A

I q
∉

−∑  

and is divided over all affected incoming links i ∈  A: 
 

max

*1 1 1

* *,0 '' *,0 '' *max
''' *

'

( )
ij

ij ij i j i j

i A
i j

i A

q
I I I q

q ∉

∈

= + −∑
∑

   for all i∈A (6) 

 

This is an iterative process; for all affected links it is checked if 1

*ijI  ≥  *ij
q . If 

this is the case, link i is removed from set A and the spare flow is again 

divided with eq. 6 (using the previously calculated value of 1

*ijI  instead of 

1

*,0ijI ). This procedure is repeated until there is no spare flow left, resulting in 

the incident flows 1

*ij
I . 

 

The total incident flows Ii
1 are then derived from 1

*ij
I , again using the same 

split fraction used in the base simulation: 
 

1 1

*

*

ij

j

i ij

ij

q

I I
q

=

∑
    for all i∈A (7) 

 

• Phase 2: queue dissipation 
 

In every sub phase k (k starting at 2) incident flows Ii
k are determined for all 

affected links. Flows of unaffected links are assumed to remain equal to the 

base flows ij
q . They are subtracted from the downstream receiving flow Rj

k, 

and this available share is then divided capacity-proportionally over all 
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affected links. The incident flow Ii
k is determined by the most restrictive 

downstream constraint (over all outgoing links j to which affected link i sends 
flow). 

  

{ }

'

'

max| 0
'

'

( )

min
ij

k

j i j

k i A

i i
j q

i j

i A

R q

I C
q

∉

≥

∈

−

=
∑

∑
   for all i∈A (8) 

 
For link j*, Rj

k in eq. 8 is the spillback constraint in sub phase k. For all other 
outgoing links j, Rj

k is assumed to be equal to the capacity of link j.  
When congestion on one of the incoming links dissolves at a certain point in 
time tk+1 during sub phase k, this sub phase is split up further into two sub 
phases at tk+1 for all affected links. Incident flows Ii

k are stored and 
calculations are carried out for the new sub phase k+1, starting at tk+1. 
 

The incident flows of phase 1 and 2 calculated in step 2 are then used in step 1 as the 
slope of the downstream cumulative vehicle numbers of the incident simulation for 
link i. 
 
Performance of the MIC algorithm 
 
Corthout et al. (2009) elaborates further on the simplifications made in the MIC 
algorithm, causing the results to slightly deviate from those of a full explicit incident 
simulation. These simplifications can be summarized as follows: 
 

• Averaging demand 
 

The incident flows calculated in step 2 are determined via average base flows 
(see eq. 4). Small, high-frequent fluctuations in the flows are thus ignored. 
This error tends to decrease as more severe incidents are simulated. 
 

• Neglecting downstream effects 
 

The MIC algorithm proceeds in the upstream direction, starting from the link 
where the incident takes place. Links downstream of the incident are not 
examined, since additional delay is not expected there. Also, when a spillback 
wave reaches a node (and traffic flow over this node will thus decrease) the 
downstream effects of this decreased flow in other directions are not 
incorporated into the algorithm. 

 

• Neglecting up- and downstream bottlenecks during queue dissipation 
 

When calculating queue dissipation speeds on the affected incoming links of a 
node, the MIC algorithm only considers the capacities of incoming and 
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outgoing links. Bottlenecks further up- or downstream that could limit the 
queue dissipation speed at this node are disregarded (see eq. 8).  

 
Corthout et al. (2009) also illustrates the performance of the MIC model in 
comparison to explicit incident simulation with a case study on the Sioux Falls 
benchmark network. Sequentially, an incident was induced on all 76 links of this 
network. The deviation between the results of the MIC model and explicit incident 
simulation proved to be limited, while a considerable reduction of computation time 
was achieved. Calculation of the 76 incidents on the Sioux Falls network took 3 
hours and 32 minutes for the explicit simulation versus 11 seconds with the MIC 
model, an acceleration by a factor > 1000. This means that for each explicit 
simulation of one incident on a link, the MIC model could perform a set of over 1100 
incidents. 
 

