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Does DTA Work in Practice?  Firming the Foundations, Pushing the Boundaries. 
 
Hani S. Mahmassani 
Northwestern University 
 
 
Abstract 
 
DTA has come a long way since the seminal work by Merchant and Nemhauser in 1978, both as a core 
topic in transportation science, as well as an essential component of the modern toolkit of transportation 
modelers for planning and operations applications.   As deeper insight into the various models’ properties 
has been gained, more robust algorithms have emerged to compute equilibria and other fixed points of 
the models.  At the same time, the boundaries of application have continued to evolve through 
computation over larger-scale networks, integration with activity-based models (on the planning side), 
consideration of heterogeneous user preferences in applications to wider range of policy questions and 
interventions (e.g. value pricing), and providing a core capability for real-time estimation and prediction 
(for online operations).   This presentation will discuss some of these application challenges, present 
recent examples of how they have been addressed in the current state of play, and outline the elements 
of a research agenda to further advance the state of the art in this area. 
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1 Introduction

This expository paper is concerned with the computational aspect of continuous-time dynamic user
equilibria (DUE) on general road networks, by fully exploring the mathematical paradigms of varia-
tional inequality (VI) and differential variational inequality (DVI), using existing or emerging com-
putational methods associated therein. In particular, we will re-visit the gap function method and
introduce the relatively new proximal point method for solving DUE problems, with their convergence
analysis presented. Some key notions pertinent to generalized monotonicity will be reviewed with
their relationships and implications illustrated. Computational results for large-scale network DUE
problems will be presented, and the performance of different algorithms in terms of computational
efficiency and convergence will be compared.

A key feature of the algorithms we will review is that they can be implemented in continuous time,
an aspect of DUE computation not widely appreciated or understood. We will address continuous
time computation via examples; intuition; and, ultimately, rigorous analysis of the mathematical
foundations of the algorithms presented. In particular, we will show how a point estimate of the
departure rate hp for some path p leads to polynomial representations such as

hp(t) =
N∑

k=0

ξk · tk

where the ξk are constants arising from closed form integration, t is continuous time, and N is
the number of iterations performed up to the moment of polynomial representation. We review
specific algorithms that may be used to construct such representations for small test networks with
all calculations revealed; we also provide computational results for city-sized networks.

Computation of the DUE problems, as well as its variations related to simultaneous route-
and-departure-time choices, demand elasticity, and bounded rationality, is most facilitated by their
equivalent mathematical formulations such as VI, DVI, complementarity problem, fixed-point prob-
lem, and mathematical programming problem. Despite their varying forms, it has been widely
agreed that these methods all rely on non-trivial and often restrictive conditions to converge, among
which the most commonly seen are continuity and monotonicity of the effective path delay operator.
To name a few of these methods, Friesz et al. (2011) propose a fixed-point method based on the DVI
formalism of DUE, which requires Lipschitz continuity and strong monotonicity. Lo and Szeto (2002)
develop an alternating direction method and a descent method, both relying on co-coerciveness of

1



the delay operator, for which a sufficient condition is Lipschitz continuity and monotonicity. In
addition, methods like the route-swapping algorithm (Huang and Lam, 2002) requires continuity
and monotonicity in order to converge.

In general, the effective delay operator is not available in closed form, and must be evaluated
numerically through the dynamic network loading (DNL) sub-problem, which captures the relation-
ships among link entry flow, link exit flow, link delay and path delay for any given set of path
departure rates. The DNL procedures are performed with a particular link dynamic model, such as
the link delay model, the point queue model, the cell transmission model, and the Lighthill-Whitham-
Richards model. For general road networks, most effective path delay operators are believed to be
non-monotonic except for a few special cases (Mounce, 2006; Perakis and Roels, 2006). Therefore,
computational algorithms that rely on some kind of generalized monotonicity are proposed in the
literature. For example, the extragradient method (Long et al., 2013) requires Lipschitz continu-
ity and pseudo monotonicity; the self-adaptive projection method (Huang and Lam, 2002) requires
continuity and pseudo monotonicity; and the proximal point method (Han et al., 2015a) relies on
quasi monotonicity.

2 Continuous-time DUE problems

We let P be the set of paths employed by drivers. For each p ∈ P we define the path departure
rate hp(·), and concatenate all such departure rates into one vector of departure rates h(·) = (hp(·) :
p ∈ P). We stipulate that each path departure rate is square integrable, and employ the notations

hp(·) ∈ L2
+[t0, tf ], h(·) ∈

(
L2
+[t0, tf ]

)|P|
.

Let us denote by Dp(t, h) the path travel time (delay) of drivers departing at t and following
path p, when the path departure rates of the entire network are given by h. By adding early or late
arrival penalties, we may similarly define the effective path delay as Ψp(t, h). The effective delay
operator is then defined as a mapping:

Ψ :
(
L2
+[t0, tf ]

)|P| → (
L2
+[t0, tf ]

)|P|
, h(·) �→ Ψ(h)

.
=

(
Ψp(·, h) : p ∈ P)

which maps a given set of path departure rates to the corresponding path travel costs. In the case of
fixed travel demands and simultaneous route-and-departure-time (SRDT) choices, the set of feasible
path departure rates is given as:

Λ
.
=

⎧⎨
⎩h(·) ≥ 0 :

∑
p∈Pij

∫ tf

t0

hp (t) dt = Qij ∀ (i, j) ∈ W
⎫⎬
⎭ ⊆ (

L2
+[t0, tf ]

)|P|
(2.1)

The SRDT DUE is defined as follows.

Definition 2.1. (SRDT dynamic user equilibrium) A vector of departure rates h∗ ∈ Λ is a
dynamic user equilibrium with simultaneous route and departure time choices if

h∗p (t) > 0, p ∈ Pij =⇒ Ψp(t, h
∗) = vij(h

∗) for almost every t ∈ [t0, tf ] (2.2)

Such a DUE problem is known to be equivalent to the following infinite-dimensional variational
inequality (Friesz et al., 1993).

find h∗ ∈ Λ such that∑
p∈P

∫ tf

t0

Ψp(t, h
∗)(hp(t)− h∗p(t))dt ≥ 0

∀h ∈ Λ

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(2.3)
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The VI (2.3) is closely related to a DVI by observing that the demand satisfaction constraint in
(2.1) can be trivially written as a two-point boundary value problem with differential dynamic:

Λ̃
.
=

⎧⎨
⎩h(·) ≥ 0 :

dyij(t)

dt
=

∑
p∈Pij

hp(t), yij(t0) = 0, yij(tf ) = Qij , ∀(i, j) ∈ W
⎫⎬
⎭ (2.4)

The DVI formulation for SRDT DUE problems is first established by Friesz et al. (2011) using the
minimum principle for linear-quadratic optimal control problems.

The same VI and DVI formalisms illustrated above can accommodate extensions of the SRDT
DUE, such as bounded rationality (Han et al., 2015b) and demand elasticity (Han et al., 2015a),
the details of which are omitted here due to space limitation.

3 Algorithms and convergence

We show that by applying optimal control theory and calculus of variation to three different DUE
problems: DUE with fixed demand, DUE with elastic demand, and DUE with bounded rationality,
one obtains a variety of computational algorithms and results. For each of these models the role of
computation in continuous time will be illustrated. Rigorous convergence results will be provided
that rely on increasingly relaxed generalized monotonicity, namely monotonicity, pseudo monotonic-
ity, and quasi monotonicity. In addition, computational results for large-scale and realistic networks
will be presented, which illustrates the performance of those algorithms in terms of quality of solu-
tion, computational overhead, and convergence. All these theoretical and numerical results not only
show how far the available mathematics can take us in assuring convergence, but also illustrate what
can be done computationally when proceeding heuristically by relaxing (generalized) monotonicity
assumptions needed to assure convergence.
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1. Introduction

As an increasing number of travelers start using traveler guidance systems, there is a pressing
need for navigation devices to provide reliable (both efficient and fair) guidance to travelers.
A key fundamental research question in a dynamic transportation network is: can we come up
with the traffic guidance that leads to an efficient and fair system state which is close to system
optimal (i.e., efficient) but does not make any individual user worse off (i.e., fair)?

There is limited literature that formulates a problem that yields a system state that satisfies
user equilibrium and is a global optimum. Most of the literature is within the context of static
traffic assignment. In congestion games, Koutsoupias and Papadimitriou (1999) firstly brought
out the problem of price of anarchy (POA). Roughgarden and Tardos (2002) showed that POA
is bounded by 4/3 with a linear link performance function. A number of researchers have
investigated the combined UE and SO problem through tolling intervention (Han et al., 2008;
Lawphongpanich and Yin, 2010; Guo and Yang, 2010). It is worthwhile to note that solving the
combined problem of system optimum and user equilibrium is a challenging task even in the
case of static traffic assignment. (Correa et al., 2007) formulated the problem as minimizing
the maximum latency of flows in networks with congestion. It is showed that in static traffic
assignment, even in a single OD network with a linear link cost function, the combined system
optimum and user equilibrium problem is NP hard.

The practical significance of this paper is to generate reliable (both efficient and fair) traf-
fic guidance (e.g., dynamic route choices/departure time choices) to travelers. The research
contributions of the paper are summarized as below.
•We propose a bi-level optimization formulation based on the link transmission model (Yper-

man, 2007; Zhu and Ukkusuri, 2015). At the upper level, the objective is to optimize the total
system travel time (efficient). At the lower level, the objective is to equilibrate the travel cost
of individual users (fair).
•The bi-level optimization formulation is relaxed to a linear programming formulation where

the nonlinear constraints are replaced by a set of linear inequality constraints. The linear
programming (LP) relaxation produces a lower bound of an efficient and fair system state.
•Based on the lower bound of the LP relaxation, an efficient iterative algorithm is proposed

to obtain the exact solution of the departure rate pattern that leads to an efficient and fair
system state. Every iteration, the algorithm solves one linear program and produces a new and
tighter lower bound on the efficient and fair system state.

2. Formulation of an efficient and fair transportation network

2.1. Preliminary settings

Assumption 1. The departure rate of all paths at any departure time under the same OD
pair is non-negative and no greater than the maximum flow rate Q.

Assumption 2. The outflow capacity of any link at any time is a nonnegative integer multiple
of Q.
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ZG,S : Set of origin, destination links, respectively
Γ−1(i) : Set of predecessors of link i
Γ(i) : Set of successors of link i
Po,d : Set of all paths of OD (o,d)
Td : Time horizon of departure time choice, Td ≤ T
Q : Maximum out flow of an OD pair at any departure time

yo,d,pi,j (t̄, t) : Flow from link i to j at time t on path p departed at time t̄ of OD (o,d)

ro,d(p, t̄) : The departure rate at departure time t̄ of path p of OD (o,d), t̄ ∈ [1, Td].
co,d(p, t̄) : Travel cost of departure rate ro,d,p(t̄) at t̄ of path p of OD (o,d)

Definition 1. Efficient and fair system state. An efficient and fair system state is defined as
the system state that: (1) the total system travel cost (total system travel time in this paper)
is minimum, (2) traffic flows are at User Equilibrium within a dynamic traffic assignment
environment. The traffic information guidance, or a traffic departure rate pattern, or a traffic
flow pattern, is said to be efficient and fair, if it leads to an efficient and fair system state.

2.2. Bi-level optimization formulation

In this study, we apply the link based traffic flow model (Yperman, 2007; Zhu and Ukkusuri,
2015) to propagate traffic flows in the network.
The bi-level optimization formulation of an efficient and fair network (BOEFN):

min z1 =

T∑
t=1

∑
i∈Z\{ZG,ZS}

xi(t) (1)

Subject to:
Constraints on demand, link occupancy, and connection flow.
User equilibrium constraints:
To compute the path travel time, if ro,d(p, t̄) > 0, p ∈ Po,d, o ∈ ZG, d ∈ ZS , t̄ ∈ [1, Td], then:

lo,d(p, t̄) =

∑T
t=1

∑
i∈Γ−1(d) t · y

o,d,p
i,d (t̄, t)−

∑Td
t=1

∑
j∈Γ(o) t · y

o,d,p
o,j (t̄, t)

ro,d(p, t̄)
(2)

User equilibrium condition, ∀p ∈ Po,d, t̄ ∈ [1, Td]:

0 ≤ ro,d(p, t̄)⊥lo,d(p, t̄)− l∗ ≥ 0 (3)

2.3. A linear programming relaxation

Firstly, to account for the unused routes, we presume that each route will contain at least a
sufficiently small packet of traffic flow, ζ. It is captured through the following constraint:

ro,d(p, t) ≥ ζ,∀p ∈ Po,d, t ∈ [0, Td] (4)

Next, the linear programming relaxation of an efficient and fair network is presented as
below:

min z2 =
∑
∀(o,d)

∑
∀p

∑
∀t̄

co,d(p, t̄) (5)

Subject to:
User equilibrium constraints, ∀p ∈ Po,d, t ∈ [1, Td]:
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co,d(p, t̄) =
T∑
t=1

∑
i∈Γ−1(d)

t · yo,d,pi,d (t̄, t)−
Td∑
t=1

∑
j∈Γ(o)

t · yo,d,po,j (t̄, t) (6)

∑
∀p∈Po,d

co,d(p, t̄)

Q
Do,d ≤

∑
∀p∈Po,d

Td∑
t=1

co,d(p, t̄) (7)

co,d(p, t̄)

ζ
Do,d ≥

∑
∀p∈Po,d

Td∑
t=1

co,d(p, t̄) (8)

Other linear constraints as in BOEFN.�

3. On computing an efficient and fair system state

Firstly, we present an important extra constraint as below:

co,d(p, t̄) ≥ ro,d(p, t̄)LBo,d(k) (9)

where LBo,d(k) is an exogenous constant, denoting the lower bound of the travel time at equi-
librium for OD (o,d) at the k iteration.

Then we add this constraint to the LP relaxation, and denote the updated LP formulation
as LP2. Next, it is vital to obtain an estimate of LBo,d(k). At the initial stage, let k =
0, LBo,d(k) = 0. Then the LP2 formulation reduces to the LP relaxation. After solving the LP

relaxation, we compute the average travel time of OD pair (o,d) as lo,davg(k) =
∑
∀p

∑
∀t̄ c

o,d(p,t̄)

Do,d .

Then update LBo,d(k+ 1) = dlo,davg(k)e, where dlo,davg(k)e denotes the nearest integer greater than

or equal to lo,davg(k). Summary of the algorithm is presented in Algorithm 1.

Algorithm 1 Towards an efficient and fair system state

1: Initialize: k = 0, LBo,d(k) = 0, check = 1
2: while check > 0 do
3: k = k + 1;

4: Solve LP2 to obtain lo,davg(k) =
∑
∀p

∑
∀t̄ c

o,d(p,t̄)

Do,d ;

5: if LBo,d(k) < dlo,davg(k)e then

6: Update: LBo,d(k + 1) = dlo,davg(k)e;
7: else
8: check = 0;
9: end if

10: end while

Theorem 1. Any sequence of the departure rate pattern generated by Algorithm 1 converges
to the solution of an efficient and fair system state.

4. Numerical studies

We have constructed two types of test networks: a single OD network (Ziliaskopoulos, 2000)
and a multi-OD network (Nguyen and Dupuis, 1984). For the sake of space, we present the
results of the multi-OD network. The size of the time step is taken at 6 s. The saturation flow
is still 1800 vph. The maximum accumulative departure rate Q is set at 3 vehicles/time step.

3



Table 1: Average travel time for demand scenario 2 of an efficient and fair system state (TSTT: 2250)

Departure time
OD(1,2) OD(1,3) OD(4,2) OD(4,3)

R1 R2 R3 R4 R1 R2 R3 R1 R2 R3 R4 R1 R2 R3

1 18 18 20 18 17 17 17 22 22 22 22 13 14 13
2 18 18 18 20 17 17 20 22 22 22 22 13 20 13
3 18 18 18 20 17 17 19 22 22 22 22 13 19 13
4 18 18 18 20 17 17 18 22 22 22 22 13 18 13
5 18 18 18 20 17 19 17 22 22 22 22 19 17 13
6 18 20 18 18 17 18 17 22 22 22 22 18 16 13
7 18 20 18 18 17 17 17 22 22 22 22 17 15 13
8 18 19 18 19 17 17 17 22 22 22 22 16 14 13
9 18 20 18 18 17 17 17 22 22 22 22 15 14 13
10 18 18 18 18 17 17 17 22 22 22 22 14 14 13
11 18 18 18 20 17 17 17 22 22 22 22 13 14 13
12 18 19 19 18 17 17 17 22 22 22 22 13 14 13
13 18 18 18 18 17 17 17 22 22 22 22 13 14 13
14 18 18 18 18 17 17 17 22 22 22 22 13 14 13
15 18 18 18 18 17 17 17 22 22 22 22 13 14 13

Table 1 presents the average travel time lo,d(p, t̄) for demand scenario 2 under the efficient
and fair system state. The travel time of used routes are highlighted in dark. From Table 1, the
travel time of used routes under the same OD is the same and no greater than that of unused
routes, indicating that the traffic flows under the same OD are at equilibrium.
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1 Introduction

The purpose of this work is to solve optimization problems that are constrained by an iterated dynamic traffic
assignment (DTA) simulation. Examples are signal optimization (where the DTA simulation evaluates the system-
wide performance of a given signal plan), origin/destination matrix estimation (where the DTA simulation predicts
the network flow patterns resulting from an origin/destination matrix, which then can be compared to real data),
and network design problems (where the DTA predicts the usage pattern of new/modified infrastructure elements).

The following presentation focuses on micro-simulation/agent-based DTA simulations. It should be stressed, how-
ever, that the entire optimization approach is also compatible with macroscopic models. Iterated DTA simulations
for strategic planning implement, essentially, the following scheme:

1. Create a synthetic population of individual travelers (“agents”).

2. In every iteration (loosely interpreted: simulated day):

(a) Every traveler chooses a travel plan.

(b) All travelers execute their plans (i.e. they travel).

(c) All travelers observe the resulting network conditions.

This scheme can be conveniently represented by a state spacemodel

xk+1 = f[xk,u] + ek (1)

wherek is the iteration (simulated day) index,u are decision variables (to be optimally selected),xk is the state
(memory) of the simulation, andek is the zero-mean simulation stochasticity. Cascetta (1989); Cascetta and
Cantarella (1991); Hazelton (2002); Nagel et al. (1998); Watling and Hazelton (2003) refer to similar formalisms,
even though these approaches are mostly constrained to trip(and not full-day travel plan) DTA problems. A strate-
gic planning simulation runs this process until a (stochastic) fixed point is reached.

Now consider the problem of selecting a decision variableu, consisting possibly of both real-valued and integer
entries, that minizing a real-valued objective functionQ of the simulator states:

{
min

u
Q(x̄(u))

s.t. x̄(u) = f[x̄(u),u].
(2)

The equilibrium constraint means that the expected state ofthe simulator has reached a deterministic fixed point
x̄(u); other formulations are conceivable. This is a computationally challenging problem because one needs to

1



iterate the simulator all the way to convergence whenever one wishes to evaluate the objective function value of a
single decision variable. The applicability of alternative approaches to incorporating the constraints more elegantly,
for instance by introducing Lagrangian multipliers, is limited by the process-based simulation logic that is not easily
amenable to a mathematical reformulation.

The approach pursued in this work is based on makingu-improvement steps already while the simulator converges,
meaning that one optimization iteration (improvement step) coincides with one simulation iteration (evaluating (1)
once). Related work that should at least briefly be mentionedhere are the method of Bierlaire and Crittin (2006) for
solving large noisy nonlinear systems of equations, the two-simulation SPSA algorithm of Bhatnagar et al. (2013),
and techniques that tackle the rested multi-arm bandit problem (e.g. Tekin and Liu, 2012).

2 Method

The general approach is iterative in that a currently best solution to the full problem 2 is being improved based on
a tractable problem approximation. Developing such an approximation is the key contribution of this work. The
approximate problem formulation for the improvement step is subsequently referred to as thesubproblem. The
main problem is sketched in Algorithm 1.

Algorithm 1 Sketch of an iterated search algorithm

1. Select an initial solutionu.

2. Repeat many times:

(a) Create variations{u1, . . . ,uN} of u.

(b) Solve the subproblem of identifying the best variation.

(c) Let u be the solution of the subproblem.

A first subproblem instance P1 is obtained by considering afinite multi-set ofN candidate decision variables
{u1, . . . ,uN} in each subproblem and byassuming the objective function to be linear: Q(x) ≈ cTx with c a column
vector of suitable dimension and superscriptT denoting the transpose:

P1
{

min
u∈{u1,...,uN}

cT x̄(ui) .

The use of a multi-set means that a candidate decision variable may appear more than once in the set:ui = uj

is possible for anyi,j ∈ {1, . . . ,N}. The sole purpose of this specification is to keep the subsequent notation
simple. The linearity assumption is made only for the sake ofthe subsequent mathematical development; an actual
linearization of the problem is not required.

P1 is still computationally prohibitive because the evaluation of each element in the candidate solution set requires
a full simulation run. It can, however, be made operational if one assumes the simulator dynamics to be linear in
each subproblem:f[x,u] = Ax+Bu with A andB matrices of suitable dimension. This assumption can be justified
if the candidate decision variable set per subproblem consists of relatively small variations around the currently best
solution. Again, the linearity assumption is made only for the sake of the subsequent mathematical development;
an actual linearization of the simulator is not required.
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Now consider the following problem:

P2






min
α

cT
N∑

i=1

αixi + v

∥∥∥∥∥
N∑

i=1

αi∆xi

∥∥∥∥∥+w

N∑

i=1

α2
i

s.t.
N∑

i=1

αi = 1; αi ≥ 0 ∀i = 1 . . . N

with v,w ≥ 0 andxi and∆xi being related through

xi = A(xi − ∆xi) + Bui + ei. (3)

The last equation means that that (i) the simulator was in state xi − ∆xi, (ii) decision variableui was implemented
in the simulator, (iii) one iteration of the simulator was evaluated, and (iv) statexi was reached by that transition.
The essential feature of P2 is that it only requires the evaluation of transient simulator states, meaning that it can
be solved without running the simulator to convergence.P2 is related to P1 through the following properties (which
are stated here due to space constraints somewhat loosely and without proof):

1. Given suitable values ofv, w, the objective function of P2 is an upper bound of the objective function of P1:

cT
N∑

i=1

αixi + v

∥∥∥∥∥
N∑

i=1

αi∆xi

∥∥∥∥∥+w

N∑

i=1

α2
i ≥ cT

N∑

i=1

αix̄(ui). (4)

The first addend on the left hand side evaluates the objectivefunction values of the transient states available
to P2. The second addend reflects the error made by evaluatingout-of-equilibrium conditions. The third term
accounts for possible stochasticity in the simulator responses.

2. Let the size of the multi-set{u1, . . . ,uN} go to infinity and ensure that the number of occurrences of each sin-
gle decision variable in this multi-set also goes to infinity. The optimal solution of P2 has then the following
property:

α
∗ = (α∗

i ) solves P2 andα∗

i > 0 ⇒ ui solves P1. (5)

This means, informally, that the solution of P2 converges tothe solution of P1 as one inserts more and more
simulator transitions into P2.

The implications of these properties may be best explained in terms of the Algorithm 2, which constitutes a some-
what verbose solution approach to the subproblem of Algorithm 1.

3



Algorithm 2 Solution of the subproblem

1. Given: candidate solution set{u1, . . . ,uN}.

2. Evaluate one simulation transition per candidate. This yields an initial set ofN tuples (xi, ∆xi,ui) that
comply with (3).

3. Iterate:

(a) Solve P2 and obtain optimalα parameters. These parameters define an upper bound on objective
function of the original subproblem P1.

(b) Draw one indexi ∈ {1 . . . N}, with the probability of drawingi beingαi. Note that eachαi reflects
how much the tuple(xi, ∆xi) contributes to the optimal solution of P2, and that each(xi, ∆xi) results
from a certain decision variableui, cf. (3).

(c) The previous step has drawn the indexi. Set the simulator to the last state visited through decision
variable ui and simulate one more transition with that decision variable. This yields a new tuple
(xN+1,uN+1, ∆xN+1).

(d) If the last transition of the simulator led to convergence, labelui as the approximate solution to sub-
problem P1 and STOP. Otherwise, increaseN by one and continue iterating.

If one iterated this algorithm infinitely often, andif one ensured that each decision variable received a nonzero
probability of being selected in each iteration, then this algorithm would eventually compute in each iteration an
α-vector that was optimal in the sense of (5). This would, however, have no computational advantage over simply
running the simulator once to convergence for each originaldecision variable.

Instead, Algorithm 2 adopts the greedy approach of (i) not evaluating decision variables further that do not con-
tribute to the solution of subproblem P2 and (ii) terminating as soon as a decision variable has been evaluated so
often that its corresponding simulator trajectory has converged. This saves the (potentially large) computing time
to evaluate competing (and anyway inferior) decision variables.

The program parametersv, w can be automatically set by solving a small linear program ineach iteration of
Algorithm 2 (with the details of this being omitted due to space restrictions). This means thatthe algorithm
requires no tuning parameters at all.

3 Results

The algorithm is currently extensively being tested, both with synthetic problems and also for large and realistic
problems in combination with the multi-agent transport simulation MATSim. Presentable results have already
been obtained; a comprehensive performance study will be completed long before the conference. Overall, it can
already now be stated that approximating the subproblem P1 with the proposed algorithm consistently speeds up
the optimization convergence by at least one order of magnitude, without impairing the quality of the identified
solution.
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1. Introduction 
 
In this paper we focus on improving a recently proposed solution algorithm for simplified first order 
dynamic network loading models by Raadsen et al. (in press). Dynamic network loading models can 
be split into three main categories: Microscopic, Mesoscopic and Macroscopic (Peeta and 
Ziliaskopoulos, 2001). Microscopic models simulate vehicles individually and include random 
components. Mesoscopic models often still model vehicles individually, but adopt simplified 
behavioural patterns regarding for example lane changing while outputs are presented in an aggregate 
fashion (Mahut, 2001). In macroscopic dynamic models traffic flow is represented as a fluid rather 
than individual vehicles and random components are typically absent. The focus of this paper is on the 
latter category; macroscopic dynamic models. Practical implementation of these models are 
predominantly underpinned by kinematic wave theory originally developed by Lighthill and Witham 
(1956) and Richard (1956), also known as the LWR model. 
 
Virtually all algorithms solving LWR have adopted an approach of using fixed time intervals to 
incorporate the passing of time (Messmer and Papageorgiou; 1990, Gentile; 2011, Himpe; 2013). 
These time intervals are typically fixed on the network level, but can sometimes be optimised locally 
depending on the solution algorithm (Yperman, 2007). One of the drawbacks of this approach is the 
inevitable averaging error that occurs due to the simplifying assumption that within a time interval 
conditions are stable. Especially the widely used Cell Transmission Model (Daganzo, 1995) suffers 
from this drawback. 
 