4. Stochastic dynamic network loading 

 
Although in essence MIC is nothing more than an efficient numerical scheme for 
well-known models, its speed enables applications that were previously unfeasible. 
This section presents an application in which one deterministic base DNL simulation 
plus a large set of incident samples evaluated through MIC are considered together as 
one stochastic DNL. In that way, travel time variability over different alternative 
routes can be accounted for in the route choice (utility function) of drivers. The 
stochastic DNL and route choice models are iteratively applied so that stochastic 
dynamic user equilibrium (SDUE) is finally reached. This SDUE deviates 
substantially from the one that would be obtained by considering median travel times 
alone. 
A simple dummy network is chosen, containing only the links necessary for the proof 
of concept of stochastic DNL for DTA applications. It consists of 6 links and 6 nodes 
(Figure 6). All traffic originates in node A, heading towards destinations E and F.  
 

 

Figure 6: Dummy network 
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The characteristics of the links (length L, capacity C, free flow speed vf and jam 
density kj) are given in Table 1. 
 

Table 1: Link characteristics 

 

Link 
L 

(km) 
C 

(veh/h) 
vf 

(km/h) 
kj 

(veh/km) 

1 30 6000 100 375 

2 5 6000 100 375 

3 25 3000 70 250 

4 5 1500 70 125 

5 2.5 1500 70 125 

6 2.5 1500 70 125 
 
 
In a 4 hour simulation period, a constant travel demand of 4000 vehicles per hour 
(veh/h) towards E and 1000 veh/h towards F is applied. Travel time variability due to 
changing demand is thus not considered, this example focuses solely on incidents.  
 
Only one route exists between A and F, while the demand towards E is divided over 
two alternative routes a (links 1 and 2) and b (links 3 and 4). From Table 1 it follows 
that route a is a 35 km highway with 3 lanes and route b is a secondary road of 30 
km long. In free flow traffic states, route a is faster than route b. Moreover, the same 
travel time variability due to incidents is assumed on the two routes itself. However, 
additional variability arises on route a due to incidents on links 5 and 6, causing 
congestion to spill back onto link 1 of route a. Only these incidents are simulated in 
this test case, making the faster route a susceptible to delay. Even though the 
expected travel time remains shorter, risk averse drivers might prefer route b. 
 
The start distribution of travellers over route a and b (rendered by route fractions pa 

and pb) for the first iteration is determined via the free flow route travel times (21 
and 25.7 minutes respectively). The parameter of the logit route choice model is 
calibrated after Wohl & Martin (1967). They relate the ratio of travel times of two 
alternatives to route split fractions. In this case, route fractions pa and pb are initiated 
as 0.75 and 0.25 for the entire simulation period, corresponding to route flows of 
3000 veh/h and 1000 veh/h respectively. With this route choice, no congestion occurs 
on the network in the incident-free base simulation and the base route travel times 
are thus equal to the free flow travel times. Therefore, this situation corresponds to 
SDUE if drivers would consider only median travel time and are thus insensitive to 
travel time variability over the routes.  
 
A set of incidents is now generated between node B and F. Since the exact location 
of an incident has no decisive influence in this case study, all incidents are induced 
in the middle between B and F. The characteristics of the incidents (duration, 
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severity, probability) are based on Meeuwissen et al. (2004) and calibrated - along 
with the link characteristics and the travel demand - to prevent congestion from 
growing outside of the dummy network. Only severe incidents are considered 
(reducing the link capacity to 5 % of its original value), since these will have the 
most significant influence on travel time. Based on Meeuwissen et al. (2004), the 
probability of a severe incident occurring during the 4 hour simulation period is set 
to 2.5% (high risk). For this probability a discrete distribution in time is assumed for 
illustrative purposes (Figure 7). The possibility of more than one incident taking 
place during the simulation is not considered.  
 