Conversely, the approach in Raadsen et al. (in press) attempts to overcome the limitations of time 
intervals by proposing an event-based approach (eLTM) stemming from the original LTM. It has been 
shown that this approach can yield exact results when solving LWR using a triangular fundamental 
diagram (Newell, 1993). Yet, when relaxing the exactness constraint it also compares favourably to 
both the original CTM and LTM in terms of computation time on real world networks. In its current 
form however, eLTM has two main drawbacks: (i) It lacks support for route choice within iterations 
and (ii) it is only supports a triangular fundamental diagram. This paper addresses both issues. Firstly, 
eLTM is extended to support within iteration route choice through an additional layer of events that is 
capable of consistently propagating changes in flow compositions across the network in an efficient 
yet elegant manner. Secondly, it extends the original approach such that it is capable of supporting 
any concave fundamental diagram.  
 
In this extended abstract we limit the discussion to the introduction of within iteration route choice 
and leave the details of incorporating support for any concave fundamental diagram for the full paper. 
 
2. Methodology 
 
In order to support route choice in an event-based network loading environment, it is proposed to 
create a parallel event stream separate from the original flow propagation events in eLTM. Both 
layers can be dealt with separately and only require interaction at the node level. Hence, any 
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cumulative flow based link model can be combined with this approach. For more details on currently 
existing cumulative flow based link models we refer to Raadsen et al. (in press) or the upcoming full 
paper.  
 
2.1 Kinematic waves versus path composition propagation 
 
While traffic flows propagate via kinematic waves, the composition (for example path composition, or 
route choice period composition) of these flows do not. Consider the fundamental diagram depicted in 
Figure 1(a) and the example space time diagram in Figure 1(b). 
Imagine that the vehicles leaving after time 1t  have a different composition resulting in different route 
choice behaviour further downstream. Let us define the current time instant by   and let us denote the 
portion of flow belonging to route choice period p  at the upstream and downstream end of link via 

( )in
ap  and ( )out

ap  , respectively. The first time instance an updated composition of route choice 
period flows arrives downstream, is when first vehicle that departed upstream with the updated 

( ),in
ap p P    in place reaches the downstream end of the link. In this example this vehicle 

encounters backward shockwaves, resulting in a speed change from its original speed 1  to a speed of 

2 and 3 before arriving downstream at time 4t , which clearly does not coincide with any single 
kinematic wave.   
 

 
Figure 1: (a) Concave fundamental diagram with flow dependent forward and backward wave speeds 

   ,q q   respectively, (b) example vehicle trajectory with in a situation with backward 
propagating queues (solid black lines), the grey lines represent kinematic waves. 

 
Therefore, the way to propagate the composition of the aggregate flow one could explicitly track the 
first vehicle that departed after the updated ( ),in

ap p P     was imposed. Since trajectory/wave 
tracking schemes are notoriously tedious we propose a simpler yet equally valid approach. 
Conceptually, it works as follows: Knowing the cumulative inflow  2U t and the current outflow rate 
 v  , one can predict when the cumulative outflow  V   equals  2U t , by solving 
     (*)

2 ( ( ))U t V t v      towards (*)t . Then clearly (*)
2 3( ) ( ) ( ), ,in out out

ap ap apt t t a A p P       . 
For the general case this translates to: 
 

             
 ( )

( ) ( ) ( ) ( ) ( ) ( )

(*) ,
J

I I I J J JU V t

v t

t t u t t v t
t



     


 

 
   

 (1) 

 
where  ( )Iu t  represents the most recent inflow rate imposed by a flow event that occurred at time  

( )It  , while  ( )Jv t   denotes the most recent outflow rate (change). The predicted arrival of the 
updated flow composition is then given by (*) .t  Finally, let us define the reference upstream 
cumulative vehicle number related to this predicted time as (*)( )U t .  
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The complete algorithm is not provided due to space limitations, but one can imagine that whenever a 
prediction (*)t is made, a future downstream composition event is scheduled. It is important to note 
that when the downstream flow rate changes in the period (*)[ , )t , the original (*)t becomes invalid. 
Analogous to the procedure in eLTM, two measures are taken to ensure only correct path 
compositions are accepted and propagated further downstream: (i) Any future scheduled path 
composition event is re-predicted whenever the outflow rate changes in the time interval (*)[ , )t . (ii) 
When a flow composition event is processed it is validated.  
 
The re-prediction occurs via (2), which is similar to (1) except that we now utilise our original 
cumulative inflow instead of taking stock at the current time instant. In case (**) (**) (*)t t t   , the 
event is rescheduled, otherwise it is kept as is and will either be validated or discarded later. 
 

      
 

(*)

( )

( ) ( ) ( )

(**)
( )

,
J

J J JU t V t

v t

t v t
t



  




 
 

 (2) 

 
Validation is also relatively straightforward, since the only requirement is to have matching 
cumulatives compared to the original upstream situation, i.e. it must hold that:  
 

      ( ) ( ) ( ) (*) (*)( ),   J J JV t t v t U t t        (3) 

 
When validated the downstream flow composition is updated such that

( ) ( ),   , ,  ( ) ( )out in
ap ap a A p P U U            . 

 
2.2 Node Model 
For each origin node n O  and its connector links out

nb A , the upstream path composition factors 
( )out

bp   can directly be obtained from the desired path flows  pf  : 
 
  

   
   

( ) ,    , ,bp pout out
bp n

bp p
p P

f
b A n O

f

  
 

  


  


 
 

(4)

 
where time dependent path incident indicator bp equals one when a path utilises link b  and zero 
otherwise. Note that this formulation now allows for (exogenous) route choice, since path flows can 
vary over time.  
 
With upstream (origin) path composition factors known, the downstream flow composition ' ( )in

a p 
can be constructed through (1-3) which are used to construct the sending flow rates ( )a b ps    . The 
general node model requires extending to support propagating this information along with its task of 
distributing the flow. The original eLTM adopts a general node model formulation ( )n  which is 
based on (in)link in

na A sending flows ( )as  , (out)link out
bb A receiving flows ( )br   and results in 

accepted turn flows ( )abq  . This formulation is extended to instead yield composition dependent turn 
flows ( )abpq  : 
 

 
,

( ) ( ), ( ), , , ' .
in out
n n

in out
abp n a b p b n na A b A p P

q s r a A b A p P        
            (5)

 
With the accepted composition specific turn flows in place, one can easily construct the aggregate 
flow rates. With (aggregate) outflow rate ( ), ( )ap av v  available respectively, the upstream 
composition factor ( )out

ap  connected to any node other than an origin node is obtained via (6). 
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( )

( ) ,  , , \ .
( )

apout out
ap n

a

v
a A p P n N O

v


 


     

 
(6)

 
Note that only the upstream composition factors are updated by the node model. This is because this 
type of information only propagates forward. Also note that downstream flow compositions are, in 
turn, only used to feed the node model, but are never needed to propagate (backward).  
 
Whenever the node model for node n  imposes a change in flow composition ( ),out out

ap na A    it will 
schedule a link prediction as proposed in (1) to allow the link model to propagate this change further 
downstream. This then triggers a node model update some time later etc.  
 
3. Results and conclusions 
 
In the full paper the complete algorithm is presented and the intricacies of combining the two layers of 
events are discussed more thoroughly. Also, the authors are working on different case studies that 
showcase the theoretical properties of the model as well as investigating performance on large scale 
applications. It is expected that while the addition of route choice will add to the computational 
burden its impact is much less than the computational burden of propagating flow events. This 
expectation is based on the fact that flow composition events only travel downstream and never 
upstream (this in contrast to (shock)waves).  
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1 Introduction 11 

In this abstract we explore the opportunities of the iterative link transmission model (Himpe, Corthout, and 12 
Tampere, 2015) as a dynamic network loading tool for solving the dynamic user equilibrium assignment. The 13 
iterative link transmission model (iLTM) is able to handle repeated runs intelligently by initializing the procedure 14 
with a previous result as a warm start. This allows us to introduce some previously unexplored decomposition 15 
techniques which form the basis of some very successful static equilibrium procedures. The novel procedure updates 16 
route choice adaptations sequentially and calculates the network response marginally such that only effected regions 17 
in the space-time solution grid are updated. We will analyse the integration of marginal updating techniques into 18 
existing destination based projection algorithms (Guido Gentile 2015) and explore opportunities for decomposing 19 
the dynamic equilibrium algorithms. Two case studies are presented that show that this technique is able to find 20 
solutions up to machine limits. These accurate solutions are needed for meaning full scenario comparison and 21 
evaluation of novel traffic measures (Boyce, Ralevic-Dekic, and Bar-Gera 2004).  22 

2. Destination-based methods 23 

2.1 Main principles 24 

A path based approach requires the storage of every used path in the network. It is known that most of these paths 25 
share multiple segments or sub-routes (H. Bar-Gera 2010). To the effect that, similar sub-route switches are made by 26 
users of different OD-pairs and even multiple OD-pairs reach an equilibrium state over a mutual sub-route set. The 27 
destination-based (DB) approach exploits this and efficiently manipulates/stores route flows in an implicit fashion 28 
(Ziliaskopoulos et al. 2000). For this, it is assumed that traffic from any origin towards the same destination behaves 29 
identical once merged at a specific node. There are two commonly used data structures for the implicit routing 30 
within the DB approach. The first is composed of link-destination specific proportions  which form the splitting 31 
rates at each node of the node set , for its corresponding outgoing links  (forward star). These 32 
proportions guide the traffic departing in time interval  at node  into each of the outgoing links of that node 33 
towards their respective destination. By definition  has to hold for each node in the network. The 34 
split proportions  operate identical to the link probabilities in the stochastic route choice model of (Bellei, 35 
Gentile, and Papola 2005) where they represent the probability of choosing link  conditional on being at node  36 
when traveling to destination . In figure 1b, link-destination proportions in stationary route choice conditions 37 
(index  is dropped from the notation) are given for every link in the network formed by the directed graph G( ) 38 
of figure 1a. In a network with more than one destination such a split proportion map has to be constructed for each 39 
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destination. The second date structure considers the (restricted) linear dual graph (Winter 2002) of the first mapping. 1
Such dual graph is composed of nodes for each link in the original network and edges for each allowed1 turn 2
movement between a pair of consecutive links (figure 1c). The link-link-destination specific split proportion  3
graph is constructed such that  for each incoming link  (backward star). In principle the 4
link-link or turn movement approach can be constructed such that it is completely identical to the link based 5
approach. However the movement based approach allows for a more detailed implicit description of routes in the 6
network avoiding the cycle present in figure 1b.  7

 8

 9

figure 1: Simple single destination network (a) with the primal link-node splitting rate map (b) and its restricted 10
linear dual graph for the turn movements (c) for the same stable (time independent) implicit route specification 11

2.2 Local Wardrop conditions 12

The dynamic user equilibrium in the DB framework is formulated using local Wardrop conditions for each node 13
(Guido Gentile 2014). At any time an outgoing link at an intersection will only be considered if it is part of the 14
shortest path from that intersection towards the destination. The discrete, deterministic and local DUE conditions 15
are: 16

  

 

1 

 
In equilibrium, a destination based inflow rate for a link  denoted as  is only allowed to be larger than zero if 17
the travel time (cost) departing along that link  and continuing along the shortest path is equal to the shortest 18
path  from its upstream node to the destination. The variation inequality problem (VIP) that solves the DUE is 19
developed in function of destination specific link departure cost  and flows : 20

 2 
 

 21
Note that the feasible flow space  in this formulation is given by the flow propagation in the actual DNL result. A 22
similar remark is made for the link based approach in (Bliemer 2000). We will rewrite equation 2 in terms of split 23

                                                           
1 If not all turn movements per node are included into the dual graph it is referred to as a restricted dual graph. 



3 
 

fractions to avoid this seemingly complex interaction. Because we opt for the turn movement based storage of route 1 
information this requires summing over all feasible movements of each node instead of summing over all links: 2 

 3 
 

 3 

3.3 Formulating an efficient solution procedure 4 

The DB approach with its local VIP formulation (eq. 3) leads to iterative solution techniques, which in this case 5 
means that they move from one consistent dynamic network loading (DNL) to another. There are three basic 6 
elements required for such algorithms: a good starting point, a stopping criterion and an updating procedure.  7 

First a good starting point or initial network loading is needed to initiate the procedure. A typical initial network 8 
loading is generated using an all-or-nothing (AON) assignment to the shortest paths in an empty network. Also 9 
actual observed network costs might be used for this all-or-nothing assignment (Hillel Bar-Gera 2005). More 10 
advanced loadings gradually fill the network by loading chunks of flow incrementally and assigning them onto the 11 
shortest path of the increasingly more loaded network until all flow is accounted for (Florian, Mahut, and Tremblay 12 
2005). Finally also the route set of a static UE assignment might be used to initiate the traffic on the network (Levin, 13 
Boyles, and Nezamuddin 2015).  14 

Next a termination criterion needs to be formulated to indicate when a solution has been found. Termination criteria 15 
usually involve a hypothetical cost function or merith function. In traffic assignment literature such a function is 16 
often referred to as a gap function to avoid confusion with the link cost functions. A function is defined here as a gap 17 
function if two conditions are satisfied: the function is positive for the entire feasible domain of path flows  and the 18 
global minima are equal to zero for each DUE solution. A stopping criterion based on such gap function is found 19 
easily and usually the iteration procedure is stopped when the gap is within a predefined precision bound. In the case 20 
studies the average reduced cost gap is used: 21 

  
4 

 
with the initial node of arc  defined as tail node  (and the final node or head node as ).  22 

Finally for the most demanding part of the algorithm, a mechanic is needed to move from one feasible DNL solution 23 
which is not yet a solution to another better one. For this approximate gradient projection techniques have been 24 
adapted to handle the DB route formulations and they are shown to be successful at solving the DUE problem 25 
(Guido Gentile 2015). The DB quasi-reduced projects cost differences into turning fraction adjustments  for 26 
each node: 27 

  
5 

 
   
Note that by projecting cost differences into turning fractions adjustments, eventually the change  reverts to 28 
zero as either the turning fraction becomes zero or the travel time difference becomes zero. The first condition 29 
represents a case that the outgoing link is not used for reaching the considered destination and the later represents a 30 
local equilibrium for which outgoing links are used to reach the destination. Additional, damping of the adjustments 31 
is introduced by the constant factor . 32 



4 
 

We are now ready to present our heuristic algorithm for solving the DUE with the iLTM as a DNL. The procedure is 1 
composed of a DB approximate gradient projection and an optional decomposition scheme that exploits the 2 
properties of the DUE solution and the warm starting capabilities of the iLTM. Two approaches to updating the 3 
DNL are shown. The first, based on a Jacobi type of decomposition scheme, updates the turn movements in the 4 
entire network at once or simultaneous. In the second, the Gauss-Seidel decomposition is applied. This procedure 5 
updates the DNL after each turn movement adjustment. The sequential updating fully exploits the marginal 6 
capabilities of the iLTM scheme updating only the part of the simulation (in space and time) that is affected by the 7 
updated turn movement. The procedures are summarized as follows:     8 

 9 

4. Results 10 

In this section, some basic numerical examples are used to verify and compare the characteristics of three DUE 11 
algorithms. All of the algorithms are formulated in the DB frame. For the first method all the splitting proportions 12 
are updated according to the MSA scheme. The second method, implements the QR-projection heuristic with 13 
simultaneous updates of all split rates over the entire simulation. The third, applies the fully decomposed 14 
adjustments of split proportions with sequential DNL updates after each change. The travel time response of the 15 
DNL and new destination based flow rates are calculated starting from the previous consistent loading (as a warm 16 
start) for each algorithm. The three algorithms are compared on a simple Braess network with 5 links and 4 nodes 17 
and a single OD-pair and on a larger network with 207 nodes and 287 links. The two case studies are set up similar 18 
to those presented in (Nezamuddin and Boyles 2014). In figure 2 the progress of the 3 different algorithms in these 19 
networks are plotted according to the average excess cost. The markers along the course of the graphs represent 20 
iterates of each algorithm while on the horizontal axis the cumulative calculation time of the DNL is traced. Notice 21 
that the vertical axis has a logarithmic scale. Both simultaneous and sequential QR gradient projection techniques 22 
converge towards machine limits. The MSA scheme on the other hand progresses in the typical jigsaw pattern, never 23 
reaching a precise solution. The spacing between the diamond shaped makers of the MSA method is nearly always 24 
the same because in each iteration the splitting rates of all diverge nodes are updated and the computational effort of 25 
updating the DNL is the same. In case of the sequential QR method on the other hand, computational effort becomes 26 
smaller and smaller as the total number of turning fractions in the simulation requiring updates reduces. This 27 
property is only observed near convergence for the simultaneous QR method. The scaling factors  for both QR 28 
methods are set differently, with a larger value for the sequential QR method and a smaller value for the 29 
simultaneous QR method. This way the simultaneous QR is damped more such that response rate of turning fraction 30 
updates will not overreact, sending to many vehicles simultaneously towards a shorter path. By reducing the 31 
damping parameter the convergence is slower but also more stable as for large values the method will start flip-32 
flopping between AON assignments. Note that the vertical axis only contains the DNL computation times. The 33 
travel time calculations and dynamic shortest path computations (Chabini 1998; Dean 2004; Dell’Amico, Iori, and 34 
Pretolani 2008) are an important part of the simulation and also require a marginal approach, similar to the existing 35 
label correcting techniques (Chabini 1998; Ganugpati 1998). A discussion of marginal computation or warm started 36 

Initialize: generate destination-based split proportions and DNL solution 
While (convergence criterion is not met) 
 For (each time slice) 
   For (each destination layer) 
    For (each node) 
    Update split proportions (destination based QR-projection) 
    Update the DNL (marginal sequential updating) 
  Update the DNL (marginal simultaneous updating) 
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dynamic shortest path algorithms is left for future research. It can be assumed that the total computation times are 1 
doubled because of marginal shortest path calculations after each DNL update. 2 

 3 

figure 2: Convergence of different algorithms in a small network (left) and large network (right): average excess 4 
cost in function of computation times for the DNL component in each iteration of the DTA procedure  5 

7. Discussion 6 

The increased performance of standard computational platforms and the development of efficient techniques to 7 
simulate traffic propagation in capacity restricted network have brought the heavy computational requirements of 8 
dynamic traffic assignment procedures within feasible bounds to find accurate solutions to the dynamic demand-9 
supply equilibrium. From the analysis of static models (Boyce, Ralevic-Dekic, and Bar-Gera 2004) it was concluded 10 
that such high precision solutions are required to perform accurate comparisons or preform network optimization. 11 
Our case studies show that also for DTA schemes such analysis can be made. A question still to be answered is how 12 
different solutions to the DUE are handled within scenario comparisons.  13 

The destination based approach to storing routing information has been extensively analysed and it can be concluded 14 
that it allows for efficient marginal updating of the iterative link transmission model. Future developments here 15 
should focus on the handling of cyclic vehicles flows in simulations with large time steps such that an efficient and 16 
precise DUE assignment for large networks becomes possible. The numerical cases illustrate how the computational 17 
weight of the DNL can be reduced by applying marginal techniques. However a comparison with state of the art 18 
dynamic shortest path techniques (G. Gentile, Meschini, and Papola 2004) is necessary to make trade-offs between 19 
both modules. Finally, marginal techniques also enable cheap numerical differences analysis. This allows better 20 
local steps in the sequential updating method and better global steps in simultaneous schemes. 21 
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1. Introduction 

Kinematic wave theory consists of two main equations: the conservation of vehicles and the 

equilibrium flow-density relationship. Assuming that each traffic state along a road at each point in 

time is an equilibrium state, these combine into a single partial differential equation for the 

propagation of traffic along a network link. Newell (1993) proposed a solution scheme using 

cumulative numbers of vehicles as the primary variable, which later led to the development of the 

Link Transmission Model (Yperman, 2007). Daganzo (2005) implicitly shows that for triangular 

fundamental diagrams, this model indeed leads to the correct solution. 

However, the requirement of triangular fundamental diagrams is rather restrictive. Firstly, it imposes 

the speed in subcritical traffic to be constant instead of more realistically, depending on the traffic 

density. Secondly, it impedes any discontinuity between the free-flow capacity and the queue 

discharge rate, i.e. a capacity drop. In this extended abstract, we therefore extend the Link 

Transmission Model to handle arbitrary concave fundamental diagrams, optionally including capacity 

drops. The resulting model, which converges to kinematic wave theory if there is no capacity drop, 

can be used in a network simulation and features both standing queues, with a head fixed at the 

bottleneck, and moving jams, including stop-and-go waves. 

2. Continuous concave fundamental diagram 

We start by defining a link model for the case of a continuous concave fundamental diagram  Q k , 

i.e. without capacity drop. Alternatively, this diagram can be written as two functions  K q  and 

 K q , describing the free-flow branch and the congested branch respectively. We define sets of 

relevant wave speeds  inf im / ,supim /Z dq dK dq dK  and  inf im / ,supim /Z dq dK dq dK    

respectively. The fundamental diagram is required to satisfy 

   min ,max ,min ,m , ,x 0aZ Z Z Z      . An example fundamental diagram is depicted in Figure 

1a. Note that we omit link indices on all variables for brevity. 

The theoretical basis for traffic propagation along the link is formed by kinematic wave theory. The 

sending and receiving flows will be solved in terms of cumulative numbers of vehicles. More 

precisely, our algorithm relies on finding the maximum possible  , xN x t t  at the considered end of 

the link  0 , Lx x x  at the end of the time step under consideration, so that    , ,xN x t t N x t   is the 

maximum number of vehicles exiting or entering the link during the time step, which simply are the 

sending flow  S t  and the receiving flow  R t  respectively. 

We thus rephrased the traffic propagation problem into finding the maximum possible value of 

 , xN x t t  for  0 , Lx x x . To do so, we apply the variational theory developed by Daganzo (2005). 
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The boundary condition for this application is formed by the values of the cumulative curves in 

previous time steps at both link ends. We build a solution network that indicates how each boundary 

point may constrain the cumulative number of vehicles at our solution point  , xP x t t  . After each 

time step, the boundary condition is extended with the newly found solution and the solution network 

is shifted to compute the next time step. 

  

Figure 1: (a) Example fundamental diagram. (b) Example solution network for determining the 

sending flow, highlighting the relevant parts of the boundary and the corresponding paths to the 

solution point. 

Building upon the proofs in Daganzo (2005), we can derive a finite set of space-time paths that form 

an exact solution network, as illustrated in Figure 1b. This solution method is more general than those 

proposed by Yperman (2007) for piecewise-linear diagrams and Gentile (2010) for continuously-

differentiable diagrams and better at reproducing acceleration fans or rarefaction waves. 

3. Fundamental diagram with capacity drop 

We then extend the model so that we can include a capacity drop. A breakdown of traffic, activating a 

capacity drop, must occur at a node, i.e. a discontinuity in the road infrastructure. The capacity drop 

will be active on the downstream end of a link if and only if its sending flow is not fully accepted by 

the downstream node model, i.e. if the node model triggers a queue on the link. By applying a node 

model without memory effects and using inverted-lambda style fundamental diagrams like Figure 2a, 

we permit the head of a queue to move upstream. Additionally, we model another capacity drop on 

the upstream end of an outgoing link if too much traffic is trying to enter it. This ensures that the 

queue discharge rates before and after a discontinuity in an inhomogeneous road are both taken into 

account. 

If the node model triggers congestion, we first reduce the sending flows to the queue discharge rates 

on the relevant incoming links, if applicable, due to their capacity drops being enabled. To do so, we 

need to define a transitional traffic state on the incoming link that serves as a transition from the 

(possibly varying) inflow state to the queue discharge state. Hence we create a stop-and-go wave with 

traffic state  ,S Sk q  as depicted in the fundamental diagram in Figure 2a, which is some predefined 

point on the congested branch of the fundamental diagram satisfying S Ck k . This requires that the 

congested branch is linear for 
Sk k . Next, if these reduced sending flows are still too large for the 

node to accept, we also reduce the receiving flows to their queue discharge rates on the relevant 

outgoing links, if applicable. This results in standing queues in front of the node, preceded by the 

previously mentioned transitional traffic state if necessary. If the congested traffic after the transition 

has a higher density than 
Sk , the transitional traffic state is adjusted to match that. 

The transitional traffic state effectively originates from a single point  ,Lx T , and its physical length 

increases or decreases depending on whether the inflow is higher or lower than the queue discharge 
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rate. According to shockwave analysis, the finite maximum shockwave speed of the tail of the 

transitional traffic state is    /S C S C Sw q q k k   . Figure 2b illustrates such a transition. 

  

Figure 2: (a) Example fundamental diagram including a capacity drop. (b) Unrelated example 

transition from free-flow states I with flows higher than the queue discharge rate, to congested states 

III, via transitional congested state II. State II will not get a lower density than the first state III. 

For the link model, this means we effectively add a new path to the solution network for the receiving 

flow to create the transitional traffic state once downstream congestion occurs. On the other hand we 

must remove backward paths when the downstream link end is uncongested, so that flows above the 

discharge rate can be sustained. For both, a set   must be maintained for each downstream link end, 

containing the times it is congested, not including the queue discharge state. Special attention is also 

needed for the dissolution of congestion. If congestion resolves at the downstream link end at time  , 

then the link outflow will be constrained to 
Dq  until some later time  , which is assumed   until it 

is set to a finite value by a queue dissolution procedure as it detects all congestion on the link has 

dissolved. The latter procedure, which must be invoked for the link at the start of every upstream 

and/or downstream time step, also reduces   to prevent dissolved queues from affecting the upstream 

link end. 

4. Resulting link model algorithms 

The algorithms shown on the next page implement our extended link model, supporting arbitrary 

concave fundamental diagrams, optionally with a capacity drop, subject to the restriction that in case 

of a capacity drop the congested branch is linear for 
Sk k . To complete the network loading model, 

these have to be supplemented with an extended node model, which must decide whether or not the 

capacity drop occurs on each of its incoming links. In the full study, we also provide the detailed 

proofs and derivations of our algorithms, present a suitable node model supporting capacity drops and 

investigate numerical examples. 
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As a key element in Intelligent Transportation Systems (ITS), the Advanced Public Transport Systems 
(APTS) aims to attract more people from private cars to public transport so as to reduce traffic congestion. 
Timely and accurate prediction of bus arrival time can improve the quality of public transit service and 
satisfaction of passengers(Kumar and Vanajakshi 2012; Chen et al. 2011). With real-time measurement 
and timely processed traffic information, on the one hand, the transit agencies can adjust the bus 
dispatching system timely and thus improve the level of service; on the other hand, as predicted bus arrival 
time, transfer information and level of service are conveyed to passengers through Global Mobile System 
(GSM) and bus stop signs, travellers can better schedule their trips, as a consequence, alleviate their anxiety 
caused by long wait. 

Nowadays, real-time traffic information services are springing up in China. For example, 
Xingxuntong in Guangzhou provides bus status including dwelling at stops or running between stops which 
is still incomplete information, see Figure 1. According to the ratio of the estimated distance to average 
bus velocity, Kumike provides predicted bus arrival time, which does not coincide with the actual value, 
especially in peak periods, as average bus velocity can’t reflect dynamic downstream traffic status 
efficiently.  
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Figure 1. Interface of Xingxuntong  

 

Figure 2 illustrates an example of bus arrival time prediction. When a bus arrives at Stop i at 𝑇𝑇𝑖𝑖 and 
its running time from Stop i to Stop i + 1 𝑧𝑧𝑖𝑖,𝑖𝑖+1 is to be predicted; then if it starts from Stop m at  𝑇𝑇𝑚𝑚, 
and arrives at Stop n at  𝑇𝑇𝑛𝑛, which can be determined: 
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Figure 2. An example of bus running process 
 

where the running time 𝑧𝑧𝑖𝑖,𝑖𝑖+1 between two stops consists of dwell time at Stop i and travel time between 
i and i + 1. Bus travel time between i and i + 1 is influenced by link length, traffic state, time-of-day 
and day-of-week et al. while dwell time at Stop i is influenced by historical data, time-of-day, ridership of 
boarding and lightning and the amount of bus drawing up. 

Various methodologies have been employed to investigate the arrival time prediction (ATP) and travel 
time prediction (TTP) problem which can be categorized as: 1) historical data-based models; 2) statistical 
models including time series models and regression models; 3) Kalman filtering models; 4) machine 
learning models including artificial neural network (ANN) models and support vector machine (SVM) 
models. Though historical data-based models proposed by Chung and Shalaby (2007) using average travel 
time and Weigang et al. (2002) using average speed achieved sound accuracy, these models were not 
suitable for large city network (Altinkaya and Zontul 2013). Time series models are highly dependent on 
the similarity between the real-time and the predefined historical patterns (Smith and Demetsky 1994). It 
is difficult to solve complex non-linear relationships using regression models as many variables in 
transportation systems are correlated(Chien, Ding, and Wei 2002). Kalman filtering gives promising 
prediction results though it deteriorates facing longer forecasting horizons(Park and Rilett 1999). And the 
experiments conducted by Yu, Lam, and Tam (2011) indicate that SVM outperforms ANN, k nearest 
neighbors algorithm (k-NN) and linear regression (LR). Therefore, it seems reasonable to adopt SVM due 
to its accuracy and robustness.  

To the best of the authors’ knowledge, conventional bus arrival time prediction methods mostly 
considers the velocity of bus while ignoring the impacts of background traffic except Bin, Zhongzhen, and 
Baozhen (2006) and Yu, Lam, and Tam (2011) who estimate traffic conditions with travel speeds of the 
preceding buses. On the other hand, the assimilated velocity of probe vehicles (including taxis, buses, and 
heavy-duty vehicles) in urban network can be regarded as an approximation to real-time traffic state. 
Considering the higher coverage of taxis to buses in urban network and velocity of probe vehicles have not 
been taken into account before, this paper proposes a bus arrival time prediction model using the bus transit 
data and real-time floating car data (FCD). The average traffic speed deduced from the floating car data is 
used to measure the impact of background traffic with respect to different time-of-day. In the first stage, 
sequence forward selection (SFS) algorithm is introduced to select positive correlation features that 
dominate the bus travel time, and different weights are assigned to the selected features. In the second 
stage, the selected features are fed into the support vector regression (SVR) model to predict bus arrival 
time. Bayesian model is introduced to fully consider the impact of historical bus travel time information, 
and nested delay to consider the propagation of traffic flow. A rolling horizon structure enables timely 
update of the prediction results. Finally, to validate the applicability of the proposed model, an empirical 
study is carried out for No.261 bus route in Guangzhou.  

Figure 3 summarizes all experimental results of mean absolute percentage error (MAPE) and travel 
time under different settings with different prediction methods. The legend SVR2 denotes average velocity 
of floating car data joint as SVR input while SVR1 not; consider the average of historical data as base-line; 
ANN represents the results using artificial neural network; GridPrior only considers prior knowledge of 
period and speed; SVR2-Bayes considers prior knowledge of whole historical data of each stop; and SVR2-
Bayes2 considers prior knowledge of each stop, each period and each velocity range. The result (a) shows 
that floating car velocity has great impact on bus travel time, so it’s necessary to include FCD into the 
prediction model. It can be inferred from (b) that SVR model is superior to ANN and the error has a further 
decline after Bayesian correction. As observed in (c), prediction results after Bayesian correction are 
further improved when prior probability is estimated according to periods and velocity ranges. Specifically, 



(d) shows the travel time of a complete route predicted by the above mentioned methods, SVR, SVR-Bayes 
and SVR-Bayes2; in conjunction with (e), where the differences between prediction after Bayesian 
correction and observed results are shown, the total accumulated error approximating 500s is acceptable 
for a one-hour journey, which proves the practicability and applicability of the proposed model. In 
particular, (f) shows the travel time between Stop24 and Stop 25. All in all, comparisons drawn among 
ANN model, SVR model and SVR-Bayes model demonstrate the proposed SVR model performs well in 
terms of both prediction accuracy and computing time and support vector regression model with Bayesian 
correction is an effective approach for bus arrival time prediction. 

 
(a) FCD-considered vs FCD-unconsidered       (b) SVR vs ANN vs SVR with Bayes Correction 

 
(c) Comparison among different prior settings      (d) Travel time of a complete route 

  
(e) Prediction and observation of each stop and    (f) Travel time of intersite 24-25 

accumulated error 
Figure 3. Summary of results 
 
Keywords: travel time prediction; feature selection; support vector regression; Bayesian correction. 
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1. Introduction 

User equilibrium (UE) corresponds to a network loading where no user can unilaterally switch routes 
without increasing their travel costs. It is also referred in the literature as the first Wardrop principle 
(Wardrop, 1952): all travel costs on all used routes linking the same Origin / Destination (OD) pair 
are equal and minimum. This requires that the cost function be continuous and the flow be a 
continuous variable. System optimum (SO) is achieved when the second Wardrop principle holds, i.e. 
when the total travel costs is minimum. The method of successive averages (MSA) (Sheffi, 1985) is 
widely applied to determine UE for both static and dynamic applications, see (Peeta and Mahmassani, 
1995; Friesz et al., 2011; Han, 2013; Mounce and Carey, 2015) for reviews. It is a fixed-point 
algorithm that targets equal travel cost values on all used routes for all possible OD pairs, see eq. (1). 
αn is the step length of each iteration, Pn is the flow vector assigned to all routes (between all OD 
pairs) at iteration n and Φ(Pn) is the route swap function, i.e. the variation to apply to the route flow 
vector.  

 
(1) 

Powell and Sheffi (1982) first proposed additional conditions for this algorithm to converge: the 
objective function should have continuous first and second derivative (with respect to the route flow 
vector). Such conditions have been recently revisited in Friez et al. (2011) and Mounce and Carey 
(2015). Convergence is closely related to UE existence. A necessary condition for existence is 
continuous cost functions and a non-empty compact set of feasible path flows. Strictly monotonous 
travel cost functions on routes is an additional sufficient condition for uniqueness. This is equivalent 
to FIFO rule at the network level, i.e. vehicles should exit the network in the same order they enter. 
However, formal proof of existence of the dynamic UE and the exhibition of the related sufficient 
conditions are far from trivial. Oftentimes they strongly resort to the used network loading model 
(NLM), most often the point-queue model (Newell, 1982) when only route choice is considered or the 
Vickrey’s model (Vickrey, 1969) when both route choice and departure time are considered. Let only 
cite some latest references containing such proofs (Zhu and Marcotte, 2000; Han et al., 2013; Han et 
al., 2015). In particular, Han et al. (2013) are the first to prove existence for strongly continuous travel 
cost functions without requiring a priori bounded cost values. Han et al. (2015) investigates the 
continuity of path delay operator for NML that includes spillbacks. Interestingly, MSA is also a 
convenient algorithm to derive the system optimum (SO) when the marginal travel time definitions 
are used instead of regular cost functions (Peeta and Mahmassani, 1995; Peeta and Ziliaskopoulos, 
2001). Let c(q) be the cost function on a given route with respect to the route flow q. The marginal 
cost function C(q) is then defined as C(q)=c(q)+qc’(q) where c’(q) is the first derivative of c with 
respect to q. Conditions for SO to exist and the SO-MSA to converge are then closely related to those 
that hold for UE. 
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In this paper, we focus on dynamic traffic assignment and investigate both within-day UE and SO 
when the departure times of all vehicles are given. It means that the demand is pre-defined and 
inelastic and that we only consider flow (vehicles) distribution on the different routes between all OD 
pairs. We focus on the performance of the MSA for determining both dynamic UE and SO when 
coupled to a network loading model that account for spillbacks, i.e. the LWR model (Lighthill and 
Whitham, 1955; Richards, 1956). We do not aim to provide any further theoretical contributions about 
the method convergence but to assess its performance in practice by simulating a network structure 
with lots of potential overlapping between routes from the same or different OD pairs. We thus 
choose to focus on a Manhattan-like network, see Fig 1a. Two main questions are tackled: (i) the 
influence of the route swap function Φ and (ii) the impacts of the route selection methods. Two 
Φ functions are investigated for UE. Φ1 mimics an all or nothing assignment process where the 
fraction of each OD flow that has to be switched at iteration n is totally assigned to the current 
shortest route. Φ2 adjusts the route flows on all routes based on the difference between the current 
travel time on each route and the mean travel time on all routes for each OD pair (Han et al, 2013). Φ2 
is also refered as the projected gradient method in the literature. For SO, we only apply Φ1 but 
different definitions of the marginal costs calculated either at the route or at the link level. Two 
different algorithms will be compared for route selection, see 2.1. This will permits to study the 
influence of (i) route overlapping and (ii) the number of routes per OD. 
Different performance indexes will be defined to assess the convergence of the MSA in both UE and 
SO cases, see 2.2. Finally, we will provide a comparison of UE and SO at both macroscopic and 
microscopic scales. Notably, we will define a metric to compare UE and SO path distributions for all 
OD pairs at the flow and at the vehicle level. This is possible because our traffic simulator keeps track 
of all vehicle trajectories. This analysis will permit to exhibit the most penalizing paths that prevent 
UE from getting a reduced total travel cost. In other words, we will look for path modifications in UE 
with the highest potential gains in terms of global optimum. 

2. Methodology 
2.1 Simulation settings 

We consider here a squared Manhattan network with 4 horizontal and 4 vertical one-lane arterials, see 
Fig 1a. Intersections are regulated by traffic signals with equal green times (30 s) for north-south and 
west-east movements and no specific phase for turning maneuvers. Left turning vehicles need to yield 
to incoming through vehicles. The network has 16 origins and 16 destinations. All origins have the 
same time-independent demand level Qe. The demand distribution to destinations is uniform. Traffic 
dynamics within the network are simulated using a mesoscopic version of the LWR model (Leclercq 
and Becarie, 2012). The simulator calculates the time when each vehicle crosses the internal link 
boundaries. The fundamental diagram is triangular with the same parameters for all links: free-flow 
speed, u=15 m/s, wave speed, w=5.9 m/s and jam density κ=0.17 veh/m. 

 
Figure 1: (a) Sketch of the network (b) total entering and exiting cumulative count curves – definition of the different time 
periods 

Two different route selection methods are used. First is the direct application of a classical k-shortest 
path algorithm for all OD pairs using free-flow travel times as cost functions. By construction, several 
alternatives have the same minimal costs in our network. Furthermore, k-shortest path algorithms tend 
to select alternatives with high level of overlapping with the shortest route. We will test the impacts of 
the number of routes k on the results. We investigate also a second route selection method. We again 
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apply the same k-shortest path algorithm but with four times more routes, i.e. k’=4k. Then, we 
calculate the degree of overlapping of each path i compared to all the others using the common factor 
definition CFi provided in Cascetta et al. (1996). Low CFi means low overlapping with the other 
routes. We partition all routes related to the same OD pair into 4 groups based on the CFi values. 
Finally, we select only k routes for all OD pairs within the same group. This permits to investigate 4 
different route settings for a given k value that correspond to different degrees of overlapping. 
Different levels of demand Qd are tested. Fig 1b presents the different time periods we consider. All 
the different indexes to assess the MSA performance are calculated over the observation period. We 
omit the warm-up period and the final time period in order to know the travel times of all vehicles that 
enter during the observation period. MSA iterations start after the warm-up period. The route flow 
vector is constant over the full assignment period, including the observation period. We also check 
that the network experiments (quasi-) stationary macroscopic traffic conditions over the different 
MSA iterations, i.e. that the total entering and exiting cumulative count curves are nearly parallel. 

2.2 Performance indexes 

To assess the MSA performance, we define 4 normalized indexes for the UE case. CI-1 is the fraction 
of routes where the absolute difference in flow between two successive iterations is less than ε1. Note 
that this is the classical criterion to determine MSA convergence. CI-2 is the fraction of links where 
the relative difference between the initial travel time prediction at the beginning of the iteration and 
the effective travel time at the end of the iteration is less than ε2. The initial prediction is used to 
calculate the route flow vector. This index tries to assess consistency between the travel times used to 
calculate the route flow distribution and the impacts of this distribution in terms of travel times. CI-3 
is closely related to the first Wardrop principle. It is the fraction of OD pairs where the maximum 
relative travel time difference between all pairs of used routes is below ε3. Finally, CI-4 is a variant of 
CI-3 with the same objective. It is the fraction of OD pairs where the coefficient of variation (ratio of 
the standard deviation and the mean) of all individual travel time for all used routes is below ε4. Note 
that CI-4 can be further extended by considering the distribution of the coefficient of variation for all 
OD pairs. For the SO case, we simply resort to the total travel time of all vehicles. 

3. Results and conclusions 

 
Figure 2: MSA performance for UE determination (a) Convergence speed for the different indexes and Φ1 (ε1=0.02 veh/s, 
ε2=10 %, ε2=10 %, ε2=0.2) (b) Distribution of the coefficient of variation of the individual travel times for all OD pairs (c) 
Comparison of the convergence speed for Φ1 and Φ2 (d) evolution of the network macroscopic traffic states at each iteration 
for different total demand level.  

We only present here preliminary results related to UE and Qe=0.2 veh/s. Fig 2a presents the values of 
the CI-i indexes for Φ1 and k=3 using the k-shortest path method. It highlights that convergence is 
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totally achieved with respect to CI-1 and CI-2 with no more than 7 iterations. It also shows that 
convergence is even faster for CI-3 and CI-4 but is only partial. CI-3 stabilizes around 82% while CI-
4 stabilizes around 78%. Thus, the first Wardrop principle roughly holds for 80% of the network but 
not for the entire network despite CI-1 is close to 100%. Fig 2b reinforces this conclusion. It presents 
the distribution of the coefficient of variation of the individual travel times for all OD pairs. This 
coefficient should have been equal to 0 for all OD pairs under a perfect UE. Here, the 90-percentiles 
is below 0.25, which means that the distribution is relatively tight. However, travel times on a route 
and between routes of the same OD pairs are not identical after identical even if we are in a stationary 
state at the network level. Fig 2c compares the convergence rate using Φ1 and Φ2. It appears that Φ2 
makes the MSA converge faster with respect to the classical CI-1 index but the final state of the 
network looks closer to the first Wardrop principle when Φ1 is applied (higher CI-3 values). Further 
tests are required notably to consider the influence of the parameter that defines the adjustment rate at 
each iteration in Φ2. Finally, Fig. 2d shows the macroscopic fundamental diagram, i.e. the total travel 
distance with respect to the total travel time for each MSA iteration and different Qe values. It mainly 
shows that as iterations comes close to UE, the macroscopic performance of the network improves 
with higher total travel distance and lower total travel time. 
Because this research is undergoing, complete results related to UE and SO with the different route 
swap functions and route selection methods will be included latter in the final version of the paper. 
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1. Introduction 

 

Maintaining a steady headway between successive buses is important for urban bus operations. The 

reliability of bus services will be significantly improved if we have better means to regulate bus 

headways, especially in peak hours. In public transport, bus bunching or bus platooning refers to the 

situation wherein a group of two or more transit vehicles, which are supposed to be evenly spaced 

cruising along the route, traveling or bunching together along the route. To describe this phenomenon, 

consider a particular bus running along its route and suppose it is slightly delayed at one stop so that it 

gets behind schedule. At the next stop, more than usual number of passengers will have arrived and it 

will take longer for boarding, which will further aggravate the delay. This bus therefore will get further 

behind schedule and the delay will gradually amplify along the route. The bus that runs behind this 

particular one will, on the other hand, load fewer and fewer passengers at each stop; thus it will get 

further and further ahead of schedule, eventually catching up with the delayed bus ahead, with the two 

buses bunching together. Due to this effect, the subsequent bus will get behind schedule, and eventually 

alternate buses will bunch together in pairs. That is why bus bunching is a natural tendency during 

operations. Other than leading to unreliable services and longer waiting times for passengers, it will 

also result in underutilization of buses bunching together, and consequential overcrowded services on 

buses arriving after the bunching buses. 

 

Previous studies mainly focused on the development of a schedule (Zhao et al., 2006) or a priori target 

headway (Daganzo, 2009; Daganzo and Pilachowski, 2011; Xuan et al., 2011) to prevent bus bunching. 

However, under variable congestion and loading along the route, without active intervention, simply 

developing a schedule or target headway will not completely solve the problem. To rectify this problem, 

Bartholdi and Eisenstein (2012) proposed a new method to coordinate buses. Under their scheme, 

headways would be self-equalized dynamically, with the natural headway of the system emerged 

spontaneously, thereby self-correcting the headways after disturbances. The proposed method was 

shown to have better efficiency to guard against bus bunching, while imposing less intervention to bus 

drivers.  

 

In designing the holding strategy, however, Bartholdi and Eisenstein (2012) only considered the 

headway ahead of the control point while ignoring the headway information behind the control point. 

In our previous studies (Zhang and Lo, 2014, 2015), we proposed a two-way-looking self-equalizing 

control method utilizing both the headways ahead and behind the control point. That scheme 

dynamically determines whether the arriving bus should be held or not, and the exact holding time is 

determined based on this pair of headways before and after the control point. The method requires less 

information than the conventional target headway control and frees bus drivers from having to 

repeatedly check their arrival times at stops against the target schedule. This will allow drivers to follow 

the holding instructions easily, while self-correcting the headway discrepancy. 

 

In this study, we will extend the two-way-looking scheme for dynamic control. The control point is no 

longer fixed, but dynamically selected or located based on the most effective location to correct the 

headway discrepancy. Every time one bus arrives at a stop, we will compare the differences between 

the backward headway and forward headway, and determines the largest one to implement control. 
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Thus, the dynamic control point is placed at the stop that exhibits the most recent biggest headway gap. 

For stops with the same biggest difference, we will choose one that has a smaller forward headway to 

eliminate bus bunching. Compared with the regular method, we will show the headway convergence 

rate in this dynamic control will be significantly accelerated. In the following, we will provide more 

details of the methodology and results. 

 

2. Methodology 

 

Similar to target schedule and target headway control approaches, our method is to regulate bus 

headways by selectively holding buses, at dynamically chosen control points. This dynamic control 

point is chosen for the bus that has the biggest gap between its backward and forward headways in each 

control iteration. This procedure relies on the availability of headway information in real-time, which 

is becoming common place. So every time a bus arrives at a bus stop, we will repeat the procedure. To 

illustrate our scheme, firstly, consider a circular bus route with a dynamic control point, we number the 

bus that newly arrives at the control point as bus 1, and index the other buses sequentially in the direction 

of travel, so the next bus arrives at the control point is bus n. Then, index those instants at which one 

bus arrives at a bus stop as t 1,2, . And re-index the buses each time at these moments so that the 

newly-arrived at the dynamic control point bus is always bus 1, and the bus ahead is referred to as bus 

2, and so on, until the last bus, or the next bus to arrive at the control point, is bus n .  

 

The termination criterion for this scheme is 1n

t t th h    , where   is the termination control 

parameter. Let the vector  21 , , ,t t

n

th h ht
h  represent the headways of the buses at instant t . The 

headway 
t

ih  is the time separating bus i  from bus 1i   at instant t  (i.e., the t th iteration). Therefore, 

1 1 ,n i

t t

i

t th h ih h    , and if 1 ,t t t

q i i

tt

p i h h i        , we compare 
t

ph  and 
t

qh . To limit bus bunching, 

we choose the smaller one to determine the dynamic control point, thus we should carry out holding 

strategy for bus vehicle p (automatically adjust p  to index 1 for this iteration), assumed that p q

t th h . 

The idealized model treats the dynamical system as n  buses running at a constant average velocity v  

along a circular route of length that can be normalized to 1, and all bus headways will converge to a 

common value of  * 1/h nv . 

 

 

Figure 1: Illustration of dynamic two-way-looking self-equalizing headway control method 

 

Our control strategy is to hold bus 1 at the control point for duration of 1( )t

n

th h  , where   is the 

parameter that determines the sensitivity of the perturbation scheme. Unlike conventional control 
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schemes, our method abandons both the notions of a schedule and any pre-specified target headway, 

with the only goal of reducing the variation among headways.  
 

Subsequent to GPS, real-time locations of all buses on a route as well as bus velocities can be obtained. 

In our scheme, we make use of the Automatic Vehicle Location (AVL) technology to get real-time data, 

but as little as possible. With new information and communication technologies development, such as 

the widespread implementation of vehicle-carrying AVL devices, it is possible to obtain all bus 

headways information in real-time. Therefore, application of this dynamic self-equalizing headway 

control should face no major technical barriers. It is critical that dynamic control will create a force that 

resists bus bunching, and a common headway will spontaneously emerge due to the perturbation.  

 

3. Examples 

 

To illustrate our dynamic control scheme, we use two simple examples to demonstrate how the 

headways evolve during operation, and compare with the regular self-equalizing control method. For 

simplicity, we assume the total travel time for each trip is constant, while for stochastic scenarios, all 

the headways will be regulated as well in the same manner. However, due to the influences of the 

uncertainty of travel time, the variance of all bus headways may not always converge to zero, even 

though its trend will. 

 

In these two examples, the bus operation contexts are set as three buses running along a round-trip route. 

Three bus stops are evenly space located along the route; the total travel time for one trip is 30mins; 

and the initial headway settings for Case 1 and Case 2 are, respectively, 10 ,2 ,18mins mins mins and 

10 ,18 ,2mins mins mins . The termination condition for the case study is set to be 2mins   and the 

control parameter   set to be 0.5. Table 1 and Table 2 list how the headways evolve by conducting our 

dynamic control scheme and we compare the results with regular two-way-looking self-equalizing 

headway control method. 

 

Table 1: Convergence rate comparison between dynamic control and regular control for Case 1 

Iterations 
Dynamic control Regular control 

1h   2h  3h  Holding time Time(min) 1h   2h  3h  Holding time Time(min) 

1 10 2 18 (10-2)/2=4 0 10 2 18 (18-10)/2=4 0 

2 6 6 18 (18-6)/2=6 8 14 14 2 No 18 

3 6 12 12 (12-6)/2=3 14 2 14 14 (14-2)/2=6 20 

4 9 9 12 (12-9)/2=1.5 16 8 8 14 (14-8)/2=3 34 

5 9 10.5 10.5 Stop 17.5 11 11 8 No 48 

6 
N/A 

8 11 11 (11-8)/2=1.5 56 

7 9.5 9.5 11 Stop 57.5 

 

Table 2: Convergence rate comparison between dynamic control and regular control for Case 2 

Iteration

s 

Dynamic control Regular control 

1h   2h  3h  Holding time Time(min) 1h   2h  3h  Holding time Time(min) 

1 2 10 18 (18-2)/2=8 0 10 18 2 No 0 

2 10 10 10 Stop 8 2 10 18 (18-2)/2=8 2 

3 N/A 10 10 10 Stop 10 

 

For different initial headway settings, the termination times for the control are quite different. While in 

real-life situation, due to the complicated bus operation environment, bus headway changes are hard to 

predict. In our numerical simulations, we can see that both headways are converging under dynamic 

control and regular control in both cases. However, the times they take vary widely. The termination 



4 
 

times in dynamic control are only 30% and 80% of those of regular control, respectively. In Case 1, the 

termination time of dynamic control scheme is shifted 40mins earlier than that in regular control, which 

is a considerable improvement; while in Case 2, even though headways converge in both control 

schemes, the termination time is also improved in dynamic control.  

 

The results confirms that dynamic control is more efficient to regulate bus headways. Generally, all the 

bus headways will converge to a stable value in less than the round-trip travel time under dynamic 

control. However, such a result does not often occur in regular control. More specifically, dynamic 

control will interfere headways more timely than regular control. Even for situations where the bus 

headways change systemically, such as in adding and removing buses to the route or bus break-down, 

dynamic control is able to restore headway regularity in a short time.   

 

To summarize, when the bus headway information is available in real-time, as is getting common, the 

implementation of dynamic control can bring about relatively fast restoration of a constant headway. 
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1. Introduction 
 
Simulation-based dynamic traffic assignment (DTA) models require both demand and supply inputs to 
accurately capture traffic dynamics. The demand-related inputs typically include time-varying origin-
destination (OD) matrices and route choice models, while the supply-side usually contains link 
capacities, queuing models and traffic flow fundamental diagrams. Rather than a volume-delay function 
used in static models, traffic flow fundamental diagrams are employed in DTA models, which, for 
purposes of simulation accuracy and reliability, should be calibrated either off-line using archived 
traffic data or on-line using real-time traffic data. 
 
Previous research efforts on off-line calibration mainly focused on fitting a curve to the observed traffic 
data either in normal situations (Del Castillo and Benitez, 1995; Smith et al., 1996; Leclercq, 2005) or 
under adverse weather conditions (Mahmassani et al., 2012; Hou et al., 2013). Ideally calibration should 
be conducted on a per-link basis, assigning each link with its own traffic flow fundamental diagram to 
reflect the ground truth. For a microscopic model which encompasses a small area, such an idea for 
calibration may be justified, whereas for a large-scale real-world network with hundreds or thousands 
of links, it may be practically prohibitive to perform the same level of calibration, and thus a trade-off 
is needed such as grouping strategies (Chiu et al., 2011). It is common practice to calibrate and assign 
a particular speed-density relationship for links with similar physical attributes (e.g. mainline/weaving 
section/ramp by number of lanes and speed limit) using traffic data in a short timeframe without any 
further internal differentiation, which may be considered, in some sense, a type of supervised machine 
learning that is unable to discover features in data by its own (Mohri et al., 2012). Such a limitation 
may lead to potential inaccuracy during simulations and thus unreliable outputs, motivating the need to 
further exploit the applicability of unsupervised machine learning that is data-driven, i.e. to cluster links 
based on real-world traffic flow characteristics rather than simply relying on certain physical attributes. 
 