 
 

Figure 7: Incident probability during the simulation period 

 
For the incident duration, a sample of 20 incidents is taken from a lognormal 
distribution (average 30 min, standard deviation 4 min). The incident starting time is 
sampled uniformly in time (100 samples). Thus, in total 2000 incidents are 
superimposed onto the base simulation with the MIC model. Even for this small 
network, the MIC calculation is 20 times faster than explicit simulation (50 versus 
1000 seconds). 
The route travel times corresponding to each of the 2000 incidents are averaged over 
the departure times per quarter of an hour, referred to as ‘departure periods’.  
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A logit model is now applied to determine a new route choice for the next iteration. 
The route fractions for route i (i = a,b) are calculated for every departure period j of 
15 minutes according to: 
 

( )

( )

,

( )
i

i

U j

i U j

i a b

e
p j

e

µ

µ

=

=
∑

   for all i,j (9) 

 
The utility function Ui(j) of route i for the travellers in departure period j is defined 

as a combination of the median route travel time �( )itt j  and the variability of travel 

time with a coefficient of 2 for the variability, according to Bates et al. (2001): 
 

� �1
( ) ( ) 2 ( ( ) ( ))²

i i i i

N

U j tt j tt j tt j
N

 
= − + − 

 
∑   for all i,j (10) 

 
Note that the second term in (10) only contributes for the 2.5% cases with an 
incident, since for the majority of journeys no incident occurs and travel time is 
equal to the median travel time (in this case: free flow). Since in this case study, a 
sample of 2000 incidents is considered, N = 2000/0.025. 

Parameter µ  is calibrated to obtain the initial route fractions 0.75 and 0.25, resulting 

in µ  = 14. 

 
As long as the route fractions after (9) and (10) deviate from those in the previous 
iteration, a new stochastic DNL with 2000 incidents is performed and route choice is 
re-evaluated until convergence is reached in a stochastic dynamic user equilibrium 
(SDUE). 
 
Results 
 
Route fractions for route a in the first two iterations and in SDUE are depicted in 
Figure 8. The result for route b obviously equals pb = 1 - pa. 
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Figure 8: Route fraction pa 

 
The dashed line represents route fraction pa after the first iteration. The travel time 
variability (due to spillback on route a from incidents on links 5 and 6) motivates 
risk averse drivers to switch to the congestion free route b. In the second stochastic 
DNL, this increased flow leads to congestion on route b due to bottleneck link 4 (see 
Table 1), whereas the decreased flow on route a yields less impact of incident 
spillback. As a consequence, some drivers switch back to route a after the second 
iteration (dotted line in Figure 8). The final SDUE (full line) is a compromise 
between these extremes, where the cost of travel time variability on route a is 
balanced by the delay at the bottleneck on route b.  
 
Still, the impact of uncertain travel times on route a is clearly present, in that route 
fractions for route a are substantially lower than the incident-free SDUE that would 
settle at pa = 0.75. This difference is more pronounced as the incident probability 
increases: during the second hour of the simulation (where incident probability is 
highest) less drivers choose route a (after the first iteration) for departure times 
between 1 and 3 hours. In equilibrium this peak is smoothened due to the congestion 
on route b. To conclude this case study, Figure 9 gives more insight into travel time 
distributions over route a as a function of departure time (note that the probability 
for free flow conditions, which is obviously > 97.5%, is not depicted since this 
would render the graph illegible). From the graph, the higher incident probability 
during the second hour obviously results in more frequent high travel times (up to 3 
times free flow travel time). 
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Figure 9: Route travel time distribution (in case of an incident) 

 
This case study illustrated the use of MIC as a fast stochastic DNL in a Dynamic 
Traffic Assignment model. It enables accounting for the impact of travel time 
variability on route alternatives, not only due to incidents on the routes themselves 
(which was omitted from the case study), but also due to congestion spillback caused 
by incidents elsewhere in the network. 
 

5. Conclusions and future research 

 
This paper presents a new method that allows fast Monte Carlo simulation of 
incidents on a road network. The presented MIC model applies similar link and node 
models as the LTM, a multi-commodity DNL model that combines realistic queue 
propagation and congestion spillback (consistent with first order kinematic wave 
theory) with high computational efficiency. The MIC algorithm determines the 
congestion effects caused by an incident in an approximate way, superimposing these 
effects onto a single base simulation run with LTM or any other existing DNL model. 
The base cumulative vehicle numbers are altered, according to the congestion arising 
from the incident. Calculations are only carried out for the affected links, not for the 
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entire network. A significant computational advantage is achieved compared to full 
explicit simulation, where countless identical traffic flows are recalculated for 
different Monte Carlo samples. In large networks, the computation time can be 
reduced to less than 0.1 % of explicit simulation.  
 
Apart from more obvious applications like identifying vulnerable links in road 
networks, MIC can also be combined with any existing DNL to form a stochastic 
DNL that enables quantifying route travel time distributions. The model accounts for 
variability of travel times due to incidents on links of the route itself, as well as 
incidents elsewhere with congestion spillback onto the route. Stochastic DNL is an 
indispensable component of a DTA model that considers sensitivity for (incident 
induced) travel time variability of route and/or departure choice of risk averse 
drivers. A simple case study illustrates the capabilities of the MIC model in a 
stochastic DNL framework, quantifying travel time variability in a pair of routes due 
to congestion spillback from incidents on links external to these routes.  
 
Together with day-to-day (doubly dynamic) modelling MIC is another important step 
towards stochastic DTA modelling, moving away from the more traditional one-shot-
prediction approach. Such stochastic DTA models should consider a broad ensemble 
of possible traffic states in a network, determine probability distributions of travel 
times for various routes and account for the response of travellers to these uncertain 
travel times (either dynamically or in equilibrium).  
 
In order to further proceed to this goal, further developments are required. For one, 
the MIC algorithm should be refined by considering reduced congestion spillback 
due to drivers rerouting around the incident. Secondly, efficient algorithms should be 
developed for other causes of variable travel times, such as demand fluctuations and 
capacity fluctuations due to for instance bad weather. Thirdly, an important issue is 
the availability of input data. Stochastic DTA models require quantitative 
information on probability distributions of capacities, incident occurrence, and 
demand fluctuations. Also heterogeneity in behaviour, for instance risk averseness or 
rerouting behaviour needs to be quantitatively included in such models. A lot of 
empirical work and combination of existing data sources is required for that. Finally, 
for the validation of stochastic DTA models, multiple months of traffic data are 
needed. With the current market revolution of mobile data collection techniques, this 
requirement will soon be fulfilled. 
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Abstract 

Traffic condition in most cities varies significantly within a day, in which static traffic 
assignment model may not be able to sufficiently represent time-varying congestion 
phenomena in transportation network analysis. On the other hand, a dynamic traffic 
assignment (DTA) model needs much computational load and does not necessarily have a 
unique solution. A continuous time DTA model must be desirable theoretically. However, for 
practical applications, a discrete time DTA model is also appropriate. In many cases, OD 
matrix data is not so accurate. The length of discrete time period should be determined 
according to accuracy of OD data and etc. Too detail description of flow propagation is not 
necessarily effective. Assume in this paper that the length of periods is set from 15 min. to 
90min. The length may be greater than that in ordinary discrete DTA models.  

Keywords: semi-dynamic, network equilibrium, unique solution 

1 Introduction 

Traffic condition in most cities varies significantly within a day, in which static traffic 
assignment model may not be able to sufficiently represent time-varying congestion 
phenomena in transportation network analysis. On the other hand, a dynamic traffic 
assignment (DTA) model needs much computational load and does not necessarily have a 
unique solution in the most models. A continuous time DTA model must be desirable 
theoretically. However, for practical applications, a discrete time DTA model is also 
appropriate.  