2. Methodology 
 
A novel two-stage clustering framework is proposed for the calibration and application of traffic flow 
fundamental diagrams in network simulations, illustrated in Figure 1. Implemented by Mahmassani et 
al. (2009), the dual-regime modified Greenshields model (mathematically expressed in Eq. (1)) is 
empirically valid for freeway traffic and thus chosen to fit the obtained big traffic data from Melbourne, 
consistent with a previous study by Hou et al. (2013). 

 𝑣𝑣𝑖𝑖 = �
𝜇𝜇𝑓𝑓                                                0 < 𝑘𝑘𝑖𝑖 < 𝑘𝑘𝑏𝑏𝑏𝑏

𝑣𝑣0 + (𝑣𝑣𝑓𝑓 − 𝑣𝑣0)�1 −
𝑘𝑘𝑖𝑖
𝑘𝑘𝑗𝑗
�
𝛼𝛼

    𝑘𝑘𝑏𝑏𝑏𝑏 < 𝑘𝑘𝑖𝑖 < 𝑘𝑘𝑗𝑗
 (1) 
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The model includes four parameters (𝑣𝑣0,𝑣𝑣𝑓𝑓 , 𝑘𝑘𝑏𝑏𝑏𝑏,𝛼𝛼) which jointly determine the shape of the speed-
density curve, and is estimated using the non-linear least squares method (𝑘𝑘𝑗𝑗 is usually assumed and 𝜇𝜇𝑓𝑓 

is replaced by 𝑣𝑣0 + (𝑣𝑣𝑓𝑓 − 𝑣𝑣0) �1 − 𝑘𝑘𝑏𝑏𝑏𝑏
𝑘𝑘𝑗𝑗
�
𝛼𝛼

). 
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Figure 1: A flowchart representation of the proposed two-stage framework 

 
To capture day-to-day variations in traffic flow characteristics, calibration is conducted on a daily basis 
for each link. Note that the speed-density relationship is influenced by external factors (e.g. weather, 
work zone or traffic management), and thus does not always reflect the normal traffic conditions. Under 
the assumption that normal traffic state can be observed during most days of the year, the standard k-
means algorithm, proposed by Lloyd (1982), is applied to refine the initial calibration results and to 
extract those that reflect normal traffic dynamics. Two issues occur during this process, one being the 
undesirable shape of the calibrated and clustered models (due to 𝛼𝛼 ≤ 1 that leads to concavity/linearity 
of the congested regime rather than convexity), and the other being the slight disaggregation of the fitted 
free-flow speeds within the cluster (these calibrated models are still clustered due to large similarity of 
the congested regime). To solve the former, a selection criterion is set to filter out those undesirable 
models; and to fix the latter, the method of hierarchical clustering is further utilized. 
 
Two approaches are proposed to aggregate links with similar traffic dynamics, one being the method of 
averaged curve based on the standard k-means algorithm, and the other being the multivariate time-
series clustering based on similarity factors (Singhal and Seborg, 2005). The method of averaged curve 
is fairly simple and intuitive. By calculating the mean value of each estimated parameter, a 
representative speed-density relationship can be obtained for each link. To account for the variability 
in traffic flow fundamental diagrams that is not addressed by the method of averaged curve, the 
multivariate time-series clustering is further proposed as an extension/improvement, which can be 
treated as a modified k-means algorithm using principle component analysis (PCA) similarity factor 
(Krzanowski, 1979) and Mahalanobis distance similarity factor (Singhal and Seborg, 2002). Hence, the 
major difference lies in the distance metric 𝑆𝑆𝑆𝑆 which is a linear combination/weighted average of the 
two similarity factors 𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃 and 𝑆𝑆𝑀𝑀𝑀𝑀 rather than the Euclidean distance used in the standard k-means 
algorithm (mathematically shown in Eqs. (2-4)). 

 𝑆𝑆𝑆𝑆 = 𝛼𝛼1𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃 + 𝛼𝛼2𝑆𝑆𝑀𝑀𝑀𝑀,   𝛼𝛼1 + 𝛼𝛼2 = 1 (2) 
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𝑆𝑆𝑃𝑃𝑃𝑃𝑃𝑃 =

∑ ∑ �𝜆𝜆𝑖𝑖𝑙𝑙𝜆𝜆𝑗𝑗𝑚𝑚� 𝑐𝑐𝑐𝑐𝑐𝑐2 𝜃𝜃𝑖𝑖𝑗𝑗𝑘𝑘
𝑗𝑗=1

𝑘𝑘
𝑖𝑖=1

∑ 𝜆𝜆𝑖𝑖𝑙𝑙𝜆𝜆𝑖𝑖𝑚𝑚𝑘𝑘
𝑖𝑖=1

 (3) 

 
𝑆𝑆𝑀𝑀𝑀𝑀 = �2

𝜋𝜋
� 𝑒𝑒−

𝑥𝑥2
2

∞

Φ
𝑑𝑑𝑑𝑑,   Φ = �(𝑐𝑐𝑙𝑙 − 𝑐𝑐𝑚𝑚)𝑇𝑇𝑆𝑆𝑚𝑚−1(𝑐𝑐𝑙𝑙 − 𝑐𝑐𝑚𝑚) (4) 

where 𝜆𝜆𝑖𝑖𝑙𝑙 and 𝜆𝜆𝑗𝑗𝑚𝑚 are the 𝑖𝑖𝑡𝑡ℎ and 𝑗𝑗𝑡𝑡ℎ eigenvalues of the principle component (PC) subspaces for datasets 
𝐿𝐿 and 𝑀𝑀, 𝜃𝜃𝑖𝑖𝑗𝑗 is the angle between the 𝑖𝑖𝑡𝑡ℎ and 𝑗𝑗𝑡𝑡ℎ PCs of 𝐿𝐿 and 𝑀𝑀, 𝑘𝑘 is the number of PCs, Φ is the 
Mahalanobis distance, with 𝑐𝑐𝑙𝑙  and 𝑐𝑐𝑚𝑚 being the mean vectors of 𝐿𝐿 and 𝑀𝑀 and 𝑆𝑆𝑚𝑚−1 being the inverse 
covariance matrix of 𝑀𝑀, 𝛼𝛼1 and 𝛼𝛼2 are weightings. 
 
3. Preliminary results 
 
Calibrated models for each selected link are expressed as an 𝑁𝑁 × 4 matrix, where each row represents 
a sequence of the four estimated parameters for a single day. Since each sequence of the four estimated 
parameters is considered as an observation in the four-dimensional Euclidean space, the method of 
averaged curve works by calculating the mean value of each estimated parameter, i.e. the centroid of 
observations. By using the PCA technique, the clustering results are visualized in Figure 2. 
 
To further consider day-to-day variations in traffic flow (stochasticity of traffic), the multivariate time-
series clustering is used, and the clustering results are visualized in Figure 3. Different from Figure 2(b), 
Figure 3(b) exhibits much greater irregularity as expected, since day-to-day variations are fully 
considered. Note that the data points lying around the center of the figure are greatly overlapped, 
indicating that, though the mean vectors of estimated parameters for any two links are similar, they can 
still be grouped into different clusters considering the variability of traffic flow. 
 
4. Discussions 
 
Compared with the method of averaged curve, the multivariate time-series clustering is particularly 
useful when stochasticity of traffic is further considered in the simulation, which is along the same line 
with a previous study by Muralidharan et al. (2011) that proposed a probabilistic graphical model of 
fundamental diagram parameters for the stochastic simulation of a freeway section. 
 
Note that the proposed methodology is generic and thus can be applied to any type of traffic flow model 
and any road category. And such an approach is able to further facilitate the stochastic simulation of 
traffic flow. Obtained results can be loaded into the simulation model as supply-side inputs so as to 
improve the practical application of large-scale network simulations. 

 
 

                     (a) Visualized clustering results                         (b) Representative models 
Figure 2 Obtained results using the method of averaged curve 
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       (a) The “knee” criterion                          (b) Visualized clustering results                                                             
Figure 3 Obtained results using the multivariate time-series clustering 
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1 Introduction 
For decades congestion levels around the world are rising. To properly incorporate the effects of 
congestion into strategic transport models, a shift from static capacity restrained towards capacity 
constrained and dynamic traffic assignment models has occurred. In this paper we focus on quasi 
dynamic assignment models (more specific: static-capacity and storage constrained models by the 
definitions in Bliemer et al (2015)). These models explicitly capture the flow metering and spillback 
effects of congestion, but assume stationary demand during a single time period (e.g. a whole peak 
hour) and are therefore more scalable and mathematically tractable, both important properties for 
strategic transport models.   
Although computational capabilities of current hardware allow for large scale application of such 
models, the incorporation of capacity constraints causes route cost functions to be much more sensitive 
and to be inseparable over space (the latter occurs when routes share bottleneck nodes). Furthermore, 
the incorporation of storage constraints further increases inseparability (which occurs when queues spill 
back onto upstream links) and causes cost functions to become implicit. As such quasi dynamic models 
do not fully contain the favorable mathematical properties that are exploited in many algorithms to solve 
their capacity restrained counterparts and in fact do not necessarily comply with the requirements for 
existence and/or uniqueness of the user equilibrium (theorems 1.4 and 1.8 in Nagurney (1993)).  
Although in reality these unfavorable properties exist, a substantial body of research suggests that their 
(spatial) occurrence is limited and as such “…have minimal practical temporal and spatial 
consequences…” (Peeta and Zilliaskopoulos (2001)). However, several large scale applications using 
the quasi dynamic assignment model STAQ (first described in Brederode et al (2010)) have shown that 
especially the addition of storage constraints causes poor or non-convergence in real world applications. 
Further investigations in this paper will show that also the capacity constraints on their own can cause 
serious convergence issues.  
Contributions in this paper are (i) to give an overview of methods in literature and logical extensions to 
those methods that could improve convergence of quasi dynamic assignment models, (ii) to reveal and 
illustrate mechanisms that cause the convergence issues using examples on theoretical networks and 
(iii) to investigate to what extent enhancements to existing algorithms can be used to (partly) get around 
the convergence issues encountered. Ultimately, this research should lead to a method that generically 
solves quasi dynamic assignment models.  
 
2 Methodology 
The scope of the research is narrowed down by assuming that (i) a route based modelling framework 
consisting of separate route choice and propagation models interlinked by route demands and route 
costs is used and that (ii) travelers have perception errors on route travel times, leading to the stochastic 
user equilibrium (SUE). We choose to use the multinomial logit (MNL) model to calculate route choice 
probabilities, such that route demand �� is defined by: 

exp( ) / exp( )
od

p od p od p odp P
f c c Dµ µ ′′∈

= − −∑ , (1) 

where �� is the route cost on route �, ��� is the scale parameter describing the degree of travelers’ 
perception errors on route travel times (where perfect knowledge is assumed when ���  approaches 
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infinity) and ��� is the travel demand for OD pair 	
. Here (and in most real world applications) ��� 
a global scale parameter � is normalized over ODpairs by ��� = �/ min

�∈���
��
�, where ��

� is the free flow 

cost on route �. This normalization ensures that the relative effect of perception errors is the same on 
all ODpairs (regardless of their average route travel time). As measure of convergence we use the gap 
function derived in Bliemer et al (2013) that will reach zero upon convergence when using MNL: 

1

( , )

( , )

( ln )
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p p od p odo d p P

od odo d

f c f
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D

µ ψ

ψ

−
∈

+ −
=
∑ ∑

∑
, (2) 

where ��� = min
�∈���

[�� + ���
�� ln ��] represents the minimum stochastic path cost. Note that by omitting 

the summation over OD pairs in both enumerator and denominator, the gap value for a single OD can 
be obtained, useful when investigating which ODpairs cause convergence issues.  
In order to enforce and speed up convergence, stochastic route based traffic assignment models typically 
average route demands over iterations � using some ‘averaging scheme’ that applies iteration specific 
step sizes ��. To ensure that the averaging scheme itself does not cause divergence, the conditions 
∑�� = ∞ and ∑��

! = ∞ must hold (Blum (1954)) meaning that the step sizes must decrease in every 
iteration. The simplest averaging scheme tested is the method of successive averages (MSA) that uses 
�� = 1/�. A well-known problem of MSA is that convergence tends to slow down as the number of 
iterations increases. Tested variations on MSA that give more emphasis on later iterations using pre-
determined step sizes include raising � to some power # < 1, to reset � every other % iterations while 
maintaining current route costs (MSA-reset), to use constant step sizes or to use �� = �

�/∑ ���..�  
(MwSA, Liu et al (2007)) where 
  is a constant. More intelligent averaging schemes tested use 
information of previous iteration(s) to determine �� are the Self Regulating Average (SRA, Liu et al 
(2007)) and SRA with dynamic step size (Taale and Pel (2015)).  
 
2.1 Test Cases 
To investigate the mechanisms that cause convergence issues a generic test network displayed in Figure 
1 is constructed. In this network the effects on convergence of adding capacity and storage constraints 
can be isolated because the two aspects of interest (sensitivity and extent of inseparability of the implicit 
cost functions, see section 1) can be controlled by adjusting link lengths. Assuming a demand of 2000 
veh on both OD pairs and free flow link speeds and capacities defined on the right side of Figure 1, the 
upstream nodes of links 5 and 7 form potential bottleneck locations. For both ODpairs two routes exists: 
a constrained route using a potential bottleneck node and an unconstrained (direct) route.  

Figure 1: generic network geometry (left) and link attributes (right) 
 
The lengths of links 3, 4 and 6 are variable, while the definitions of link lengths 5 and 7 ensure that in 
all specific networks derived from this generic network, the constrained routes have lower free flow 
travel time than the constrained route, meaning that in all specific networks, both bottlenecks are 
activated under SUE conditions. Three specific networks are considered:  

Link 

# 

Length (l) 

[km] 

Free speed (v) 

[km/h] 

Capacity (C) 

[veh/h] 

1 5 100 2000 

2 10 100 2000 

3 l3 120 4000 

4 l4 120 2000 

5 10-l3-l4 120 1000 

6 L6 120 2000 

7 5-l3-l6 120 1500 

2 

D1 

3 
4 5 

1 

6 

D2 

7 

O 
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• The Independent network, in which l3=0, l4>0 and l6>0. In this network all routes are independent 
• The Dependent network, in which l3>0, l4=0 and l6=0. In this network link 3 is shared by two routes.  
• The Spillback network, in which l3>0, l4>0 and l6=0. In this network l4 is chosen such that spillback 

from link 4 onto its upstream link (3) occurs under SUE conditions.  
The influence of inseparable route costs due to capacity constraints (routes sharing a bottleneck) can be 
examined by comparing assignment results on the dependent with the independent network, whereas 
the influence of spatial inseparability of the cost function due to storage capacity constraints (spillback 
on upstream links) can be examined by comparing assignment results on the spillback network with the 
dependent network. It is expected that increased inseparability worsens convergence and thus that the 
independent network will converge best, the dependent network will converge worse and the dependent 
network with spillback will converge worst. 
The influence of sensitivity of the implicit cost functions has been examined by scaling all link lengths, 
thereby controlling the ratio between free flow travel time and travel time in congestion, while 
maintaining the same solution under free flow conditions. The extent to which results are transferable 
into real size networks has already partly been examined by application on a network of the city of Den 
Bosch (the Netherlands) consisting of  150 centroids, 8500 links, 7000 nodes and 25000 routes. Because 
this is still work in progress and due to space constraints, both analyses will not be discussed here.  
 

3 Preliminary results and conclusions (existing methods) 
All averaging schemes mentioned in section 2 where implemented and tested using recommended 
parameter values provided in literature. When ranked by the number of iterations needed to achieve true 
SUE conditions (gap value to machine precision) SRA proved to be the best method on all networks. 
Results are displayed on the left hand side of Figure 2, MSA results where added as a reference. 
Considering the left part of Figure 2, the gap values show oscillations in the first 9-22 iterations until a 
value around 1E-02 is reached. Further investigation showed that these oscillations are formed due to 
iterations in which the averaging scheme overshoots, causing the bottleneck on (one of) the constrained 
routes to deactivate, and thus become inconsistent with the state under SUE conditions. Only after this 
‘unstable phase’ the correct state is maintained and convergence accelerates and smoothens. Because 
MSA takes less iterations to stabilize into the correct state, it outperforms SRA until about iteration 24-
30, after which SRA clearly takes over. Apparently, SRA suffers from using the information from 
iterations in the unstable phase, causing the step sizes to be decreased too much. After reaching the 
stable state, SRA maintains relatively large step sizes whereas MSA’s continue to decline slowing down 
convergence.  
Comparing the different networks, both MSA and SRA runs show unexpected results: using MSA the 
dependent network shows better convergence than the independent network, whereas using SRA, the 
dependent network with spillback shows better convergence than the dependent network. Additional 
runs in which demand was increased to ensure that bottlenecks are never deactivated (and thus no 
unstable phase occurs) did show expected results and much better convergence for all networks and 
averaging schemes, suggesting that the extent to which the unstable phase occurs determines the speed 
of convergence in later iterations. 
 
4 Preliminary Results and conclusions (enhanced methods) 
Based on test results (partly) discussed in section 3 two enhancements to SRA are proposed and tested. 
Analysis of gap values per OD showed that the least converging ODpair contributes the most to poor 
gap values. Therefore we propose a new averaging scheme called SRA-ODspecific, which determines 
OD pair specific step sizes, giving SRA a higher degree of freedom during step size optimization. 
Furthermore, realizing that the normalization of the scale parameter based on free flow instead of 
congested cost yields too large scale parameters and thus too high sensitivity of the route choice model 
on congested ODpairs, we propose to normalize the scale parameter in each iteration based on the 
current maximum route cost for the considered ODpair. We choose to use the maximum (not the 
weighted average) route cost because this will stabilize the most sensitive ODpairs the most, since 
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differences between minimum and maximum route costs are the largest on those ODpairs. After the 
instable phase, differences between minimum and maximum route cost will decline and the 
‘overcompensation’ of the normalized scale parameter automatically diminishes. Additional test runs 
confirmed that using the maximum route cost clearly outperforms using the (weighed) averaged or 
minimum route cost for normalization of the scale parameter.  
 

 
Figure 2: Convergence on test networks (left: MSA vs SRA, right: enhanced methods) 
 

Results of the enhanced methods are displayed on the right hand side of Figure 2. Compared to SRA, 
SRA-odspecific accelerates convergence on the independent network after iteration 50, reaching 
machine precision in just over 120 iterations. This big improvement makes sense when realizing that 
on the independent network, routecost is separable over both ODpairs, which is exactly what SRA-
ODspecific implicitly assumes. On the other networks, routecost is inseparable over ODpairs, which 
explains why SRA outperforms SRA-odspecific on these networks. Normalization of ��� in each 
iteration in combination with SRA-ODspecific shortens the stabilization phase on the Independent and 
Spillback networks, thereby greatly improving convergence. On the Dependent network, the negative 
effect of SRA-odspecific apparently outweighs any potential positive effect of ��� normalization, 
indicated by the slightly worse performance compared to SRA-odspecific. Therefore, for this network 
a run with normal SRA and normalized ��� was run (dotted blue line in right hand side graph) which 
shows that also for this network, normalizing ��� can indeed improve results (compare to SRA).  
 

5 Overall conclusions and further research directions 
In this abstract methods in literature and logical extensions to those methods that could improve 
convergence of quasi dynamic assignment models where investigated. Two important mechanisms 
causing convergence issues where identified (existence of an ‘instable phase’ and spatial inseparability 
of route cost functions) using examples on theoretical networks and two enhancements to existing 
methods where proposed and successfully demonstrated.  
Based on this research, novel methods that will be tested in the full study include SRA applied to 
ODpairs clustered by usage of bottlenecks, two hybrid forms of MSA and SRA, diagonalization and/or 
dampening of spillback effects, capping routecost for routes where the ratio between time in congestion 
and total travel time is too high and discarding diverging iterations instead of only lowering their step 
size (as SRA does).  
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1. Introduction 

 

Travel demands are derived from the desire of people to participate in various financially and socially 

stimulated activities such as work, eating and shopping. Over the past decades, to perceive the 

underlying motivation of trip making, increased attention has been given to the activity-based 

approach in travel behaviour modelling (Yamamoto and Kitamura, 1999; Ruiz and Roorda, 2011; 

Chow and Recker, 2012; Liao et al., 2013). Many activity-based travel behaviour models have been 

proposed based on individuals’ independent decision making. However, in reality, both independent 

and joint activities/travels form individual’s normal daily activity-travel patterns. A joint activity-

travel pattern (JATP) can be used to describe household members’ all independent and joint 

activity/travel choices. The consideration of household’s activity and travel choice behaviour in 

stochastic transport networks is an important research area, as yet largely unexplored. On this basis, 

an investigation of households’ activity and travel behavioural change over time is an essential 

component in dynamic travel behaviour analysis.  

 

In the literature, several static network equilibrium models have been proposed to model individuals’ 

daily activity and travel choice behaviour (Ramadurai and Ukkusuri, 2010; Fu and Lam, 2014; Liu et 

al., 2015). It is assumed in these static network equilibrium models that travellers have perfect 

information on network traffic conditions and are perfectly rational in maximizing their utilities for 

chosen activity-travel pattern. In general, these network equilibrium models used to investigate 

activity-travel pattern may not be able to provide insight into the evolution of activity and travel 

choice behaviour over time. In fact, due to day-to-day traffic incidents such as roadwork and special 

event, travel times and activity utilities in multi-modal transport networks are stochastic and 

household’s activity-travel pattern varies from day to day. Thus, there is a need to explore how 

household members adjust their activity and travel choice behaviour over time. In this paper, a new 

day-to-day dynamic traffic assignment is proposed to capture households’ activity-travel behavioural 

change due to day-to-day fluctuations of activity utility and travel dis-utility. 

 

 

2. Methodology 

 

In recent years, it is well recognized that prospect theory can be adopted to develop network 

equilibrium models for modelling travel choice behaviour under network uncertainty or risk (Avineri, 

2006; Connors and Sumalee, 2009; Xu et al., 2011, 2014). In this paper, the static activity-based 

traffic assignment is extended to capture household’ activity and travel behavioural change over time 

in stochastic multi-modal transport networks on the basis of cumulative prospect theory. A day-to-day 

life-oriented learning mechanism is adopted to capture how households perceive the stochastic (dis-

)utilities from day to day.  
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A prospect-based user equilibrium condition is proposed in this paper. The condition is formulated as 

an equivalent variational inequality. Assuming that households are prospect maximizers, user 

equilibrium can be achieved where the JATP prospect values of all utilized JATPs are equal, and are 

the same or greater than the prospect value of any unutilized JATP. No household can further increase 

their JATP prospect by unilaterally changing JATP.  

 

The properties of the day-to-day dynamic model are presented, and an efficient solution algorithm is 

then proposed to solve the day-to-day dynamics. The proposed variational inequality is a path-based 

formulation with non-additive cost structure. Although many existing algorithms to variational 

inequality may be applied to solve it, the complex form of the JATP prospect makes them difficult to 

implement. Thus, a heuristic iterative algorithm is adopted in this paper to solve the variational 

inequality. Numerical examples are used to illustrate the applications of the day-to-day dynamic 

model and the proposed algorithm. 

 

The proposed model comprehensively investigates households’ behavioural change in multi-modal 

transport networks, including both activity choices (i.e. activity start time and duration, activity 

sequence, and activity location) and travel choices (i.e. departure time, route and mode). Compulsory 

activities such as work and home, and non-compulsory activities such as shopping and eating at 

restaurant are considered in this paper. The prospect value of household’s JATP considers intra-

household interactions (Zhang et al., 2009). On the basis of cumulative prospect theory and learning 

mechanism, households’ day-to-day activity and travel behavioural change is intensively investigated.  

 

 

3. Conclusions 

 

This paper provides insight into the evolution trajectories of the household’s JATP choice over time. 

The proposed model extends existing theories by developing a prospect-based network equilibrium 

approach to capture day-to-day activity and travel behavioural change. Household members’ both 

independent and joint activity/travel choices in multi-modal transport networks are investigated. The 

ultimate aim of the proposed model is to assess the effects of incidents in transport networks, and to 

be used for future long-term strategic planning. Numerical examples are used to show the 

practicability and performance of the proposed prospect-based network equilibrium model. The 

numerical results illustrate that the household members’ activity and travel behavioural change over 

time can be investigated by the proposed model.  
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1. Introduction 

 

Travel time estimation and prediction in urban area are essential for today’s traffic management 

systems because travel time is an important attribute of traffic state. In the past, many efforts have 

been made to predict link travel time with traditional data collected from fixed devices such as loop 

detectors. This kind of data has a disadvantage of time-lag so that it can’t catch up with the real-time 

traffic state. Since the detectors are usually set along the highway or arterial road and require high 

initial expense, it is unable to cover all the roads of urban area. 

 

With the development of information technology, the application of probe data collected from 

vehicles equipped with GPS device (e.g. taxi, bus, ambulance) has become more and more popular. 

The probe data has many advantages over traditional data, such as low cost, real-time update and wide 

coverage. Many studies have been done to estimate and predict travel time with probe data. Most of 

them focused on parametric models (see Feng et al. 2014, Hiribarren and Herrera 2014, Zheng and 

Zuylen 2013), which performed relatively poorly when the traffic state is complex because of 

assumptions they made to parameterize the models. Consequently, non-parameter and data driven 

models were proposed, such as the non-explicit state-transition model using particle filtering (Chen 

and Rakha 2014), which predicted the travel time by using historical trends to model the state-

transition trend instead of discussing the specific traffic state and estimating the parameters. Similar 

methods like k-nearest neighbour (KNN) were also used in traffic flow rate forecasting (Habtemichael 

and Cetin 2016). These data driven models outperformed parametric models under complex traffic 

state because it is free of assumptions about explicit models.  

 

In our research, we further developed this kind of non-explicit model to predict urban link travel time. 

Unlike freeways, urban link travel time is significantly affected by traffic signal changes and turning 

behaviours at the intersection. As a result, we used a particle filtering method considering the 

influence of signal changing and turning choices to predict the urban link travel time. The probe 

vehicle data we used were collected from taxi in Nagoya City, Japan, which contains the information 

of turning choice at the intersection.  