In many cases, OD matrix data is not so accurate. The length of discrete time period should be 
determined according to accuracy of OD data and etc. Too detail description of flow 
propagation is not necessarily effective. Therefore, for practical applications, the period 
length may be from 15 min to 90 min. in many cases. Needless to say, we can set the length 
much shorter if OD demand data are accurate and dynamically detail. The object of this study 
is the case that OD data are not detail, and the period (or the length of discrete time) is not so 
short (approximate from 15 min to 90min.).  

In this case, one of the methods is to formulate a static equilibrium in each period separately. 
This method does not consider flow propagation and flow dynamics at all. When heavy 
congestion occurs, the congestion remains in the next period at least partially. The separate 



 

static equilibrium approach is too rough to describe the network flow dynamics. In this study, 
we adopt a semi-dynamic approach. The semi-dynamic approach is basically to formulate a 
static equilibrium in each period, but considers flow propagation between periods. The flow 
propagation that is considered is that overflow in a period is propagated to the next period. 
Discrete time dynamic model and the semi-dynamic model are similar, but the semi-dynamic 
model is that a static network equilibrium is reached in each period and has relatively long 
time period, say 15 min. through 90min, compared with the discrete time dynamic models.  

In this paper, a new concept of traffic equilibrium is defined, and a semi-dynamic model is 
formulated based on the concept. Then, existence and uniqueness of the model are examined. 

2 Formulation 

2.1 Flow conservation 

The traffic flow on a link will be carried over to the next time period representing the 
propagation of the congestion from one period to another. The flow conservation condition is 
formulated as: 

TtDnNizqx n
Nk

kintint
Nj

ijnt
in
i

out
i

∈∈∈∀+= −
∈∈
∑∑ ,,  (1) 

∑
∈

−− −+=
in
iNk

kintkintintint zxdq )( 11  (2) 

where xijnt denotes the inflow to Link ij in Period t bound for Node n, zijnt the outflow from 
Link ij, dint the travel demand bound for Node n which departs in Period t, N-n the set of all 
nodes except Node n, D the set of destination nodes, T the set of time periods, out

iN  the set of 
end nodes of the links that are connected from Node i, and 

in
iN  the set of start nodes of the 

links that connect to Node i. Let A denote the set of links. ij present the link between Node i 
and Node j and (i, j) ∈ A−n means the set of nodes or links except the links whose end node is 
Node n or Node n.  
 
Assume simply that link travel time is a function of its inflow. The flow which does not reach 
the end of the link is carried over to the next period on that link. Furthermore, assume that the 
flow that does not reach the destination re-starts from the end of the link on which the flow is 
carried over in the next period.  
 
2.2 Flow dynamics between periods 

As mentioned in the introduction section, in this study, traffic equilibrium is reached in each 
period, and the dynamics between periods is considered. The dynamics which is modeled is 
that the flow which cannot exit from the link within the period remains on that link. Thus, the 
flow which cannot reach the destination is propagated to the next period. We shall call this a 
“remaining flow.” The dynamics in this study is that the remaining flows are propagated to 
the next period. 
 



 

The difference between the inflow and outflow is the remaining flow, that is, a flow 
propagated to the next period. Let the remaining flow to the next period denote yijnt. Then, yijnt 
= xijnt − zijnt. Assume that the remaining flow exit the link in the (next) period, that is, the 
period after the flow enter the link. Namely, the inflow exits the link in the period and the 
next period. The remaining flow, yijnt, has already passed the start node of Link ij, Node i, at 
the end in Period t, where Link ij is the link between Node i and Node j.  
 
In this study, the period length is not so short as an ordinary DTA model’s, and mean travel 
time in the period or approximate travel time is required. Assume simply that link travel time 
is a function of its inflow. This is not necessarily appropriate from the standpoint of traffic 
flow theory, but we do not necessarily need too accurate travel time, comparing the model 
framework and OD matrix data. In this study, assume yijt = gij(xijt), that is, the remaining flow 
is a function of the inflow only. Also, assume that travel time function are strictly increasing 
and convex, and gij(xijt) is also increasing. 
 