 

 

2. Data Description and Methodology  

 

As mentioned above, we used probe vehicle data collected from taxi in Nagoya City, Japan in 

February and June, 2015. We selected a 209-meters-long link as our subject, which connects two 

intersections from a local main road called Hirokoji Street, because it had relatively large amount of 

data. To see the influence of turning behaviours on travel time, we checked the link travel time 

distribution for each turning choice in two months as shown in Figure 1. It is obvious that the travel 

time distributions differed from each other so it is necessary to predict travel time according to the 

turning behaviours. In this study, we focused on predicting travel time of taxi which went straight 
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because it has more data than others. We further identified three unimodal distributions to estimate the 

traffic state like Feng et al. (2014). In Figure 1 (a), green bars (8~28s) represent free flow with green 

signal, blue bars (29~65s) represent congestion and red bars (66~140s) represent free flow with red 

signal. Cases with travel time over 140s were eliminated in this study.  

 

          (a) Going straight                          (b) Turning left                        (c) Turning right 

Figure 1: Link travel time distribution for different turning choices 

 

Another method to estimate the traffic state of going straight is to use the comparison between travel 

times for going straight and turning right as shown in Figure 2. Due to the limitation of database, we 

picked up the travel times of two closest time points (the interval between time points is no more than 

3 minutes) as a right-straight pair even though their dates were different. Commonly, travel time for 

turning right is longer than going straight because vehicles turning right should wait for vehicles 

going straight from opposite direction. If travel times for straight and right are both short, the traffic 

state for going straight is free flow with green signal, while if both of them are long, the traffic state 

for going straight is under congestion. When travel time for going straight is much longer than turning 

right, the traffic state for going straight is free flow with red signal. Considering the unbalance 

between travel times of different direction, it is better to compare travel time for going straight with 

travel time for turning right from the opposite direction.  

 

Figure 2: Comparison between link travel times for going straight and turning right 

 

The traffic state estimation plays an important role in the particle filtering method we used in this 

paper and we will explain it later. Similar traffic states often recur in the same link even in different 

period on different days. Since travel time is closely related to traffic state, similar pattern of travel 

time sequence will often recur. Particle filtering method in our research utilizes the recurrence of 

travel time sequence to make the prediction like the example shown in Figure 3. Having the subject 

travel time sequence  𝑧𝑠,1 = {𝑥𝑠,0, 𝑥𝑠,1} , we can pick up a particle travel time sequence 𝑦𝑝,1 =

{𝑥𝑝,0, 𝑥𝑝,1} with the same time interval (𝑡𝑠,𝑗+1 − 𝑡𝑠,𝑗 = 𝑡𝑝,𝑗+1 − 𝑡𝑝,𝑗, 𝑗 = 0,1) from historical database. 

If 𝑧𝑠,1and 𝑦𝑝,1 are similar enough which means 𝑦𝑝,1 appears again, it is highly possible that its next 

time step’s travel time 𝑥𝑝,2 will recur at time point 𝑡𝑠,2 which is one time step after 𝑧𝑠,1.  

 

Figure 3: Mechanism of traditional particle filtering method with three points (seeds) 
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Consequently, in the condition of subject travel time sequence 𝑧𝑠,𝑛 , we can randomly pick up N 

similar particles {𝑦𝑝,𝑛
(𝑖)

, 𝑥𝑝,𝑛+1
(𝑖)

} (i ∈ N) from historical database and the subject travel time 𝑥𝑠,𝑛+1 can 

be predicted by weighted summation of corresponding particle travel time 𝑥𝑝,𝑛+1
(𝑖)

 as shown in Eq. (1) 

where weight 𝑤𝑝,𝑛
(𝑖)

 represents the similarity between  𝑧𝑠,𝑛and 𝑦𝑝,𝑛
(𝑖)

 as shown in Eq. (2). 

𝑥𝑠,𝑛+1 = ∑ 𝑤𝑝,𝑛
(𝑖)

∙ 𝑥𝑝,𝑛+1
(𝑖)

/ ∑ 𝑤𝑝,𝑛
(𝑖)

𝑁

𝑖=1

𝑁

𝑖=1
 (1) 

𝑤𝑝,𝑛
(𝑖)

= 1/√∑ (𝑥𝑠,𝑗 − 𝑥𝑝,𝑗
(𝑖)

)2
𝑛

𝑗=0
 (2) 

 

However, in our research the historical database is not large enough so it is difficult to find particles 

with exactly same time interval like aforementioned particle filtering method. To increase the number 

of particles, we set a buffer time 𝑇𝑝 on time interval Δt𝑝
(𝑖)

 as shown in Eq. (3) and correspondingly 

adjusted the weight to reflect the influence of 𝑇𝑝 on the prediction as shown in Eq. (4). 

Δ𝑡𝑠,𝑗 − 𝑇𝑝 < Δt𝑝,𝑗
(𝑖)

< Δ𝑡𝑠,𝑗 + 𝑇𝑝 (3) 

𝑤𝑝,𝑛
(𝑖)′

= 1/√(∑ 𝛼𝑗 |Δ𝑡𝑠,𝑗 − Δt𝑝,𝑗
(𝑖)

|) ∗ (
𝑛

𝑗=0
∑ (𝑥𝑠,𝑗 − 𝑥𝑝,𝑗

(𝑖)
)2

𝑛

𝑗=0
) (4) 

where Δ𝑡𝑠,𝑗 = 𝑡𝑠,𝑗+1 − 𝑡𝑠,𝑗 , Δt𝑝,𝑗
(𝑖)

= 𝑡𝑝,𝑗+1
(𝑖)

− 𝑡𝑝,𝑗
(𝑖)

 and ∑ 𝛼𝑗
𝑛
𝑗=0 = 1. 

 

Another problem in our research about the database was most of the data belonged to the red dots 

shown in Figure 1 so the prediction of travel time tended to be longer when it was supposed to be 

short and vice versa. As a result, a compensation method similar with the one used by Habtemichael 

and Cetin (2016) was used in our research as shown in Eq. (5).  

𝑤𝑝,𝑛
(𝑖)′′

= 1/√(∑ 𝛼𝑗 |Δ𝑡𝑠,𝑗 − Δt𝑝,𝑗
(𝑖)

|) ∗ (
𝑛

𝑗=0
∑ (𝑥𝑠,𝑗 − 𝑥𝑝,𝑗

(𝑖)
)2

𝑛

𝑗=0
)/𝑃(𝑆𝑝,𝑛+1

(𝑖)
|𝑆𝑝,𝑛

(𝑖)
) (5) 

where 𝑃(𝑆𝑝,𝑛+1
(𝑖)

|𝑆𝑝,𝑛
(𝑖)

)  represents the traffic state-transition probability which can be given by 

Bayesian theorem and 𝑆𝑝,𝑡
(𝑖)

 represents the traffic state at time point t. 

Since the particle is randomly picked up from the database, it is inevitable that particle with relatively 

low weight will affect the accuracy of prediction. Therefore, it is necessary to resample part of the 

particles to ensure the result to be acceptable. A partial resampling method similar with the one used 

by Chen and Rakha (2014) was used in our research as shown in Table 1. After resampling, subject 

travel time 𝑥𝑠,𝑛+1  can be predicted by weighted summation of corresponding particle travel time 

𝑥𝑝,𝑛+1
(𝑖)

 with adjusted weight. 

 

Table 1: Partial resampling method 

Step 1: Rank N particles according to their adjusted weights 𝑤𝑝,𝑛
(𝑖)′′

 in a decreasing order. 

Step 2: For k=1:Kth, record appeared traffic state pair {𝑆𝑝,𝑛
(𝑘)

, 𝑆𝑝,𝑛+1
(𝑘)

} of particle {𝑦𝑝,𝑛
(𝑘)

, 𝑥𝑝,𝑛+1
(𝑘)

} and 

select the particle with biggest adjusted weights from the historical database for each appeared 

traffic state pair to build a resampling database (Total number of particles in resampling database is 

R=r*r, r is the number of traffic states we defined). 

Step 3: Calculate the probability 𝑃(𝑗)for each particle in resampling database shown as Eq. (6).  

𝑃(𝑗) = 𝑤𝑝,𝑛
(𝑗)′′

/ ∑ 𝑤𝑝,𝑛
(𝑗)′′

𝑅

𝑗=1
 (6) 

Step 4: For k=Kth+1:N, randomly select particle from resampling database to replace particle 

{𝑦𝑝,𝑛
(𝑘)

, 𝑥𝑝,𝑛+1
(𝑘)

} according to the probability 𝑃(𝑗). 
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3. Experiment and results  

 

We estimated the traffic state by travel time distribution shown in Figure 1 so we estimated each 

distribution (assumed to obey Gaussian distribution) by EM algorithm and defined three traffic states 

correspondingly. Due to the limitation of historical database, we used three-point particle with 60-

seconds-long standard time interval and 15-seconds-long buffer time and only predict travel time at 

next time point. The total number of available particles is 198. We randomly selected one particle as 

the subject sequence and used the remaining 197 particles as historical database. Since our research is 

in progress, we have not found the optimal combination of 𝑁, 𝛼𝑗 and K. However, we still want to 

show some of the results we have obtained so far and try to compare the results between particle 

filtering method and KNN. We defined that 𝛼0 = 0.9 and 𝛼1 = 0.1 and the same weight assignment 

were used for both methods and the resample rate in particle filtering method was 80%. We used 

Mean Absolute Percentage Error (MAPE) to assess the accuracy as shown in Table 2 and 3. There 

was a fluctuation in accuracy for both methods but KNN was relatively stable and better. Still, particle 

filtering method has a potential to outperform KNN and both of them can be improved as long as the 

influence of turning choice and traffic signal can be fully reflected with large historical database. 

 

 Table 2: MAPE for particle filtering method 

N 10 20 30 40 50 60 70 80 90 100 

MAPE 0.818 0.530 0.674 0.654 0.615 0.817 0.759 0.630 0.687 0.469 

N is the number of particles 

 

Table 3: MAPE for KNN 

𝑁′ 1 2 3 4 5 6 7 8 9 10 

MAPE 0.708 0.641 0.629 0.632 0.675 0.477 0.589 0.672 0.591 0.573 

𝑁′is the number of nearest neighbors. 

 

 

4. Conclusions and future work 

 

Previous researches used probe data and data-driven models to predict freeway travel time, while we 

use a similar particle filtering method to predict urban link travel time. Compared with freeway, urban 

link travel time prediction significantly depends on turning behaviours and traffic signal change, 

which makes it much more difficult to predict. Moreover, the size of database in our research was 

quite small, which had a negative influence on accuracy. There is plenty of future work waiting for us. 

Firstly, method for estimating traffic state by comparing travel time for going straight with the one for 

turning right should be tried. Secondly, we need to improve weight assignment method and resample 

method to fully reflect the influence of turning choices and signal change. Thirdly, optimal 

combination of the number of particles, 𝛼𝑗and resample rate should be found by sensitivity analysis. 

Then multiple step prediction can be implemented. Finally, other links in Nagoya city should be tested. 
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In any traffic network, uncertainties or variations associated with both network supplies and travel 

demands seem inherently natural and may arise in infinite varieties.  Road capacity may be altered by 

various unpredictable or predictable events, such as traffic accidents, weather conditions, road 

maintenance activities, special events, and so on.  Travel demand may contain a seasonal or weekly 

fluctuation pattern, due to the variation of the society’s productive and leisure activities.  Numerous 

observations show that network traffic flows and congestion conditions vary with changing capacity 

levels and demand patterns over times of day and days of week. 

 

Despite the resulting traffic flow patterns in a network vary from one scenario (or period) to another, 

they are not mutually separate and uncorrelated, since the traffic flow entities—individual travelers—

recurrently experience different network scenarios and their routing decisions are in general a 

synthetic result of their long-term learning process over those recurrent scenarios (Horowitz, 1984; 

Fudenberg and Levine, 1988).  Understanding the underlying correlation through different network 

scenarios is critical to quantifying and evaluating network flow adjustments caused by scenario-to-

scenario supply and demand variations. 

 

A commonly existing attribute with travelers’ trip-making behaviors is behavioral inertia
1
.  In the 

context of urban transportation research, behavioral inertia is related to bounded rationality (Simon, 

1955; Colisk, 1996) and prospect theory (Kahneman and Tversky, 1979; Tversky and Kahneman, 

1992).  A number of transportation researchers empirically and theoretically investigated the effects 

and properties of these tools in modeling travel behaviors and traffic network equilibria: For bounded 

rationality, interested readers are referred to, for example, Mahmassani and Chang (1987), 

Mahmassani and Liu (1999), Guo and Liu (2011), Guo (2013), Di et al. (2013), and so on; for 

prospect theory, readers may be referred to, for example, Senbil and Kitamura (2004), Avineri (2006), 

Connors and Sumalee (2009),  Xu et al. (2011), and so on. 

 

On the other hand, behavioral inertia also implies the so-called “strategic travel choices” as its special 

case. The notion of “strategic” was first adopted by a number of transit researchers, such as Chriqui 

and Robillard (1975), Marguier and Ceder (1984), Nguyen and Pallottino (1988), Spiess and Florian 

(1989), and Wu et al. (1994), for describing transit line choices and network flow assignments in 

transit systems with overlapping and competitive lines.  The strategic setting provides an appealing 

and realistic mechanism to describe the behavior of transit users adaptively selecting a subset of 

overlapping lines at a given boarding or transfer node in transit networks.  Marcotte and Nguyen 

(1998) and Marcotte et al. (2004) extended this modeling device to describe capacitated equilibrium 

networks in which travelers behave strategically at certain intermediate nodes and make adaptive 

                                                           
1 The concept of behavioral inertia roots from multiple behavioral science fields, particularly consumer economics and 

marketing science.  Interested readers are referred to, for example, Jeuland (1979), Givon (1984), and Bozzo (2002), for its 

implications in various contexts.  In the transportation research literature, only a few recent studies, such as Verplanken et al. 

(1997), Srinivasan and Mahmassani (2000), Garling and Axhausen (2003), Gardner (2009), and Chorus and Dellaert (2012) 

explicitly discovered the role and influence of inertia in travel choice behaviors. 
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route choices for the remaining trips from those intermediate locations to their destinations. 

Hamdouch et al. (2004) further developed a strategy-based routing and equilibrium approach for 

modeling dynamic traffic networks. Recently, Dixit et al. (2013) incorporated strategy route choice 

into a static traffic assignment problem. 

 

As a different perspective from previous research to characterize network flow changes in stochastic 

networks, Xie and Liu (2014) introduced the concept of behavioral inertia into static route choice and 

traffic assignment problems. They proposed a finite-dimensional variational inequality (VI) model to 

interpret the cross-scenario equilibrium conditions among travelers with heterogeneous inertial 

degrees and knowledge structures. The model allows for travelers’ partial understanding and inertial 

effect in perceiving changing network conditions over different scenarios and provides a new 

perspective to describe traffic flow variations across multiple scenarios. An alternative adaptation of 

behavioral inertia in route choices and network equilibria appeared then in Zhang and Yang (2015), 

who associated it with heterogeneous selectable path sets and accordingly defined the resulting traffic 

assignment problem for deterministic networks as a so-called inertia user equilibrium problem. 

 

This research aims at modeling and solving a dynamic traffic assignment (DTA) problem with inertial 

routing behaviors for stochastic networks with multiple scenarios, which is expected to be used to (at 

least partially) interpret recurrent dynamic network disequilibrium phenomena in each scenario and 

quantify the correlation of network flows between different scenarios. In a similar setting to our 

previous research, we allow heterogeneous inertial degrees and perception structures across the travel 

population, which are typically determined by travelers’ different socio-economic characteristics, 

activity time constraints, and personal tastes and preferences. To this end, the proposed DTA problem 

for stochastic networks differs from previous stochastic dynamic problems (e.g., Vythoulkas, 1990; 

Cassetta and Cantarella, 1991; Waller and Zliaskopoulos, 2006; Zhang et al., 2008; Yao et al., 2009; 

Szeto et al., 2011) in the following modeling aspects: 1) its stochasticity may be from both the 

network supply and travel demand sides; 2) its stochasticity is characterized by a set of discrete states 

of network scenarios while the state of each network scenario is deterministically given; 3) behavioral 

inertia with travelers is introduced into their routing behaviors in response to stochastic networks. 

 

In overall, the purpose of studying this DTA problem for stochastic networks is twofold: 1) first, it 

provides a theoretical basis in the equilibrium framework to (at least partially) interpret dynamic 

traffic disequilibrium phenomena observed from stochastic networks; 2) second, it serves as a 

modeling tool to characterize and quantify the underlying relationship between traffic flow patterns of 

different network scenarios in dynamic networks.  The problem will be formulated as a VI and tackled 

by a VI-based algorithm.  The resulting VI model and method will also be used for evaluating the 

network flow patterns under different degrees of inertia and studying how a traveler information 

system may be used to reduce or eliminate the inertia effect. 

 

Keywords: Dynamic user equilibrium, stochastic networks, travel inertia, heterogeneous perception 

structure, variational inequality 
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1. Introduction 
 
The kinematic wave model of Lighthill-Whitham-Richards is not only the dominant (first order) model 
in traffic flow theory, but in the last two decades has also become a key component in advanced dynamic 
network loading models in dynamic traffic assignment (DTA). Its popularity in DTA models has grown 
since efficient solution algorithms have been developed that can be applied to large scale networks, 
namely (i) the cell transmission model (CTM), and (ii) the link transmission model (LTM). CTM was 
proposed by Daganzo (1994) and solves the kinematic wave model formulated as a partial differential 
equation using initial and boundary conditions using a Godunov finite difference scheme. LTM was 
proposed by Yperman et al. (2005) and solves the kinematic wave model formulated as a Hamilton-
Jacobi equation using boundary conditions. It was shown by Jin (2015) that LTM essentially solves the 
problem using the semi-analytical Lax-Hopf formula, which is related to the variational formulation 
proposed by Daganzo (2005).  
 
The original fundamental diagram considered a triangular fundamental diagram in which both the 
hypocritical and the hypercritical branch are linear. Yperman (2007) extended LTM to include 
piecewise linear branches. Gentile (2010) further extended LTM to allow for differentiable concave 
branches. Friesz et al. (2013) discusses the Lax-Hopf solution to the kinematic wave model in great 
detail, but no link to LTM was made.  
 
In this paper we make the following contributions. First, we position LTM as an efficient general 
solution approach for solving the kinematic wave model in case of a concave two-regime (differentiable 
or non-differentiable) fundamental diagram. Secondly, we provide discrete and continuous time LTM 
formulations for the cases of linear, piecewise linear, and nonlinear differentiable branches in the 
fundamental diagram, and show that the formulation with piecewise linear branches proposed by 
Yperman (2007) leads to inconsistent results since it does not properly account for the fanning effect. 
Thirdly, we argue that using linear or piecewise linear branches may be problematic (i.e., may lead to 
non-unique flows, may be unrealistic, and may lead to non-convex travel time functions), and instead 
propose using a nonlinear differentiable hypocritical branch that is linearized on the fly (preserving the 
shape of the branch) in order to simplify the fanning effect and reduce computational complexity. This 
allows piecewise linear cumulative inflows and outflows and therefore efficient event-based algorithms 
to solve the kinematic wave model. Finally, we propose a novel dual-quadratic fundamental diagram 
that is determined by five easy to calibrate physical parameters and includes the triangular, 
Greenshields’ and Smulders’ fundamental diagrams as special cases.  
  
2. Kinematic wave model 
 
Consider a homogeneous road segment of link L. Let ( , ) [0, ]k x t K∈  and ( , ) [0, ]q x t Q∈  respectively 
denote the density (veh/km) and flow (veh/h) at location [0, ]x L∈  at time instant ,t  where K is the jam 
density, and Q is the capacity. Let the fundamental relationship between flow and density be giving by 

( )( , ) ( , ) ,q x t k x t= Φ  where :[0, ] [0, ]K QΦ →  is a given concave function that is commonly referred to 
as the fundamental diagram. Instead of using flows and densities, Newell (1993) proposed using a 
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Moskowitz function ( , )N x t  that describes the cumulative number of vehicles that have passed location 
x  up till time instant .t  This allows formulating the kinematic wave model as the following Hamilton-
Jacobi equation:  

( , ) ( , ) 0.N x t N x t
t x

∂ ∂ −Φ − = ∂ ∂ 
 (1) 

We assume the following boundary conditions: (0, ) ( ),N t U t=  where ( )U t  is the cumulative link 
inflow function, and ( , ) ( ),N L t V t=  where ( )V t  is the cumulative link outflow function. Further, let 

( )u t  and ( )v t  denote the corresponding link inflow and outflow rates, respectively. 
 
3. Lax-Hopf solution 
 
The semi-analytical Lax-Hopf solution to problem (1) can be written as (see e.g., Friesz et al., 2013): 

*

( , )
( , ) min ( , ) ( ) ,

x t

x xN x t N t x t t
t t′ ′

′ − ′ ′ ′= + − Φ  ′−  
 with { }*

[0, ]
( ) max ( ) .

k K
w k wk

∈
Φ = Φ −  (2) 

where * min max: [ , ]γ γΦ min[0, ]Kγ→ −  is the convex conjugate of ,Φ  where min 0γ <  (km/h) is the 
minimum tangent line slope of Φ  (occurring at jam density), and max 0γ >  (km/h) is the maximum 
tangent line slope (occurring at zero density). The minimisation in Eqn. (2) is over all [0, ]x L′∈  and 
t t′ <  within the domain of *.Φ  Function *Φ  is also referred to as the Legendre-Fenchel transform. 
The vehicle speed can be computed as ( ) ( ) / .k k kσ = Φ  
 
4. Link transmission model class 
 
While the Lax-Hopf solution in Equation (4) is fairly general and theoretically powerful, it is not a 
trivial equation to understand or to solve. LTM simplifies the solution by only considering (i) two-
regime fundamental diagrams with a strictly increasing hypocritical branch described by function ,IΦ
and a strictly decreasing hypercritical branch described by IIΦ  (i.e., Greenshields’ or a trapezoidal 
fundamental diagram cannot be used), and (ii) traffic states only at the start and end of the link (i.e., 
without explicitly considering traffic conditions inside the link).  
 
If both upstream and downstream traffic conditions are in the hypocritical branch and the outflow is not 
restricted by a downstream link (through the node model), then downstream cumulative flows ( )V t  are 
directly determined by upstream cumulative flows ( ).U t  Setting x L=  and 0x′ =  in Eqn. (2), 

{ }crit

* * *

[0, ]
( ) min ( ) ( ) , ( ) max ( ) .I I It k k

LV t U t t t w k wk
t t′ ∈

  ′ ′= + − Φ Φ = Φ −  ′−  
 (3) 

We can rewrite this equation so that it minimises over (wave) speed w instead of minimising over .t′  It 
holds that / ( ),w L t t′= −  such that substituting /t t L w′ = −  in Eqn. (3) results in 

crit max

*

[ , ]
( ) min ( ) ,

I
I

w

L LV t U t w
w wγ γ∈

  = − + Φ  
  

  (4) 

where crit
Iγ  is the minimum wave speed in the hypocritical branch (i.e., the left-derivative of function 

Φ  in critk ). Dividing by w is not problematic since we assumed a strictly increasing hypocritical branch.  
 
Define *( ) ( / ) ( )I Iw L w wξ = Φ  representing the number of vehicles that an observer passes while 
traversing the link downstream at kinematic wave speed w, which can be formulated as  

  
crit[ , ]

( )( ) max 1 ,I
I

k k K

kw Lk
w

σξ
∈

  = −  
  

 or  
[0, ]

1 1( ) max .
( )I q Q

I

w Lq
w q

ξ
σ∈

   = −  
   

 (5) 
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We can then write (see also Figure 1(a)): 

crit max[ , ]
( ) min ( ) ,

I
Iw

LV t U t w
wγ γ

ξ
∈

  = − +  
  

 with  
[0, ]

1 1( ) max .
( )I q Q

I

w Lq
w q

ξ
σ∈

   = −  
   

 (6) 

Similarly, if both upstream and downstream traffic conditions are in the hypocritical branch and inflow 
is not restricted by an upstream link (through the node model), then we have (see Figure 1(b): 

min crit[ , ]
( ) min ( ) ,

I
IIw

LU t V t w
wγ γ

ξ
∈

  = + +  
  

  with  
[0, ]

1 1( ) max ,
( )II q Q

II

w Lq
q w

ξ
σ∈

   = −  
   

 (7) 

Sending and receiving flows in discrete time LTM models during time interval [ , )t t t+ ∆  can now be 
formulated as 

crit max[ , ]
( , ) min , min ( ) ( ) ,

I
Iw

LS t t t Q t U t t V t w
wγ γ

ξ
∈

   + ∆ = ∆ − + ∆ − +   
   

 (8) 

min crit[ , ]
( , ) min , min ( ) ( ) ,

I
IIw

LR t t t Q t V t t U t w
wγ γ

ξ
∈

   + ∆ = ∆ + + ∆ − +   
   

 (9) 

and the corresponding sending and receiving flow rates are ( , ) ( , ) / ,s t t t S t t t t+ ∆ = + ∆ ∆  and 
( , ) ( , ) / .r t t t R t t t t+ ∆ = + ∆ ∆  In continuous time LTM models, the sending and receiving flows are 

obtained directly by first finding relevant wave speeds, 
 

 

 
(a) Hypocritical states (b) Hypercritical states 

Figure 1: Relationships in hypocritical and hypercritical states in link transmission models 
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crit max

*

[ , ]
arg min ( ) ( ) ,

I

I I
w

Lw U t V t w
wγ γ

ξ
∈

  = − − +  
  

  and  
crit max

*

[ , ]
arg min ( ) ( ) ,

I

II II
w

Lw V t U t w
wγ γ

ξ
∈

  = + − +  
  

 (10) 

and then determining corresponding sending and receiving flow rates, 

* *
( / )

1 1arg max , if  ( ) 0,
( ) ( )

, if  ( ) 0,
Iq U t L w I I

Lq S ts t w q
Q S t

σ
+

∈∂ −

+

    − =   =     
 >

 (11) 

* *
( / )

1 1arg max , if  ( ) 0,
( ) ( )

, if  ( ) 0,
IIq V t L w II II

Lq R tr t q w
Q R t

σ
+

∈∂ +

+

    − =   =     
 >

 (12) 

where ( )U∂ ⋅  and ( )V∂ ⋅  denote sub-derivatives, and where ( )S t+  is the excess sending flow (demand) 
and ( )R t+ is the excess receiving flow (supply) defined as 

crit max[ , ]
( ) min ( ) ( ) ,

I
Iw

LS t U t V t w
wγ γ

ξ+

∈

  = − − +  
  

and
min crit[ , ]

( ) min ( ) ( ) .
I

IIw

LR t V t U t w
wγ γ

ξ+

∈

  = + − +  
  

 (13) 

If there is congestion, then ( ) 0,S t+ >  otherwise ( ) 0.S t+ =  If there spillback, then ( ) 0,R t+ =  
otherwise ( ) 0.R t+ > Figure 2 illustrates the propagation of hypocritical states (i.e., Eqn. (6)) in case of 
different shapes of the of the fundamental diagram. 

 
Figure 2: Cumulative inflows/outflows assuming (a) a linear branch, (b) a nonlinear differentiable 
branch, (c) a piecewise linear branch, and (d) a piecewise linear branch following Yperman (2007) 
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A piecewise linear ( )U t  results in a piecewise linear ( )V t in case of a linear branch. However, when 
the branch is nonlinear, ( )V t  is not piecewise linear due to fanning effects and hence efficient event-
based algorithms as proposed in Raadsen et al. (2016) cannot be applied. A piecewise linear branch 
result in a piecewise linear ( ),V t  which would make them suitable for event-based algorithms.  As can 
be observed in Figure 2(d), the formulation by Yperman (2007) results in inconsistent fluctuating 
outflow rates, while our formulation shown in Figure 2(c) shows consistent fanning with increasing 
outflow rates. The dotted lines in Figure 2(b)-(c) illustrates a situation with simplified fanning in which 
the branch is linearized on the fly while preserving the shape of a nonlinear fundamental diagram. 
 
Two different types of linearization are illustrated in Figure 3. All relevant prevailing traffic states on 
the link boundaries (represented with a dot) are kept in place, while all intermediate traffic states are 
linearized. This simplifies fanning while preserving the relevant traffic states. Inner linearization only 
preserves traffic states while out linearization also preserves wave speeds. The former has the advantage 
that it is more easily derived and it results in less segments for faster computation.  
 

 
Figure 3: Shape preserving on the fly linearization of nonlinear fundamental diagrams 
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1. Introduction  

 

A bi-modal system is often as an example to analyze the interaction between private cars and public 

transits in the literature. For instance, Arnott and Yan (2000) and Kraus (2003) indicated the 

underpricing of auto travel is a source of market distortion and a resource waste in transportation 

system with private and public transport modes. Li et al. (2012) investigated the intermodal 

equilibrium with two alternative modes. David and Foucart (2014) provided a game-theoretical model 

in which travelers have heterogeneous preferences choose rationally between using the car or public 

transportation. Zhang et al., (2014) studied the conditions for occurrence of the Downs-Thomson 

Paradox under different economic objectives. However, these studies are concerned with a steady 

state analysis; neither travelers’ day-to-day mode choice nor transit operator’s periodic operating 

strategy are considered. It is known that more (fewer) transit passengers lead to more (less) frequent 

service, which leads to even more (fewer) passengers. This so-called “Mohring effect”, named for the 

well-known economist Herbert Mohring, can be better analyzed in a dynamic environment. A few 

recent studies are carried out on the dynamic bi-modal problem in the literature. Cantarella et al. 

(2013) conducted an analysis of day-to-day dynamic mode choice in a transportation system with 

homogeneous travelers; bus operating strategies are demand-responsive but with a fixed fleet size. 

Bar-Yosef et al. (2013) examined the phenomena of a vicious cycle of a bus service line; nevertheless, 

mode choice of non-captive travelers is based only on the willingness-to-wait for the bus rather than 

the total trip cost. Besides, neither of the two studies take account of the operation cost and specific 

transit operating schemes. Three recent dynamic modeling approaches are relevant but purely in the 

context of congestion pricing. Tan et al. (2015) proposed a discrete-time tolled scheme by using the 

implicit Runge-Kutta method with heterogeneous users and investigated the equilibrium properties of 

the dynamic system. Farokhi and Johansson (2015) considered a piecewise-constant congestion taxing 

policy for repeated routing games of fixed demand. Ye et al. (2015) investigated the convergence of 

the trial-and-error tolling procedure for achieving system optimum with day-to-day flow dynamics 

when the observed link flow pattern is in disequilibrium. In the latter two studies, the link toll is 

constant in each period and calculated based on marginal cost pricing with the flow observed at the 

beginning of the tolling period. In the same spirit, we assume that the transit operator adjusts the 

transit frequency from period to period and keeps the frequency unchanged throughout each period. 

Transit frequency is reset at the beginning of each period based on the realized transit demand at the 

end of the previous period.     

This paper is intended to fill a gap in the literature of bi-modal problems by examining the double 

dynamics of heterogeneous travelers’ day-to-day modal choice and transit operator’s periodic 

operating policy. Transit operator adjusts service frequency to drive the dynamic system towards a 

desired equilibrium while achieving a profit target. For various combinations of economic objectives 

and operating schemes, the interactions between travelers and transit operator are investigated in a 

dynamic environment. Existence, uniqueness and stability of the equilibrium fixed point of the double 
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dynamic system are established. Particularly, occurrence of the vicious cycle considered by Bar-Yosef 

et al. (2013) is analyzed under different levels of travel demand and bus capacity.  

 

2. Model formulation  

 

We consider one origin-destination (OD) pair connected by a congested highway running in parallel 

to an exclusive transit line. On a typical day, the total travel demand for this OD pair is fixed at d . 

Travelers have to make a discrete choice between using a private transport (auto) and public transit 

(bus). For simplicity, the occupancy of each private car is assumed to be 1. Travelers are 

heterogeneous as they have different intrinsic preferences for the use of private transport relative to 

public transit. The share of auto users is represented by z , then the share of public transport users is 

1 z . 

 

Transit users have to pay for the transit fare, spend time in waiting and riding. Following the model in 

David and Foucart (2014), the travel cost of commuters by each mode consists of the travel time cost 

and the monetary cost and the disutility of a traveler i  is specified as follows:  
ε

τ
2

t i
ip w f    

and  
ε

2
i

c ip t z  , where 
t

ip  stands for public transit cost and 
c

ip  for private car cost, f  and τ  

denote the transit frequency and uniform ticket price (transit fare), respectively. The function  w f  

represents the travel time cost of public transport as a function of service frequency. It is assumed to 

be strictly decreasing and differentiable with respect to transit frequency f , i.e.,   0w w f  

.The function  t z  represents the travel cost of private car, including both travel time cost and 

monetary cost, it is assumed to be strictly increasing and differentiable with respect to auto share z , 

i.e.,   0t t z    and  0 0t   at free flow. We also assume that w  is bounded for all 0f   and 

t  is bounded for any  0,1z . The commuter-specific parameter, ε i , reflects individual preference 

between private car and public transit, it is continuously distributed with a cumulative distribution 

function ε ~  εG , where G  is assumed to be strictly increasing, continuous and differentiable over 

its support  ,  . The support implies that some individuals prefer the private transport so much 

and will never choose public transport ( εi  ), while others will always choose public transit (

εi  ).  The density function of ε i  is represented by  εg  and    ε ε 0G g   .  

 

The transit operation cost is represented by function  k f , where  k f  is strictly increasing and 

differentiable with respect to transit frequency f , i.e.,   0k k f   . k   is bounded for any finite 

frequency. Let   denote the transit operation profit, which is equal to the operation revenue minus 

operation cost, i.e.,    τ 1 z d k f    .  

 

3. Intra-period day-to-day modal choice with given transit frequency and fare 

 

Suppose the transit frequency is fixed in each period and let 
nf  represent the frequency in the 

thn  

period. The general form of our day-to-day dynamic modal choice model in continuous time is    

 
 

 
,

ε dεδ
nz f

g zz




 
 

 
    (1) 
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where δ  is a positive constant parameter determining the flow changing rate, and 

 
 

,
ε dε

nz f
g z






 
 
 
  provides a flow changing direction. Dynamic system (1) means that, on any 

day, the share of auto users tends to move from the current auto share to the “target” auto share 

 
 

,
ε dε

nz f
g



 , based on the current day situation. The target share 
 

 
,

ε dε
nz f

g


  describes 

travelers’ cost-minimization behaviors. Specifically, as mentioned before, travelers with 

 ε , n

i z f   will choose car while  ε , n

i z f   choose transit to minimize their perceived travel 

cost when the current auto share is z ; in a word, at any day-to-day time travelers tend to switch to the 

current cost-saving travel mode.  

 

4. Inter-period transit operating strategy with intra-period day-to-day modal choice 

 

In this section, the transit operator adjusts the transit frequency on a periodic basis based on the transit 

demand observed at the end of the previous period, aiming to achieve various target profits. Then the 

frequency can be regarded as a function of the share of auto users z , i.e. ( )f f z  and 

         , τz z f z t z w f z      . We assume the transit frequency is decreasing with 

respect to the auto share. Suppose the transit operator resets its frequency from period to period in an 

attempt to achieve a given target profit 0  (for a revenue-neutral operator, 0 0  ), the target profit 

is less than or equal to the maximum achievable profit. Let 
nz  be the share of auto users at the end of 

the 
thn  period and suppose that the transit operator’s response is characterized by equation (2), where 

(0,1]n   for all n N  . 1n   means that the transit operator changes the transit frequency 

strictly following the rule according to the share of auto users at  the end of the previous period to get 

the target profit 0 . Given 
nz  and 

nf , the transit frequency in the  1
th

n   period is 

    1 1n n n

n nf f z f        (2) 

where 

     1

0 minmax τ 1 ,n nf z k d z f   
 

  (3) 

When the day-to-day dynamic modal choice follows equation (1), the resulting 
1nz 

 is always 

between 
nz  and the equilibrium auto share for the  1

th
n   period. Thus for the traverlers, 

 
   1 *1 α 1 α
nn n

n nz z z
       (4) 

where 

 
     1 * 1

1 *

,
ε dε

n n

n

z f
z g

 




     (5) 

Let  * *,z f  represent the fixed point of system (2) and (4), then,  

  
 * *

*

,
ε dε

z f
z g




     (6) 

   * 1 *

0 minmax τ 1 ,f k d z f   
 

.   (7) 

We can prove that when           * * * * *, τ 1g z f t z d k f w f      , the corresponding 

interior fixed point is (locally) asymptotically stable and the boundary fixed point is always (locally) 

asymptotically stable.  
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From this proposition we can see that the convergence of the dynamic system and the stability of the 

fixed points over periods are independent of the values of updating parameters. Now we can further 

investigate the stability of all fixed points and get the following finding. 

 

For system (2) and (4), when there is only one target profit equilibrium fixed point, it must be 

asymptotically stable. When there are multiple target profit equilibrium fixed points, at least one fixed 

point is unstable and the fixed point with the lowest and the highest share of auto users is 

asymptotically stable.   

 

5. Conclusion  

 

In this paper, we investigated the dynamics of modal choice of heterogeneous travelers with 

responsive transit service under different economic objectives. The problem of interest is modelled as 

a double dynamic system where travelers adjust their modal choice from day to day while transit 

operator sets transit service frequency from period to period in response to changing demand. We 

analyzed travelers’ modal choice in each period based on the travelers’ rational behavior that travelers 

tend to change to more attractive mode. The dynamic system of modal choice in each period has a 

unique fixed point which is identical with the user equilibrium auto share. The stability of this unique 

fixed point can be established by Lyapunov stability theorem. Over periods, the transit frequency is 

responsive to the transit demand under different economic objectives, which may result in multiple 

stable fixed points. In the presence of multiple stable fixed points, the fixed point with the lowest or 

highest auto share is stable and the stable condition is independent of the updating parameters. We 

also investigated the impacts of total travel demand and bus capacity. The analysis and results are 

useful for setting operating strategies to drive the dynamic system towards a desirable equilibrium 

fixed point.  
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1. Introduction 

 

Since its development by Spiess and Florian (1989), the strategy-based transit assignment has been 

widely accepted among researchers and practitioners and extensively used in multimodal travel 

demand forecasting. The desired features that have stimulated this popularity are both in the model 

characteristics and in the computational efficiency of the solution method. In terms of the desired 

model characteristics, such models can capture the “strategic travel behaviour” of passengers when a 

multitude of elementary paths are available in the transit network between their intended origin-

destination pairs. Such strategic behaviour rises naturally in response to the temporal limitations of the 

public transit service.  Strategy-based models allow an effective modelling functionality in which 

passengers can adapt their path decisions according to the service arrivals in real time. In terms of 

computational advantages, the problem has been modelled as a linear program (LP) and an efficient 

network labelling algorithm is proposed (Spiess and Florian 1989) that is effective in handling real-

sized transit assignment problems. In a parallel approach, Nguyen and Pallottino (1988) proposed the 

concept of transit hyperpath and modelled the travel strategies in a hyperpath/hypergraph network 

structure. They proved that the strategy-based transit assignment solution can be found in a 

hypergraph structure using a network flow assignment procedure. 

Strategy-based transit assignment models are based on assigning travel strategies (instead of 

elementary paths) to passengers between the origins and destinations. These strategies contain a set of 

“attractive routes” at each stop along the path. It is assumed that passengers will board on the route in 

the attractive set that arrives first to the stop. These strategies are usually estimated by minimising the 

expected travel time between the origin and destination, assuming that passengers have perfect 

knowledge of the service and that they can compute and choose the fastest travel strategy. Florian and 

Constantin (2012) argued that the optimal strategy calculation may result in extreme solutions and 

thus could be highly sensitive to small fluctuations in the service, especially at critical values. This is 

usually the case in deterministic approaches to path choice modelling. In order to account for such a 

deficiency, Nguyen et al. (1998) proposed a strategy-based transit assignment method with an implicit 

logit formulation to model the stochastic choices of boarding stops and transfer locations. This allows 

some level of indeterminacy in the model to account for variations in passengers’ preferences and 

their knowledge of the transit service, and would improve the path choice estimation particularly in 

the choice of departure or transfer stops. However, in their model the attractive set of routes are 

assumed deterministic and identical for all passengers travelling to the same destination. This 

character could be potentially restrictive because the variability in the boarding strategy choices 

which is known to exist in dense and complex transit systems is ignored. An empirical analysis with 

transit farecard data of passengers in Brisbane city in Australia over a six months period indicates 

significant variability of observed boarding strategies among the regular passengers of identical 

origin-destination (O-D) pairs (Nassir et al, 2015a).  This paper aims to contribute to our knowledge 

of transit boarding strategies and the inherent variability of these choices, by exploring repeated path 

choice observations from a farecard data set. 
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2. Literature Review 

Recently, a new stream of research has initiated to improve the behavioural realism of modelling 

transit passenger travel strategies. Transit farecard datasets usually provide a massive and valuable 

sample of repetitive observations that allow a closer look at the passengers’ strategic behaviours. 

These datasets have facilitated multitude of research with the aim to improve the conventional transit 

assignment models. One focuses on the importance of empirically estimated random utility functions 

to predict the choice of travel strategies, not only considering travel time, but also incorporating other 

important attributes such as waiting time, walking distance, number of transfers, etc. with proper 

weighting coefficients.  For a farecard dataset from a city in Japan, Schmöcker et al. (2013) proposed 

and estimated a hyperpath choice model by analysing farecard boarding transactions. They estimated 

a random utility function with coefficients for attributes of waiting time and in-vehicle time. Kurauchi 

et al. (2012) also estimated a hyperpath choice model, with in-vehicle time, waiting time and number 

of transfers as utility attributes of the choice model. They used a web-based stated preference survey 

with hypothetical scenarios in an abstract network with three routes and up to seven hyperpaths. Also, 

their analysis demonstrated differences in the hyperpaths constructed by different socio-demographic 

groups and for different travel purposes. These recent models provide enough evidence to assume that 

a more realistic random utility function could improve the modelling accuracy in stochastic transit 

assignment. However, the question remains unanswered how such a utility function for hyperpath 

choice can be applied in a stochastic transit assignment procedure, since the highly combinatorial 

nature of hyperpaths in transit networks can prohibit enumeration of all alternatives  (Nguyen et al. 

1998). 

This research develops a new random utility strategy choice model to capture and model the 

variability of boarding strategies observed in the farecard dataset of the transit network in Brisbane, 

Australia. A critical characteristic of the proposed model is the ability to avoid enumerating 

hyperpaths. This feature facilitates not only feasible estimation of the choice model in a real-sized 

network, but also its application in a large-scale stochastic transit assignment models. 

 

3. Methodology 

3.1. Modelling framework 

In this method we decompose the multinomial choice of “attractive set” -- which is itself the building 

block of travel strategy -- into its elemental choice; the binary choice between the two options, to 

“include” or to “exclude” a given bus (or train) route into the attractive set of routes at each stop. In 

other words, instead of modelling the attractive set as a whole, we aim to estimate the attractive set 

indirectly by calculating the probability of having each bus (or train) route within the set. This 

decomposition obviates the need to enumerate all alternative strategies.  

It is worthwhile to note that considering the definition of attractive set, in this model the option to 

“include” a bus (or train) route in the attractive set translates to the conditional probability of  

boarding that bus (or train) route if it is the first one that arrives to the stop among all routes in the 

attractive set. 

Pr(boarding on route i) = Pr (boarding on i| i arrives first) ∙ Pr(i arrives first) 

 = Pr (i is in the attractive set) ∙ Pr(i arrives first)  

 

 

(1) 

 

Considering the probability expression of boarding an arbitrary bus (or train) route i in (1), the model 

proposed in this research aims to estimate Pr(i is in the attractive set). This probability can be 

estimated from the observed attractive sets in a farecard dataset by incorporating measurable 
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explanatory attributes for each route in the attractive set. In order to prepare the data required for 

estimation of this model, we have developed a statistical inference method to infer the attractive set of 

routes for each passenger, from a set of repeated farecard transactions of regular travellers of selected 

O-D pairs over a six-month period (Nassir et al. 2015b). 

 3.2. Boarding Choice Model (BCM)   

The Boarding Choice Model (BCM) proposed here differs from the typical discrete choice models. 

BCM is a choice of one alternative based on its given attributes, or of not choosing the alternative 

based on an expectation of travel attributes in the absence of that alternative.  

Implicit enumeration of alternatives 

The BCM is built on the hypergraph network transformation proposed by Nguyen and Pallottino 

(1988). They proposed the concept of “efficient hypergraph” for a single destination transit 

assignment problem, which embeds all possible hyperpaths that passengers are assumed to consider. 

An efficient hypergraph is built on the fastest backward hyperpath from the destination, with addition 

of all links whose travel time to the destination from their head is not more than from their tail. In this 

model, we slightly adjust the procedure of generating the efficient hypergraph to better match our 

actual observations of transit path choices that passengers have made. From an empirical analysis of 

farecard data in Brisbane, we have concluded that the majority of observed transit paths have a travel 

times within 200% of the fastest travel time in the network (Nassir et al. 2015c). We use this to limit 

the possible hyperpaths in the network to reasonable hyperpaths between the OD pair. 

For the choice estimation, the boarding alternatives at any given stop are the routes existing in the 

efficient hypergraph at that stop.  Figure 1 shows the efficient hypergraph in an example in which the 

fastest hyperpath travel time is 26.5 minutes. The labels next to each node show the expected fastest 

travel time to the destination. Solid links are the links on the fastest hyperpath and dashed links are 

off-optimal links that are added to generate the efficient hypergraph. 

 

Figure 1: Example of efficient hypergraph 

Given the efficient hypergraph in Figure 1, the boarding alternatives considered for the BCM 

estimation at node O would be routes L1, L3, L4, and L5 (the set of reasonable alternatives). 

Therefore, when estimating the BCM, we would have 4 choices per person, each indicating the 

probability of the person including one of the boarding alternatives in their attractive set. 
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Utility of Alternatives 

The utility of “including” each route in the choice set is estimated as a function of attributes for travel 

on that route to the destination. These attributes include total composite travel time, composite 

number of transfers, composite walking distances for transfers, composite waiting times, etc. These 

attributes are all considered in a composite (logsum) form, reflecting the procedure of calculating such 

attributes for a hyperpath to the destination. The utility of “excluding” a route is estimated based on 

the composite attributes of the travel to the destination in the absence of that route. 

 

 

References 

Florian, M., and I. Constantin (2012). "A note on logit choices in strategy transit assignment." EURO 

Journal on Transportation and Logistics 1(1-2): 29-46. 

Kurauchi, F., J.-D. Schmöcker, A. Fonzone, S. M. H. Hemdan, H. Shimamoto, and M. G. Bell (2012). 

"Estimating weights of times and transfers for hyperpath travelers." Transportation Research Record: 

Journal of the Transportation Research Board 2284(1): 89-99. 

Nassir, N., Hickman, M., and Z. Ma (2015a), “Behavioural findings from observed transit route 

choice strategies in the farecard data of Brisbane”, Australasian Transport Research Forum (ATRF), 

Sydney, Australia, 30 September - 2 October, 2015. 

Nassir, N., Hickman, M., and Z. Ma (2015b), “Statistical Inference of Transit Passenger Boarding 

Strategies from Farecard Data”, Conference on Advanced Systems in Public Transport (CASPT), 

Rotterdam, The Netherlands, July 19-2, 2015. 

Nassir, N., M. Hickman, and Z. L. Ma (2015c). "Activity detection and transfer identification for 

public transit fare card data." Transportation 42: 683–705,  doi:10.1007/s11116-015-9601-6. 

Nguyen, S., and S. Pallottino (1988). "Equilibrium traffic assignment for large scale transit networks." 

European Journal of Operational Research 37(2): 176-186. 

Nguyen, S., S. Pallottino, and M. Gendreau (1998). "Implicit enumeration of hyperpaths in a logit 

model for transit networks." Transportation Science 32(1): 54-64. 

Schmöcker, J.-D., H. Shimamoto, and F. Kurauchi (2013). "Generation and Calibration of Transit 

Hyperpaths." Procedia - Social and Behavioral Sciences 80(0): 211-230. 

Spiess, H., and M. Florian (1989). "Optimal strategies: a new assignment model for transit networks." 

Transportation Research Part B: Methodological 23(2): 83-102. 



1 
 

A dynamic strategy-based path choice model for real-time run-oriented 

transit simulation 
 

 

Agostino Nuzzolo1,*, Antonio Comi1 

 
1Department of Enterprise Engineering, University of Rome Tor Vergata, Italy 

*Corresponding author: nuzzolo@ing.uniroma2.it 

 

Extended abstract submitted for presentation at the  

6th International Symposium on Dynamic Traffic Assignment (Sydney, 28-30 June, 2016) 

 

 

1. Introduction 

 

Operations control and traveller information require real-time estimation and short-term prediction of 

travel times, on-board loads and other state variables representing system functioning in the specific 

current conditions of network services. Some of these variables can be obtained by using real-time 

transit assignment models, in which a key role is played by path choice models, able to reproduce the 

traveller’s behaviour. One of the more complex situations is when travellers move on an unreliable 

network, where at certain nodes (diversion nodes), some travel decisions have to be carried out 

according to the occurrences of random events (e.g. bus arrivals at stops, on-board crowding). Even if 

predicted information on the network states could be provided to travellers, due to the uncertainty of 

such forecasts, the choice at departure time of a specific path up to destination may not be the best 

decision. Rather, a travel strategy should be used, with a sequence of choices in a set of diversion nodes 

of a hyperpath (Nguyen et al., 1998), considering occurrences which arise and using a given diversion 

choice rule, with the aim of minimising expected travel cost according to Decision Theory (Von 

Neumann and Morgenstern, 1947) for uncertainty contexts. The presence of real-time information 

provided to travellers entails an intelligent adaptive behaviour at diversion nodes, which differs from 

the optimal strategy paradigm depicted in Florian and Constantin (2012), where it is assumed that 

travellers use as strategy to board the first arriving line of a set of attractive lines, which allow them to 

reach their destinations at minimum expected travel time. 

Aiming to predict on-board loads of single transit vehicles in real time, the run-oriented simulation-

based (or agent-based) assignment approach (Cats, 2014; Gentile and Nokel, 2016; Nuzzolo et al. 2016) 

is the only suitable way within assignment methods. Hence it is the only one considered below. 

This extended abstract presents a strategy-based path choice model for the real-time run-oriented 

simulation-based transit assignment, which represents an improvement in the model proposed in 

Nuzzolo et al. (2016). In the following, Section 2 gives an overview of the literature in the field of 

transit path choice modelling, while Section 3 presents the proposed path choice model, for which the 

results of an application example are summarised. Finally, section 4 reports some brief concluding 

remarks and future research perspectives.  

 

2. Real-time strategy-based transit path choice modelling: state of the art 

 

In relation to the topic of this paper (i.e. strategy-based path choice modelling for real-time run-oriented 

simulation of unreliable transit systems with predictive info), the literature is very limited. Among the 

few model systems presented, mention should be made of DYBUSRT (Nuzzolo et al., 2016), 

MILATRANS (Wahba and Shalaby, 2014) and BUSMEZZO (Cats, 2014). In order to consider network 

unreliability, all the above simulation tools reproduce, explicitly or implicitly, the chosen path as the 

result of travel strategy, but they present different modelling features with respect to: path choice set 

generation, information contents, behavioural assumptions, choice dimensions and model specification. 

In relation to path choice set, DYBUSRT and BUSMEZZO use a master choice set, obtained by 

imposing logical and behavioural constraints on all available paths. The residual paths are combined to 

obtain a master hyperpath, within which travellers choose (sub)hyperpaths. In MILATRANS, travellers 
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are assumed to consider, according to their experience, a “mental model”. On the identified master 

choice set, at diversion nodes travellers make link diversion choices to reach the next diversion nodes, 

where the choice process is again performed. DYBUSRT and BUSMEZZO use compensatory random 

utility choice models and anticipated utilities, defined by combining real-time predictive information 

and previous experience. MILATRAS uses bounded rationality choice in reinforcement learning 

algorithms. Therefore, it seems more suitable to use equilibrium-oriented simulation than to simulate a 

traveller’s behaviour in a real-time context. 

The main features of the new path choice model are described below. It is an advancement on the model 

proposed in Nuzzolo et al. (2016). As novelties, the hyperpath choice is explored in greater depth, with 

a choice set upgraded at each diversion node, because, according to available info, some runs or lines 

could become unavailable, e.g. due to disruptions. Further, the hyperpath choice depends on the weight 

of information in the anticipated utility. This weight is the result of a traveller’s learning process because 

the experienced utility of each option also depends thereon. 

 

3. The proposed path choice model 

 

Some of the main features of the proposed model are briefly described below. More details on behaviour 

assumptions on master hyperpath generation, optimal strategy definition and experienced utility 

learning process analysis will be given in the full paper. 

 

3.1 Diversion link choice rule 

 

As recalled, a strategy can be topologically represented through a hyperpath (Nguyen et al., 1998), 

characterised by diversion nodes at the decision points where the diversion link choices come with a 

decision rule. In the decision rule of the presented model, it is assumed that at a diversion node i the 

diversion link to use is chosen comparing the anticipated utilities AU of the hyperpaths including the 

diversion links il and departing from the node i up to destination. The anticipated utility AU takes into 

account the current state of the service network, past experience and the predictive info, if available. 