2.3 A new traffic equilibrium  

In continuous time DTA studies, the travel time the flow experiences is equilibrated. In some 
of them, equilibrium is modeled as cij(t) + τjn(t + cij(t)) − τin(t) = 0 if xijn(t) > 0 and cij(t) + τjn(t) 
− τin(t) ≥ 0 if xijn(t) = 0 (∀ i ∈ N-n) where cij(t) denote travel time of Link ij that the flow which 
departs from Node i at Time t exeriences (will experience), xijn(t) the inflow to Link ij which 
deaprts at Time t bound for Node n,τin(t) the minimum travel cost from Node i to Node n 
(destination) in  Time t. This means that Link ij is on the route which has the minimum travel 
time. 
 
In the semi-dynamic framework, a part of the inflow cannot get out of the link and isw must 
take the travel cost from the end of the link to the destination in the next period while the 
other part of the flow takes it in this period. Thus, the minimum travel cost should be defined 
taking the travel cost in the next period into consideration. The new minimum travel cost in 
this study is: 
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where τint denotes the (mean) minimum travel time between Node i and Node n. This is a 
weighted average of minimum travel costs in Period t and following periods because a part of 
the flow travels in Period 2 or the following periods. 

 
The equilibrium can be formulated as: 
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This means that a link is on the route which has the minimum (mean) travel time.  
 



 

The semi-dynamic equilibrium model is formulated as the complementarity problem which 
satisfies: 
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Fig. 1 shows an example of the minimum travel time on the route which consists of 3 (series 
connected) links. The mean minimum travel time can be calculated using Eq. (6). 
 

3 Existence and Uniqueness of Eqiulibrium 

The proof of existence and uniqueness of equilibrium in this study is similar to Aashtiani & 
Magnanti (1981) and Wie et al. (2002). Existence of equilibrium can be proved using the 
same manner of their paper, and please referred them. In this section, uniqueness of 
equilibrium will be proved.  
 

At first, we assume that the model has two different solutions, (x*, τ* )T and (xº, τº )T. Then, the 
following equations hold: 

( ) 0**** =−+ intijntijtijnt cx τµ   (12) 

( ) 0=−+ oooo
intijntijtijnt cx τµ   (13) 

Summing the above two equations yields: 
( )( ) ( ) ( ) 0******** =−++−+++−−+−− oooooooo
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Fig. 1  An example of the minimum travel time 



 

Let ot
ijntijntijnt xxx −= * , ot

ijtijtijt ccc −= * , ot
ijntijntijnt µµµ −= * , ot

intintint τττ −= * , and ot
ijntijntijnt qqq −= * . By 

Eq. (7), 0* ≥ijntx ， 0≥o
ijntx ， 0*** ≥−+ intijntijtc τµ ， 0≥−+ ooo

intijntijtc τµ , the second and third 
terms of the above equation is not negative. Therefore, using ijntxt , ijtct , ijntµt  and intτt , the 
equation can be organized as: 

( ) 0≤−+ intijntijtijnt cx τµ tttt
   (14) 

Similarly,  
( ) 0≤−− intintintint vqu ttttτ    (15) 

can also be derived. We sum Eq. (14) with respect to out
iNj∈ , and add it to Eq. (15). Then, 

we obtain:  
( ) 0≤−−+ ∑∑

∈∈ in
i

out
i Nk

kintintintintijntijt
Nj

ijnt zqcx ttttttt ττµ  (16) 

Note that we used Eq (9) and (10). Substitute Eq. (3) for Eq. (16) yields:  
( ) 01 ≤−−+ ∑∑∑

∈∈
+

∈
int

Ni
int

Aij
ijntijntjntijt

Aij
ijnt qzxcx ttttttt ττ  (17) 

where 0, =nkntnknt zx tt  ( out
nNk ∈ ) which means that no flow exits from the destination, because 

Σi Σj xijnt µijnt = Σi Σjτjnt zijnt + Σi Σjτjnt+1 (xijnt − zijnt), and Σi Σjτjnt zijnt = Σi τint Σk zkint. Summing 
Eq. (17) with respect to ∀n ∈ D, t ∈ T gives: 

( ) 01 ≤−−+ ∑∑∑∑∑∑∑∑
∈ ∈ ∈∈ ∈ ∈

+
∈ ∈ Ni Dn Tt

intint
Aij Dn Tt

ijntijntjnt
Aij

ijt
Tt

ijt qzxxc ttttttt ττ  (18) 

where ∑∑
∈∈

==−=
Dn

ijntijt
Dn

ijntijtijtijtijt xxxxxxx ooot ,, *** .  
 