The anticipated utilities t,

K t,
h,il

AU
 , at time  of day t, of hyperpath Kil,h  made of Gil,h elementary paths k, 

starting from node i up to destination and including the diversion link il, can be written as a function of 

the anticipated utilities of its paths as follows: 

 



h,il

t,
h,il

G

k

t,
kh,il

t,

K
AUK/kpAU

1


  (1) 

where  
h,ilK/kp  is the use percentage of path k within hyperpath Kij,h, on the basis of the previous use 

at time  and 
t,

kAU
 is the anticipated utility of path k at time of day t, and depends on the anticipated 

attributes,  t,
k

t,
kAU   AX , where 

t,
k


AX  is the vector of the attributes relative to alternative k, 

anticipated at time  of day t. 

The anticipated attributes AX can be obtained by using a learning process, which considers the real-time 

available information and the traveller’s prior experience: 

    11 11   t,
j,k

t,
j,k

t,
j,k

t,
j,k

t,
j,k

t,
j,k PXTXPXPXFXAX    (2) 

where, for the j-th attribute: t,
j,kAX   is the anticipated value at time  of day t, t,

j,kFX   is the value 

forecasted by the info system and t,
j,kPX   is the perceived value, at time τ of day t; 1t,

j,kTX   is the 

attribute value experienced and 1t,
j,kPX   the perceived value, at time τ of day t-1;  ( [0, 1]) is the 

weight given by the traveller to the information provided;  ( [0,1]) is the weight given to attributes 

experienced on day t-1, depending on the memory process. Note that it is assumed that, in the learning 

process, travellers search for the optimal weight  that maximises the subjective experienced utility. 
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At-origin and at-stop diversion choice 

Travellers’ choices at diversion nodes can be classified into at-origin and at-stop choices. At origin, the 

traveller is assumed: a) to associate an anticipated utility 
t,

K t,
h,ol

AU
  to each hyperpath 

 t,
ol

t,
h,ol

t,
h,ol CSKK    within the set t,

olCS   of all hyperpaths with the root in the same diversion link ol; 

b) to compare the anticipated utilities 
t,

K t,
h,ol

AU
 of these hyperpaths; c) to consider for each diversion link 

the optimal hyperpath t,*
olK   with the maximum anticipated utility  t,

KCSK

t,

K t,
h,ol

t,
ol

t,
h,ol

t,*
ol

AUmaxAU 
 

 ; d) to 

compare the optimal hyperpaths of each diversion link ol outgoing from the diversion node o and 

belonging to the optimal hyperpath set t,*
oCS  ; e) to use the diversion link ol included in the absolute 

optimal hyperpath t,**
olK   with the maximum anticipated utility  t,

KCSK

t,

K t,*
ol

t,*
o

t,*
ol

t,**
ol

AUmaxAU 
 

 . 

Subsequently, at time τ, when the traveller is at the (first boarding or at an interchange) stop (diversion 

node) i, and a run r belonging to the hyperpath arrives, s(he) is assumed: a) to consider the diversion 

link ilr to board run r and the diversion link ilw to wait; b) to associate an anticipated utility to each 

hyperpath with the root in the two above diversion links; c) to compare the anticipated utilities of these 

hyperpaths 
t,

K t,
h,ilr

AU
 and 

t,

K t,
h,ilw

AU
 ; d) to consider the optimal hyperpaths t,*

ilrK   and t,*
ilwK   with the 

maximum anticipated utilities among the hyperpaths with the same root in the diversion link ilr and ilw, 

respectively; e) to board the run r if 
t,

K

t,

K t,*
ilw

t,*

ril

AUAU 
  , i.e. the anticipated utility 

t,

K t,*
ilr

AU
  associated to 

the optimal hyperpath t,*
ilrK   incorporating run r is greater than the anticipated utility 

t,

K t,*
ilw

AU
  of the 

optimal hyperpath t,*
ilwK   associated to waiting link ilw, which includes all other hyperpaths Kilr’, 

incorporating runs r’ not yet arriving. If the traveller does not board run r, the process is re-applied 

when the next run arrives. 

 

3.2 Diversion link choice probability 

 

From the previous behavioural assumptions, two types of hyperpath anticipated utilities are involved in 

link diversion choice. The first concerns the anticipated utility of optimal hyperpath K* among the 

alternative hyperpaths available for the same diversion link il (ol if at origin) and composing the run 

hyperpath choice set CSil of diversion link il. The second concerns the anticipated utility of the absolute 

best run hyperpath K** among the optimal hyperpaths composing the optimal hyperpath choice set CSi 

at diversion node i. The modeller knows neither the choice set of diversion links CSi, nor the choice set 

CSil of the hyperpaths of each link il nor the hyperpath anticipated utility values used by travellers. 

Thus, the run hyperpath choice set modelling issue has to be tackled. The anticipated utility values are 

assumed to be random variables, with the diversion link choice considered in terms of probabilities 

p[il]. 

In accordance with the above assumptions, the probability (p[il]) of using diversion link il is equal to 

the probability that the hyperpath t,*
ilK   is considered the optimal one, ,K t,**

i
  among the optimal 

hyperpaths (
t,*

ilK 
;

t,
iLil  ) composing the choice set t,*

iCS   considered by the traveller: 

     
t,*

i
t,*

'il
t,*

il
t,*

'il
t,*

il

t,

K

t,

K

t,*
il

t,**
i

CSK,K;KK

AUAUprobKKpilp t,*
'il

t,*
il









 (3) 

where 
t,

K t,*
il

AU
  and 

t,

K t,*
'il

AU
  are the values of anticipated utilities of hyperpaths 

t,*
ilK 

 and 
t,*

'ilK 
, 

respectively. 

Further, in order to specify correctly the choice set t,*
iCS   considered by traveller, a two-stage choice 

model is used according to the general framework proposed by Manski (1977) and specified for GEV-

family models by Swait (2001). An application of such a method to transit network was proposed by 

Schmocker et al. (2013). 
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Finally, an application of the proposed path choice model, within the mesoscopic assignment included 

in DYBUSRT, was carried out. The aim of the application was: a) to compare the performance of the 

newly proposed model with the previous included in DYBUSRT; b) to assess how different 

contributions of expected and forecasted utilities affect expected value of experienced utilities; c) to 

analyse how these effects are influenced by stochasticity of services and forecasting precision. The 

results indicate that the optimal weights used for combining expected and forecasted hyperpath utilities 

should be estimated, and that these weights strongly depend on features of the transit system. 

 
4. Conclusions 

 

This paper presents a promising new version of a strategy-based hyperpath choice model for real time 

run-oriented transit assignment, even if it requires more complex algorithms and several model 

parameters. That said, the new opportunities due to the availability of a large quantity of data derived 

from automated data collecting and bi-directional communication between travellers and information 

centres should allow model parameter estimation and upgrading to be more easily obtained in the near 

future. 
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1.  Introduction 

The use of DTA models in practice has increased in the last few years, and decision makers value the 
greater spatio-temporal detail of their results, and the ability to use DTA to evaluate novel approaches to 
traffic management, among others. However, as new vehicle and communication technologies become 
available, typical DTA model assumptions and capabilities may not be appropriate to reflect driving and 
travel behavior. Further, the increasing volume of traffic related data available from multiple sources has 
enormous potential to enhance existing models, but the systematic use of massive data sets in the context 
of DTA model calibration/validation is not common in practice.  

Significant research is under way to understand the potential of novel data, and to capture the impact of 
new vehicle technologies. The goal of this paper is to discuss promising research directions for practical 
DTA implementations, and to describe the use of a framework that facilitates reproducible data-centric 
research and faster technology transfer. Section 2 suggests research directions based on the literature and 
on the experience gained from the application of DTA models to the analysis of dozens of case studies in 
the Austin, TX region.  Section 3 describes the use of Cyberifrastructure (CI) to facilitate data-centric, 
transferable and reproducible DTA research, and to promote faster technology transfer.  We propose a set 
of core capabilities required for effective DTA model  development, and provide examples of products 
available (or son to be) through a prototype CI developed in collaboration with the Texas Advanced 
Computing Center. 

2.  Possible directions for innovation in DTA models in practice 

Table1: Possible research directions relevant to DTA models in practice 
Use of data 
 

 Using data to generate/refine model inputs (OSM,GTFS) 
 Using real data from multiple sources for model validation and calibration (online-offline). 
Explicitly consider variability in data 

Simulation 
module 
 

 Consider autonomous/connected vehicles 
 Incorporate advanced node models to account for complex intersections 
 More realistic modeling of parking, shared rides, transit and non-motorized modes 
 Challenges and opportunities of using microsimulation in equilibrium models 

Other 
 

 Integration with ABM ,Dynamic Transit Assignment models (feedback ,convergence) 
 "Integrated" sub-area analyses that can account for changes  in traffic from/to the study region 
 Alternative modeling paradigms (e.g. recourse in routing in response to available information, 
"strategic" equilibrium)   

 More fluid integration with mode choice models 
 Meaningful visualization of algorithms and/or model results to understand practical differences 
between modeling approaches 



Table 1 identifies some of the research directions relevant to the application of DTA models in practice, 
based on the authors’ experience.  This paper will discuss existing efforts in utilizing parcel-level data to 
refine the loading of vehicles into the network [1] (Figure 1), and some of the insights gained during the 
integration of a DTA model with Dynamic Transit Assignment [2] and Activity Based Models [3]. 

 
Figure1: Centroid Connector Placement Before and After Parcel Data Utilization 

3.  Cyberinfrastructure for DTA research 
 

Cyberinfrastructure (CI) is a system that incorporates various computing, archival, and communication 
technologies, along with software [4]. By connecting advanced computing power with software products 
and making them available through the web, CI has the potential to create new research environments and 
transform the sciences and engineering. In the transportation domain, which has seen an explosion of live 
and archived data sources in the last decade, as well as an increase in the use of methodologies that are 
computationally intensive [5][6], a CI framework holds enormous potential. Our vision is to deploy a 
robust prototype CI, that is relevant to the transportation research community and accessible by 
developers at all levels of sophistication using popular, standards-based, open source web technologies. 
While several efforts to build transportation CI for data or specific applications exist [7][8], to our 
knowledge there is not a comprehensive framework that incorporates access to data, modeling tools, and 
features to enable transferable and reproducible research.  

The prototype described in this paper is based on Agave, a collection of web-based application 
programming interfaces (APIs) initially put into production by the iPlant Collaborative [9] in 2011, to 
provide access to the distributed High Performance Computing (HPC), High Throughput Computing 
(HTC), Cloud, and Big Data resources powering their CI.  Agave is currently in use by projects and 
researchers in the Life Sciences and other fields in order to accelerate the development of comprehensive, 
collaborative, and efficient research projects. 

The fundamental concept behind Agave involves “registering” data sources and applications by creating 
appropriate APIs, which can be customized to the needs and requirements of multiple stakeholders.  Once 



a data source is registered, the APIs may be used to access data systematically for model development, 
validation and execution.  Registered data can also be used by registered applications within the CI, and 
work flows can be traced to ensure reproducibility.  Among others, DTA models can benefit from the CI 
by 

 Using real data (archived and real-time) for model validation, calibration and/or testing. Data collected 
real time may be “re-played” through an API under development.  

 Registering their model outputs in order to analyze them using visualization tools available through the 
framework. 

 Deploying and running prototype models in high-performance-computing environments, using data 
available in the CI, and easily tracking work flows to enable reproducibility. 

 Generating network models from open source data, which may be used to test and compare prototypes. 
 

Some of the core-capabilities required to support DTA innovation through CI include  
 Access to time-dependent data and re-played real time data 
 Access to high performance computing resources 
 Access to open-source traffic simulators and oprn source transit modeling 
 Access to interactive data analysis and visualization tools 
 Transparent data aggregation methodologies (spatial, temporal) 
 Transparent data conflation procedures 
 Generation of graphs appropriate for modeling from open source data 

This paper will describe some of the capabilities already developed by the authors as open-source 
products, including the mapping of GTFS trajectories into a DTA network [10], running a DTA model in 
a high-performance-computing environment [11], and developing an interactive tool to visualize data and 
modeling results [12] (Figure 2). Ongoing work will register these tools and corresponding data, when 
appropriate, into the proposed CI. 

 

                a) Transit boarding (green) and alighting (red)                  b)Time-dependent demand pattern 
Figure 2: Interactive web-based tool for the visualization of DTA, ABM and dynamic transit modeling 
results.  
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1. Motivation 

 

Existing analytical dynamic traffic assignment (DTA) frameworks are formulated as either path-based 

models (e.g., Friesz et al., 1993), or link-based models (e.g., Ban et al., 2008). The merit of path-based 

models is that the path-related information, such as path flows, can be obtained and imported to 

dynamic network loading (DNL) models. DNL models are used to model traffic flow propagation and 

determine travel time. It is important to incorporate a realistic DNL model so that traffic dynamics, 

such as queuing and spillback effects, can be captured. Nevertheless, a path-based model normally 

suffers from the computational burden of path enumeration or generation and path storage when 

solving large network problems. Instead, link-based models can avoid these two demerits and thus be 

applied for large networks. However, due to the lack of path information in link-based models, 

realistic traffic dynamics such as queue spillback cannot be captured in link-based models. To address 

this issue, Long et al. (2013, 2015) developed intersection-movement-based DTA models. Their 

models retain the beauties of both link-based and path-based models by obtaining the path 

information from the movement of flows at each node. 

 

Most of above models, including the intersection-movement-based DTA models, only consider single 

vehicle class. It is important to capture multi-class in a DTA model and interaction between different 

types of vehicles because of the following reasons. First, the interaction between vehicle classes has 

been identified as one of the causes of traffic hysteresis, capacity drop, or the wide scattering of flow-

density relationships in a congested regime. Second, it is clear that trucks have a high impact on the 

capacity of highways, as they travel more slowly than cars and can become moving bottlenecks. 

Therefore, without the consideration of different vehicle types and their interaction, realistic traffic 

dynamics and queue spillback cannot be modeled properly and the total system travel time cannot be 

estimated precisely. Third, it is essential to distinguish user classes in the application of class-specific 

or priority control or when different types of traffic information are available to different user classes.  

 

2. Objectives and scope 

 

This paper develops a multi-class approach-proportion-based dynamic traffic assignment model based 

on the dynamic user optimal (DUO) route choice principle and concept of intersection movements. 

The problem is formulated as a variational inequality (VI) problem. The DNL model proposed by 

Bliemer (2007) is modified and incorporated into the VI formulation. Unlike some of existing single 

class DNL models (Ban et al., 2012), this DNL model can capture the car-truck interaction and allow 

approach proportions as inputs. An extragradient method that only requires mild assumptions is 

adopted to solve the problem. Numerical examples are set to illustrate the importance of considering 

multi-class. In addition, a car-truck interaction paradox, stating that allowing trucks traveling in a 

network or increasing the demand of trucks could improve the total car travel time, is discussed and 

examined. The main contributions of this paper are 1) proposing a multi-class approach-proportion-

based DTA model that considers the interaction between different types of vehicles and physical 
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queues and 2) examining the paradox associated with the interaction between trucks and cars. 

 

3. Approach-proportion-based formulation 

 

The problem can be formulated using the concept of approach proportion. An approach proportion is 

defined as the proportion of vehicles that select a downstream link to enter after leaving a node or 

passing through an upstream link. That is, it is defined as the proportion of vehicles coming from a 

link or node to enter the approach concerned or the proportion of vehicles selecting a particular 

intersection movement. By definition, the approach proportions must satisfy the following conditions: 
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where M, N, D, T, and A denote the sets of classes, nodes, destinations, time intervals, and links. 

 i iA A   represents the set of links leaving (entering) node i;  id

am t  denotes the proportion of class 

m flow to destination d entering link a iA  from node j at time t;  d

abm t  is the proportion of class m 

flow entering link a at time t and passing through the next link b to destination d and ah  is the head 

node of link a. 

 

The multi-class DUO conditions are expressed as  
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where  id

m t  denotes the minimum travel time for class m vehicles between node i and destination d 

departing at time t;  id

am t  represents the minimum travel time for class m vehicles to destination d 

entering link a iA from node i at time t;  d

abm t  is the minimum travel time for class m vehicles 

between the tail node of link a and destination d via link b 
ahA  departing at time t and 

at  is the tail 

node of link a. 

 

The corresponding VI problem is to determine    * * *,id d

am abmt t    α   such that  
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where “ * ” denotes an optimal solution and   is the solution space of the approach proportions 

defined by Eqs.  (1) - (4). In the VI formulation,  id

am t  and  d

abm t  are functions of link travel times 

that are determined by the multi-class DNL model modified from that of Bliemer (2007). The VI 

problem is solved by an extragradient method. 

 

4. Car-truck interaction paradox  

 

A small network is created in Figure 1. Links 2 and 4 are bottleneck links and marked with dashed 

lines. Two classes of vehicles, cars and trucks, travel from origin node 0 to destination node 5. The 
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link and demand data are listed in Table 1. In this network, two approaches go out from node 1. 

Approach 1 is link 1, followed by links 2, 3, and 4. This approach is on a shorter route, in terms of 

free flow travel time that can be computed from Table 1(a). Nevertheless, the route passes through 

two bottleneck links. Approach 2 is link 5 and is on the route that has a longer travel time, but directly 

connects to the destination node.  

 
Figure 1. Small network 

 

Table 1. Input data for example 1 

(a) Link data 

Link 

No. 

Speed  of cars 

(km/hr) 

Speed of trucks 

(km/hr) 

Length 

(km) 

Density 

(veh/km) 

Capacity 

(veh/hr) 

No. of 

lanes 

0 72.0 36.0 0.02 200 3600 2 

1 72.0 36.0 0.10 200 3600 2 

2 72.0 36.0 1.30 200 1800 1 

3 72.0 36.0 0.04 200 7200 4 

4 72.0 36.0 0.06 200 3600 2 

5 72.0 36.0 1.60 200 3600 2 

 

(b) Demand data 

OD pair 
Car 

Truck 

 Before After 

Input intervals Demand Input intervals Demand Demand 

0- 5 5 – 30 1200 veh/hr 1 – 20 0 veh/hr 1000 veh/hr 

0- 5 31 –  40 300 veh/hr - - - 

3- 5 75 – 100 3500 veh/hr - - - 

3 -5 100 – 120 1500 veh/hr - - - 

 

A before-after study was conducted. In the before-scenario, no trucks are allowed travelling in the 

network. In the after-scenario, the demand of trucks for origin-destination (OD) pair 0-5 is set to be 

1000 veh/hr and lasts for 20 intervals. The result shows that after allowing trucks entering in the 

network, the total car travel time reduces by 5.7%, from 980.0 intervals to 924.1 intervals, indicating 

that a paradox occurs. The occurrence of the paradox is explained as follows.  

 

In the before-scenario, all cars travel via approach 1 to destination under the DUO conditions. When 

these cars arrive at node 3, a queue is formed on link 3, because the total inflow (in terms of total 

passenger car unit), including the car demands of the two OD pairs, is larger than the capacity of link 

4. Because of this queue, the travel time on link 3 increases. Given that link 3 is the only approach for 

the cars of OD pair 3-5 to reach the destination node, the car travel time for OD pair 3-5 rises. 

Meanwhile, the increment in the car travel time for OD pair 3-5 depends on the number of cars 

entering link 3 from OD pair 0-5, because the demand of OD pair 3-5 is constant and its demand itself 

     0 1 2 3 

Link 0 
Link 1 Link 2 

  4   5 

Link 3 Link4 

Link 5 

Approach 1 (on the route with shorter free flow travel time and two bottleneck links) 

) 

Approach 2 (longer free flow travel time but connects to the destination directly) 
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is less than the capacity of link 4. Hence, the larger the number of cars of OD pair 0-5 using approach 

1 is, the more the increment in the car travel time for OD pair 3-5 is. 

 

In the after-scenario, all trucks use approach 1, because the resultant travel time to destination is 

shorter for trucks. When trucks arrive at node 2, a queue is induced on link 1. As a result, the car 

travel time associated with approach 1 increases. When the travel time associated with approach 1 

equals that associated with approach 2, some cars switch to approach 2. Equivalently, the number of 

cars entering link 3 decreases comparing with that number in the before-scenario. The reduction 

mitigates the increment in the car travel time for OD pair 3-5. In addition, the demand of OD pair 3-5 

is far more than that of OD pair 0-5. Therefore, considering the whole network, although allowing 

trucks travelling between OD pair 0-5 causes an increase in the car travel time for OD pair 0-5, it 

reduces the total car travel time by bringing down the car travel time for OD pair 3-5.  

 

It is necessary to point out that the trucks influence the car travel time for OD pair 0-5 directly, but 

indirectly affect the travel time for OD pair 3-5. A direct effect means that trucks interact with cars of 

OD pair 0-5 and both the demands of cars and truck are responsible for the queue on link 1. In 

contrast, there is no interaction between the trucks of OD pair 0-5 and the cars of OD pair 3-5, 

because no trucks enter link 3 before interval 120, the last demand interval of OD pair 3-5. Therefore, 

the effect of trucks on the car travel time for OD pair 3-5 is regarded as an indirect effect, i.e., 

affecting the number of cars using approach 1. 

 

In reality, the before-scenario could represent a traffic management scheme that restricts certain links 

or areas for trucks, assuming that such restriction would benefit cars. However, the occurrence of a 

car-truck interaction paradox implies that it is possible to relax the restriction so that the network 

performance for cars could be further improved, in terms of total car travel time.  

 

5. Conclusion  

 

The paper proposes an approach-proportion-based formulation for the multi-class DTA problem, 

wherein the dynamic queueing and spillback effects are captured by the DNL model adopted. The 

problem is formulated as a VI problem and solved by an extragradient method. The paper also 

illustrates a car-truck interaction paradox in the DTA field, stating that allowing trucks traveling in a 

network or increasing the truck demand in a network could reduce the total car travel time. The paper 

opens various new research directions such as developing an optimal real-time multi-class traffic 

management scheme, detecting the existence of a car-truck interaction paradox in a road network, or 

simultaneously optimizing the network performance for multi-class vehicles, etc. 
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1. Introduction 

 

An effective transportation system requires a high-fidelity traffic model that can capture the day-to-

day and within-day dynamics, queueing, and congestion patterns necessary for making short-term 

planning and operations management. Simulation-based dynamic traffic assignment (DTA) models, 

which uses traffic simulators to replicate the complex flow dynamics critical in developing 

meaningful operational strategies for real-time deployment while trying to maintain computational 

feasibility, are the current closest models with these specifications. With the help of intelligent 

transportation systems (ITS), interactive communication between drivers and the Traffic Management 

Center (TMC) gives transportation planners the data for short-term planning, operations management 

and travel information “nowcasts” which enables various travellers to be better informed and make 

safer, more coordinated and “smarter” in using the transportation network. However, one of the major 

drawbacks of simulation-based DTA models is that studying the convergence and stability of these 

models is difficult. For example, in the day-to-day traffic dynamics generated by a microscopic traffic 

loading procedure, convergence properties of travellers’ dynamic route choice decisions are not yet 

fully established because the travel times (costs) of the trips generated by the simulation are not 

continuous and all of the link cost functions are not known in advance and must be estimated. 

Moreover, even if travellers are assumed to be able to acquire information from the TMC via 

“nowcasts”, the noise from “nowcasts” (i.e. inaccuracy, delay, etc.) together with the traveller-specific 

route perceptions generate a complex and nonstationary transportation network environment. 

In this paper, we try to address the long-standing problem of convergence and stability in the day-to-

day dynamics of microscopic, simulation-based DTA by introducing a multi-agent, simulation-based 

DTA model which captures the non-stationarity of the transportation network environment based 

from Miyagi and Peque (2012) and Miyagi et al.’s (2013) multi-agent model combined with the 

Simulation of Urban MObility (SUMO) software and solved by a generalized stochastic 

approximation method (Leslie and Collins, 2006). Using a network with multiple origin-destination 

(OD) with all-way stops and traffic lights for the simulation-based DTA, simulation results show that 

user equilibrium is achieved. 

 

 

2. Stochastic congestions games and simulation-based DTA with SUMO 

 

Miyagi and Peque (2012) and Miyagi et al. (2013) developed a stochastic version of congestion 

games (Rosenthal, 1973) that captures the non-stationarity of a transportation network environment 

and traveller’s route choice decisions by assuming a traveller-specific and time-dependent random 

term in a traveller’s payoff function. This specification allowed them to categorize players (travellers) 

into the partially informed users (PIUs) and naïve users (NUs) in which players can either acquire 

travel information or not, respectively. PIUs can further be subcategorized into whether players know 

their own payoff function or not, namely, the PIUs with anticipated payoffs and PIUs with announced 

payoffs, respectively. Similar models (model 1, 2, and 3) applied to a two-link network were 

developed by Horowitz (1984), however, he assumed a homogenous demand population (except for 

model 3) but acknowledged that individual route choice decision-making processes is important. In 

this paper, we treat the PIUs with announced payoffs wherein we assume that a TMC announces 
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travel times (costs) to all players at each stage (day).  

 

2.1 Notations and definitions 

 

Let  1,..., ,...,i n  and  1,..., ,..., ,i ik m i   , denote the set of players and the set of actions 

of each player, respectively. Players, travellers and users will sometimes be used interchangeably. 

Similarly, the notation ik  and i ia   used to represent a generic element of i  called the 

player’s action, route or path will also be used interchangeably. We use the conventional notation 
i ia   to represent the joint action taken by the opponents of player i  where 

1 1 1( , , , , , )i i i na a a a a    and 
i j

j i




 . An action profile is then represented by a vector 

denoted by  1, , , ,i na a a a   or  ,i ia a a   where 
i

i
 . The payoff of each 

player in a one-shot game is determined by the function :iu  . Now suppose that the game is 

repeated infinitely many times. This is a repeated game wherein players learn from their interactions 

with other players and at the end of each stage,  0,1,...t T  , each player i  observes a sample 

 ,i i i

t t ta a  which is a realized payoff for the chosen action, i

ta , received at stage t . In this game, it 

is assumed that the realized payoff consists of the expected payoff  ,i i iu a a
 and a choice specific, 

time-dependent random term i

te . That is      , ,i i i i i i i i

t t t t t t t ta a u a a e a    where i

tu  is the true 

expected payoff and i

te is a component of the unknown noise  1, , ,, , ,i i i i

t t k t m te e e e  with an 

expected value of zero, known distribution and bounded variance.  

The payoff specification given above is for the PIUs with anticipated payoffs where players know 

their own payoff function, can observe the other players’ actions, ia , and know the distribution of 

the random term. The payoff specification for PIUs with announced payoffs treated in this paper is 

denoted by      ,i i i i i i i

t t t t t t ta u a a e a   in which the players doesn’t know their own payoff 

function, can’t observe the other players’ actions, ia , and doesn’t know the distribution of the 

random term. However, they can observe the payoff of all their actions,   ,i i i ia a  , after each 

stage t .  