OD demands are constant, and 0)( * =−= o

t
intintint ddd . By Eq. (7), ∑ −− −= k kintkintint zxq )( 11

ttt . 
Substituting this for Eq. (18) gives:  

( )( ) 0** ≤−−∑∑
∈ ∈Aij Tt

ijtijtijtijt xxcc oo    (19) 

This is contradicts the convexity of travel time functions. Thus, link inflows in each period 
are unique. Note that {xijt ⎪ ∀(i, j) ∈ A, t ∈ T } is unique, and xijnt is not necessarily unique.  
 

4 Example 

We apply the model to a simple network. The network has 6 nodes and 6 links as shown in 
Fig. 2. Each link consists of a travel part and a bottleneck part. The travel time of the travel 
part and bottleneck are given by the BPR-type function and vertical queue. In this example, 
the capacity of travel part and bottleneck part are equal for simplicity. Table 1 shows link’s 
performances. OD pairs are Node 1 and 6, Node 2 and 6, and Node 3 and 6. The flow from 
Node 2 has route choice, but the others do not. Demands are written in Table 2. 
 
Table 3 shows the results of the example assignment. The equilibrium is formulated by Eq. 
(7). A part of the flow which departs at Node chooses Link 24. This inflow to Link 24 does 
not necessarily exit from Link 24 within Period 1. 14.8 of the inflow remain on Link 24 and 
travels on Link 46 in Period 2 while 175.0 exits from Link 1 in Period 1. The mean travel 
time which takes Link 24 in Period 1 is: 16.46 + (175.0/189.8)*26.88 + (14.8/189.8)*24.46 = 



 

43.84. Similarly, the mean travel time of the flow which takes Link 25 is 31.98 + 
(125.0/160.2)*11.36 + (35.2/160.2)*18.87 = 43.84. Thus, the equilibrium is reached. 
 

5 Conclusions 

Traffic condition in most cities varies significantly within a day, in which static traffic 
assignment model may not be able to sufficiently represent time-varying congestion 
phenomena in transportation network analysis. On the other hand, a dynamic traffic 
assignment (DTA) model needs much computational load and does not necessarily have a 
unique solution in the most models. A continuous time DTA model must be desirable 
theoretically, but, for practical applications, a discrete time DTA model is also appropriate.  
 
In this study, the case that the period (or the length of discrete time) is not so short 
(approximate from 15 min to 90min.) is considered. The new concept of traffic equilibrium is 
defined for these cases, and a semi-dynamic model is formulated based on the concept. Then, 
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Fig. 2  The example network Fig. 3  Link ravel time in the example 

Table 1  Link parmances Table 2  OD demands 
free-flow time capacity

Link 14 10 150
Link 24 10 175
Link 25 10 125
Link 35 10 150
Link 46 10 200
Link 56 10 200           

Period 1 Period 2
1→6 70 60
2→6 350 300
3→6 70 60  

 
Table 3. Inflows, travel times and remaning flows in the example 

 

Link 24 Link 25 Link 46 Link 56 Link 24 Link 25 Link 46 Link 56
inflow 189.8 160.2 245.0 195.0 163.0 137.0 237.8 220.2
travel time 16.46 31.98 26.88 11.36 11.19 16.77 24.46 18.87
remaning flow 14.8 35.2 45.0 0.0 0.0 12.0 37.8 20.2

Period 1 Period 2



 

existence and uniqueness of the model are examined. The model is also applied to a simple 
network, and its characteristics are examined. 
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