Let us now consider a discrete time process  
0t t

 of vectors. At each stage, all players having 

observed the past realizations  1 1, , t , chooses the actions ta  , each with an objective of 

maximizing the expected payoff,  
1

0

1
lim inf

t i i

s sst
a

t





 
 
 

  using their mixed strategies 

        1 1 , , , ,i i n n

t t t t ta a a a    . A mixed strategy  i i

t a  represents the probability that 

player i  chooses an action ia  at time t , i.e.   : Pri i i i

t ta a a     .  

In standard game theory, players believe that their opponents behave independently according to their 

mixed strategies so that the average payoff in the mixed strategy space is written as,  

         i i i j j

a j
u u a u a a

 
       . (2.1.1) 

A (mixed) Nash equilibrium is achieved when each player plays a best response to the opponents’ 

strategies so that      * * *, , ,i i i i i i i iu u         .  

Let us now define the flow conservation equations for traffic games with atomic flow (Rosenthal, 

1973). For simplicity, we restrict our notations to a single OD transportation network connected by 

several routes. These routes, 2r  , are composed of a set of links, ,r  , shared by all 

players, ,i ir a i     . Path flows are then denoted by an m dimensional vector 

 1, , , ,k mh h h h . Let  f  be the flow on link   and  ,k  be an element of the link-path 
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incidence matrix. The aggregated path and link flows at stage t  are defined as follows, 

   i

t ti
a k h k


  , k   and  , ,k t tk

h k f


 ,   , where    takes a value of 1 if 

the statement in the braces is true and 0, otherwise. From the aggregated flows, a link delay function, 

 C f , can then be defined. If the realized link travel time at stage t , ,tC , is given, the payoff of 

path k  for player i  is defined as    , ,

i i

t k tk C F 


   , where i  and F  denotes the 

player’s value of time and the fare imposed on link , respectively. However, this is unknown in our 

approach. 

 

2.2 Simulation-based DTA with SUMO 

 

The multi-agent, simulation-based DTA model is a combination of the 

multi-agent model (Miyagi and Peque, 2012; Miyagi et al., 2013) and the 

microscopic traffic simulator software, SUMO. 

A simulation-based DTA is carried out by first allowing drivers to choose 

a route based on the learning algorithm (introduced in the next 

subsection). Subsequently, a traffic simulation is performed by SUMO, 

generating travel times which are sent to all drivers. Drivers then use this 

information to update their route choices for the next iteration (a TMC 

and driver interaction). This is shown in figure 2.2.1. This procedure is 

repeated many times until a stopping criterion is met. 

 

2.3 Learning algorithm of players 

 

Due to the complex nature of the simulation-based DTA, an actor-critic algorithm is employed by all 

players (discounted softmax action selection for the actor and multi-agent Q-learning, from 

reinforcement learning, for the critic). These types of algorithms are normally used for the naïve user 

case (Leslie and Collins, 2006), however, we modify and apply it in the simulation. We now introduce 

this below. 

A Boltzmann-Gibbs actor-critic algorithm is a process  ,t tQ  such that, 

 
       

        
1

1 1

1
, ,

i i i i i i

t t t t t
i i

i i i i i i i i i

t t t t t

a a a
a i

Q a Q a a Q a

    





 

   


   
  

, (2.3.1) 

where  t C t





  , 0C   and  0.5,1  ,  
i

i

t C t





  , 0C   and  0.5,i

   , and 

    exp /i i i i i

t t ta K Q a  , K  is a normalization factor. The regret-based, automatic updating 

logit parameter,    1 1

1
max ,0i i i

t t tR
t

  


    , where        0max i

i i

t tk
R Q k k




   ,  

allows players to choose an action almost deterministically as t  . The convergence of the 

algorithm is achieved when 0i i

t tQ    as t   guaranteed by the generalized Borel-Cantelli 

lemma (Jaakkola et al., 1994), 11

1
1i i

t tt t





  
     

  
   , bounding i  below which allows for all 

actions to be played sufficiently often to maintain accurate estimates. This learning policy belongs to 

the novel greedy-in-the-limit-with-infinite-exploration (GLIE) of Singh et al. (2000). 

 

 

3. Application of the multi-agent, simulation-based DTA model to a large network  

 

A simulation-based DTA was carried out for the test network shown in figure 3.1. All the links are 

single lane with a legal speed limit of 13.89 m/s and two-way traffic. The intersections, represented by 

  

  

Route choice 

  

Figure 2.2.1: SUMO DTA 
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Assignment 

Route choice 
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  Day-to-day learning 
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Figure 3.1: Test Network  

 

 

Figure 3.2: Estimated and experienced payoff 

convergence 
  

the nodes, are assigned with either all-way stops or signalized intersections (red nodes). The 

simulation lasts for 120000 time steps iterated 1000 times with 34400 

players. Also, we used a player-specific, exponential distribution on the 

departure time and conducted 10 traffic simulations with random seeds. 

The other settings used are the default SUMO settings.   

Results in figure 3.2 show that the drivers’ estimated and experienced 

payoffs are converging to the same values. Additionally, players selected 

routes (using mixed 

strategies) with the 

lowest travel time, a 

requirement for user 

equilibrium even 

when the travel time 

information that 

players received is fluctuating (not shown here). 

Furthermore, payoff estimates (same values 

obtained from different simulation seeds) are 

still converging to their true values which 

supports the model’s stability in nonstationary 

transportation network environments. We then 

present our result without proof. 

Proposition 3.1. Suppose that  ,t tQ  is a Boltzmann-Gibbs actor-critic algorithm given by equation 

(2.3.1) for stochastic congestion games under the partially informed-users with announced payoffs. 

Then with probability 1, the t  follows a generalised weakened fictitious play process. 

 

 

4. Conclusion 
 

We proposed a multi-agent, simulation-based DTA model which is a stochastic congestion game 

model combined with a microscopic traffic simulator, SUMO. The model is able to capture the non-

stationarity of the transportation network environment and drivers’ route choice decisions. More 

importantly, results from the simulation using a complex network show that a user equilibrium is 

consistently achieved: players select the route that has the lowest (fluctuating) travel time which 

shows convergence and stability of the learning algorithm in non-stationary environments. 

Preliminary results imply that the model is able to solve the long-standing convergence and stability 

issue inherent in microscopic, simulation-based DTA.  
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1 Introduction

Autonomous vehicles (AVs) admit new traffic behaviors, such as reservation-based intersection control [1].

Vehicles request a reservation from the computerized intersection manager for a specific turning movement

starting at a specific time. The intersection manager simulates vehicle requests on a grid of space-time tiles

representing the intersection, and accepts some subset of requests that do not conflict in any of the space-

time tiles. Reservations offer more possibilities in intersection control than traffic signals because individual

vehicle movements are directly controlled.

Despite the greater possibilities for control policies, optimizing reservations is a little-studied question.

Reservations have been mostly studied with the first-come-first-serve (FCFS) policy. Fajardo et al. [2]

found that FCFS reservations reduced delays beyond optimized signals. Reservations can mimic traffic

signal phases [3], so reservations can perform as least as well as signals. However, in some situations FCFS

will perform worse than signals [4]. Other studied control policies are prioritizing emergency vehicles [5]

and intersection auctions [6], but those do not optimize for efficiency either.

The purpose of this paper is to study two policies with the goal of maximizing intersection efficiency:

1. Pressure-based policy: Tassiulas & Ephremides [7] formulated a pressure-based policy for service

and routing in communication networks and proved that it maximizes throughput. Because their

communications network behaves differently than a traffic network (for instance, communications

networks have unbounded queues), we adapt their policy to a cell-transmission model (CTM)-based

traffic network [8, 9]. CTM is necessary because communication network queue dynamics do not

include congestion waves. CTM is sufficiently similar to a communications network because the

congestion wave dynamics only affect cell transition flows. However, our derived policy does not

require CTM to be implemented.

2. P0 policy: The pressure-based policy is designed for communication networks with system-assigned

routes. In traffic networks, we assume that vehicles choose routes to minimize their travel time.

Smith [10] proposed the P0 policy to maximize intersection throughput while accounting for user

equilibrium (UE) route choice. We adapt the P0 policy for reservations in dynamic traffic assign-

ment (DTA) by using observed travel times instead of link performance functions for the congestion

pressure term.
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The contributions of this paper are as follows: we formulate the traffic network using CTM as a com-

munications network [7], and show that the corresponding pressure-based policy π∗ maximizes throughput

for any given route assignment. Furthermore, we adapt the P0 policy to account for UE route choice. Then,

we compare both π∗ and P0 on a city network. Results indicate that both improve significantly over FCFS,

although π∗ also outperformed P0.

2 Traffic network

This section describes the traffic network used to study the pressure-based and P0 policies. We model link

flows through the cell transmission model (CTM) [8, 9], which makes this network usable in simulation-

based DTA. Each cell is furthermore modeled as a FIFO queue, which admits the pressure-based policy

presented in Section 3.1. Reservation-based intersection control is modeled through the conflict region

integer program of Levin & Boyles [11].

2.1 Network formulation

Consider a traffic network G= (N,A, V) with nodes N, links A, and time-specific demand V. All demand

enters and exits from a centroid; let Z� Ndenote the set of centroids. We consider discrete flow, referred

to as vehicles. Each vehicle v has a specific origin and destination in Z and chooses a path pv from r to s
before departing.

As with CTM,each link is divided into cells to approximately solve the kinematic wave theory through

simulation. Cells for link a have length ufaΔt where ufa is the free flow speed of link a and Δt is the

simulation time step. Therefore, vehicles can traverse at most one cell per time step. Movement from cell i
to cell j is permitted only when i is connected to j. Let C be the set of all cells, and let Γ−1

i and Γi denote

the sets of incoming and outgoing cell connectors, respectively, for cell i.

2.2 Cell flow dynamics

Let ni(t) be the number of vehicles in cell i at time t, and let xi(t) be the set of specific vehicles. Let Si(t)
be the set of vehicles in cell i at time t that would leave i if there were no downstream constraints. Let

Ri(t) be the receiving flow — the maximum number of vehicles that can enter — of cell i at time t. Let

yvij(t) ∈ {0, 1} indicate whether vehicle v moves from cell i to cell j at time t. If yvij(t) = 1, v moves from

i to j at t. Clearly, v cannot move from i to j at t unless v entered i at t− 1. Also, v will not move from i to

j unless j ∈ pv. Flow between i and j is further constrained: v cannot leave i at t unless v ∈ Si(t). Also,

the total flow into j cannot exceed Rj(t).
Let Yn(t) denote the set of feasible vehicle movements across node n ∈ Nat t, where the feasible region

is constrained by sending flow, receiving flow, path constraints, intersection conflicts, and FIFO behavior.

Each yij(t) ∈ Yn(t) is an action that may be taken for moving flow. Let S(t) be the vector of sending

flows and Y(t) be the vector of feasible movements. Let S be the set of possible sending flows and Y the

set of possible feasible movements. A policy π = μt : S→ Ydefines which vehicles are moved when the

sending flow is S(t).

3 Pressure-based policies

We present a policy π∗ based on the work of Tassiulas & Ephremides [7] and adapt the P0 policy [10].
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3.1 π∗ policy

The objective of the π∗ policy is to have maximum stability [7]. We adapt π∗ to the traffic network of FIFO

queues described in Section 2. Unfortunately, it can be shown that non-stationary demand can result in

gridlock with this policy, preventing later stability. (Non-stationary demand is common in traffic networks).

Furthermore, even if demand is stationary, locally optimal intersection control policies can still induce a

Daganzo paradox [12]-like situation. Nevertheless, results indicate that using the π∗ policy as a heuristic

improves considerably over FCFS on a city network.

Stage 1

This stage determines the vehicle weights Dv
jk(t) for vehicle v moving from cell j to cell k. Define Cj to

be the set of congested cells leading up to j as follows: j ∈ Cj . Also, if nj(t) > Qj(t), then for any i ∈ C,

i ∈ Cj if Γi ∩ Cj �= ∅ and ni(t) > Qi(t). This results in arbitrarily large pressures.

Let pji (t) be the proportion of vehicles in cell i that have cell j in their path. Clearly, pjj(t) = 1, and

for any cell i′ preceding j on the same link, pji′(t) = 1 also. When queue spillback is present and i is on a

different link than j, pji (t) < 1 is possible.

Define the queue length for cell j at time t to be

Lj(t) =
∑
i∈Cj

ni(t)p
j
i (t) (1)

Lj is the number of vehicles in the congested region Cj waiting to use cell j. Now define Dv
jk(t) as follows:

Dv
jk(t) = (Lj(t)− Lk(t))min {Qj(t), Qk(t)} (2)

Stage 2

Find a vehicle movement vector ŷ(t) satisfying the following:

ŷ(t) = arg max
y∈Y(t)

{D(t) · y} (3)

Stage 3

If ŷvij(t) = 1, then vehicle v is moved from cell i to cell j at time t. Otherwise, v remains in cell i. This flow

is feasible because ŷ(t) ∈ Y(t).

3.2 P0 policy

π∗ is superstable for any fixed assignment, but may encourage suboptimal route choice. Smith [10] de-

veloped the P0 policy, which considers route choice in its intersection optimization. We use the following

pressure calculation for the P0 policy:

Pi(t) = Qi

(
τ̄i(t)− τ fi

)
(4)

Define Pv(t) as the pressure for vehicle v, based on v’s incoming link, for the P0 policy. Further, define the

vector of pressures to be P(t) for all waiting vehicles. The objective is then to find

y∗(t) = arg max
y∈Y(t)

{P(t) · y} (5)

3



Table 1: Travel time for downtown Austin

Policy Total system travel time Avg. travel time per vehicle
(hours) (min.)

FCFS 7577.1 7.24

π∗ 6037.8 5.77 (-20.3%)

P0 6370.4 6.08 (-16.0%)

As with Stage 2 of π∗, problem (5) is also approximated through the heuristic of Levin et al. [11].

4 Results

FCFS, π∗, and P0 were tested on the downtown Austin network, which has 171 zones, 546 intersections,

1247 links, and 62836 trips. All intersections used reservations, and DTA was solved using each policy for

every intersection to a cost gap of 1% of total travel time. Travel times are shown in Table 1. Both π∗ and P0

improved significantly over FCFS. Surprisingly, π∗ performed better than P0, even after solving DTA. This

might be due to the network structure; the downtown grid has many alternative routes, and thus encouraging

more optimal route choice through intersection control may be less important for reducing congestion.
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1. Introduction and contributions  

 
Two main approaches can be distinguished for Signal Setting Design (SSD). Approach-based (or 
Phase-based) methods address the signal setting as a periodic scheduling problem: the cycle length 
and, for each approach, the start and the end of the green are considered as decision variables, other 
variables or constraints are included to avoid incompatible approaches having green at the same time. 
If needed the stage composition and sequence may easily be obtained from decision variables, thus 
the stage matrix is an implicit result of the procedure. This kind of methods are available for single 
junction control only. Once the green timing and scheduling have been carried out for each junction, 
offsets can be optimised (by coordination approach) using the stage matrices obtained from single 
junction optimisation (possibly together with green splits again, then by synchronisation approach) 
through one of the methods mentioned below. Stage-based signal setting methods divide the cycle 
length into stages, each one being a time interval during which some mutually compatible approaches 
have green. Stage composition and sequence can be represented through the stage matrix. Once the 
stage matrix is given for each junction, the cycle length, the green splits and the offsets can be 
optimised (synchronisation) through some well-established methods. It should be stressed that these 
methods do not allow for stage matrix optimisation at network level, thus the effects of stage 
composition and sequence on network performance are not well considered. No method for the 
simultaneous optimization of green times, their schedule, and node offsets, the so-called scheduled 
synchronisation, is available to authors’ knowledge. This paper aims to develop a methodology for 
Network Signal Setting Design (NSSD) with Stage Sequence Optimisation. Whichever is the 
optimisation method, a within day dynamic traffic flow model is required. In this paper we adopt a 
modified Cell Transmission Model to include platoon dispersion (Cantarella et al. , 2015). Formally, 
existing approach-based methods for single junctions may easily be extended to specify one-step 
methods for NSSD, since the node offsets may easily be obtained from decision variables, say the 
start and the end of the green of each approach, and if needed the stage composition and sequence as 
well. Nonetheless the resulting problem may be hard to solve since several equivalent local optima 
exist; this condition may quite easily dealt with for a single junction, but it is rather unclear how it can 
effectively be circumvented for a network (with loops). Thus meta-heuristics, or other optimisation 
techniques, might perform rather poorly unless the features of the space of solution are further 
exploited. Stage-based methods can be used to specify one-step methods for NSSD by explicitly 
considering the stage composition and sequence as decisions. First, for each junction a set of 
candidate stages is defined then, the stage sequence can be optimised. Resulting methods are simpler 
than those derived from approach-based methods, but cannot provide the optimal solution in the 
general case. The main contribution of the paper consists in the development of a general 
methodology for one-step stage-based methods for NSSD. In particular a solution algorithm aiming at 
avoid explicit enumeration of stage sequences will be specified. The proposed methodology is based 
on the synchronisation method and the traffic flow model presented in Cantarella et al. (2015).  
 
2. Stage sequence generation 

 
In this section we discuss the stage sequence generation.  A stage is a set of approaches that have 
green at the same time. For safe operations all the approaches in a stage must be mutually compatible, 
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namely they may have green without any conflict - compatibility requirement -. First of all, for each 
junction a set of candidate stages is defined so that each approach belongs to one stage at least – 
inclusion requirement –. Let n  2 be the number of candidate stages (n = 1 meaning that there is no 
need for traffic control). To avoid a number of candidate stages which is too great, usually it is also 
required that each stage be maximal – completeness requirement –, meaning that no further approach 
may be added to any of them without violating the compatibility requirement. All candidate stages 
satisfying both the compatibility and completeness requirements can easily be generated by Bron & 
Kerbosch’s (1973) algorithm for finding all maximal cliques of a graph, in this case, the adjacency 
matrix of the graph is the (square symmetric) compatibility matrix with as many rows and columns as 
the number of approaches and ‘0/1’ entry for each ‘incompatible/compatible’ pairs of approaches. 
Finally, for each junction the stages can be put in a sequence. To this aim a sequence is called feasible 
if each approach belongs to at least one stage in the sequence; according to this definition, a candidate 
stage that must be included in each sequence since it contains an approach not included in any other 
stage is called compulsory, otherwise it is called optional. Let nc and no = n - nc be the number of 
compulsory and optional candidate stages, respectively. If there is no optional stage, no = 0 and n = nc, 
the number of feasible sequences is given by n!, say the number of permutations of the n stages. 
However, it is worth noting that any periodic rotation of a sequence, for instance such that the 
sequence (1, 2, 3) becomes (2, 3, 1), then (3,1,2), then (1,2,3,) again it does not affect optimal green 
and performance indicators, while optimal offsets change in an easily predictable way. Since given a 
sequence, (n - 1) other equivalent sequences may be generated this way, all the sequences may be 
grouped into (n! / n) = (n - 1)! equivalency classes, and it suffices to analyse one sequence in each 
class. Thus, if only two stages are available, two possible sequences can be built up {(1,2); (2,1)} 
which are equivalent, thus, only one equivalent class exists; if three stages are available two 
equivalent classes exist: {(1,2,3), (2,3,1); (3,1,2)} and {(3,2,1); (2,1,3); (1,3,2)}; either may be 
obtained from sequence (1,2) by positioning stage 3 after stage 1 or after stage 2; if four stages are 
available six equivalent classes exist: {(1,2,3,4); (2,3,4,1); (3,4,1,2); (4,1,2,3)}; {(1,3,2,4); (3,2,4,1); 
(2,4,1,3); (4,1,3,2)}; {(1,4,2,3); (4,2,3,1); (2,3,1,4); (3,1,4,2)}); {(1,4,3,2); (4,3,2,1); (3,2,1,4); 
(2,1,4,3)}; {(1,3,4,2); (3,4,2,1); (4,2,1,3); (2,1,3,4)}; {(1,2,4,3); (2,4,3,1); (4,3,1,2); (3,1,2,4)}); each 
may be obtained by changing the position of stage 4 with respect to sequences (1,2,3) or (3,2,1); and 
so on. If there is at least one optional stage, no > 0 and n > nc, the stages can be grouped into 2no sub-
sets, each including all the nc compulsory stages and some (or none) of the no optional stages; stages 
belonging to any of such sets may be arranged in a number of feasible sequences equal to the factorial 
of its size minus one, as described above. Thus, if only one compulsory, 1, and one optional, 2, stages 
are available it implies that stage 2 is a sub-set of stage 1, therefore, stage 2 violates the completeness 
requirement, even though two equivalent classes exist: {(1)}; {(1,2); (2,1)}; if two compulsory, 1 and 
2, and one optional, 3, stages are available, three equivalent classes exist: {(1,2); (2,1)}; {(1,2,3), 
(2,3,1); (3,1,2)} and {(3,2,1); (2,1,3); (1,3,2)}; each may be obtained from sequence (1,2) by not 
including stage 3 or by positioning it after stage 1 or after stage 2; if three compulsory, 1 and 2 and 3, 
and one optional, 4, stages are available, eight equivalent classes exists: {(1,2,3), (2,3,1); (3,1,2)} and 
{(3,2,1); (2,1,3); (1,3,2)};{(1,2,3,4); (2,3,4,1); (3,4,1,2); (4,1,2,3)}; {(1,3,2,4); (3,2,4,1); (2,4,1,3); 
(4,1,3,2)}; {(1,4,2,3); (4,2,3,1); (2,3,1,4); (3,1,4,2)}); {(1,4,3,2); (4,3,2,1); (3,2,1,4); (2,1,4,3)}; 
{(1,3,4,2); (3,4,2,1); (4,2,1,3); (2,1,3,4)}; {(1,2,4,3); (2,4,3,1); (4,3,1,2); (3,1,2,4)}); each may be 
obtained by not including stage 4 or by changing its position within the sequences (1,2,3); and so on. 
To reduce the number of sequences, sometimes it is also required that each approach has green in 
consecutive stages, if there is more than one – consecutiveness requirement –. This requirement is 
effective for four or more stages, only. The sequence of stages and their composition can be described 
by , the approach-stage incidence matrix (or stage matrix for short), with entries δkj=1	if approach k 
receives green during stage j and 0 otherwise. 

3. Scheduled synchronisation 

In this section the proposed approach to the scheduled synchronisation problem is discussed. As 
already noted stage based methods can be used to specify the scheduled synchronisation by explicitly 
considering the stage composition and sequence as decisions. To solve such optimisation problem 
meta-heuristic algorithms are usually adopted such as Simulated Annealing (SA). As a matter of fact, 



3 
 

such algorithms can effectively address even optimisation problems whit objective function not 
expressed in a closed form, so that derivatives are not easily available, as it occurs for the scheduled 
synchronisation. The proposed solution approach and the implementation remarks for the scheduling 
synchronisation, called CENEO (ComplEte NEtwork Optimisation), are outlined below. First, a set of 
candidate stages is defined for each junction, usually all the stages satisfying both the compatibility 
and completeness requirements introduced in sub-section 2, then the stage sequence can be optimised, 
together with greens and offsets, taking into account the feasibility requirement introduced in sub-
section 2, as well as the constraints, minimising total delay.  As a matter of fact, as described in sub-
section 2, any periodic rotation of a sequence, for instance such that the sequence (1,2,3) becomes 
(2,3,1), does not affect optimal greens and performance indicators, thus, for each junction i all the 
sequences are considered grouped into (ni! / ni) = (ni - 1)! equivalence classes, eventually reduced 
through the consecutiveness requirement (sub-section 2); therefore, only one sequence for each 
equivalence class is further analysed. 

3.1. Algorithm 

The proposed SA algorithm, also known as the Metropolis Scheme (Metropolis et al., 1953), starts 
with an initial solution and goes through a predetermined number of iterations to try to improve upon 
the objective function. In the scheduled-synchronisation, the algorithm starts with an initial 
combination of sequences, greens and offsets, randomly provided, and tries to improve the network 
total delay (or any other measure of performance). The whole framework is composed by an outer 
loop (external iterations) and an inner loop (internal iterations). In case of outer loop, from the initial 
or current solution (combination of sequences, greens and offsets), at each external iteration, new 
solution is randomly generated from the neighbourhood according to a generation scheme (see below 
for the inner loop). The measure of performance of the new solution is calculated and evaluated 
against the current one. If the new measure is better than the current one, it is accepted with a 
probability of one and the new solution is made the current one and the process repeats itself. 
However, if the new measure is worse than the current one, then the new solution is still accepted, but 
with a probability P(C) = exp [ -(C(n) - C(c)) / T ] (1), where C(n) and C(c) are the measures of 
performance of the new and current solutions, respectively, and T is the current temperature of the 
system. In case of inner loop at each external iteration (temperature state), the new solution is carried 
out as an output of an inner loop which consists of testing the greens and offsets, randomly provided 
for the current external iteration, for a number (N) of combination of sequences (equalling the number 
of internal iterations of the inner loop) selected among those representing the (ni - 1)! equivalence 
classes of each junction. The size of the set of combinations to be tested is determined by the number 
of junctions in the considered network. For instance, in the case of a three junction network, with 
junction 1 having 3 stages and 2 equivalence classes, junction 2 having 4 stages and 6 equivalence 
classes, junction 3 having 3 stages and 2 equivalence classes, the size of such a set is given by 2x6x2 
= 24 combination of sequences.  

4. Application  
 

In order to test the proposed strategy a triangular connected Network (junction 1 with 3 stages, 
junction 2 with 4 and junction 3 with 3 stages) was considered. Summing up results in the previous 
section 2, let m be the number of junctions in the network equal to 3 and ni the number of feasible 
stages for each junction i (equal to 3 for junction 1, 4 for junction 2 and 3 for junction 3), and let us 
assume that all stages are compulsory for simplicity’s sake, there are  (ni    1)! classes of equivalent 
sequences for each junction i (i.e. 2 classes for junction 1, 6 classes for junction 2 and 2 classes for 
junction 3), thus there are ∏i=1, m (ni  1)!  combinations of classes, equal to 24, to be analyzed in order 
to find out the optimal one. Moreover in our implementations two equivalent classes were further 
discarded at junction 2 since one approach had green in two non-consecutive stages, so reducing the 
number of stage sequence combinations to 16. Once defined the input data, 8 simulation runs were 
performed and the optimal outputs were compared with those (for 
the sake of brevity these results are not shown here) carried out by explicitly enumerating and 
analyzing all feasible sequences through the procedure ENEO (Enumerative NEtwork Optimisation). 
In table 1 it is shown the percent delta of the optimum solution attained through the 8 simulation runs 
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of CENEO from the worst and the best solution carried out through ENEO. Thusly we can appreciate 
how the solutions of CENEO approximate the optimum achieved through the more effective even if 
time consuming explicit enumeration strategy. The implementation of ENEO and CENEO were 
worked out using MATLAB code (Release 2013b) provided by the authors. 
 
Table 1: Summary of the results from CENEO - SA –CT&PDM  

Sim run   CENEO - SA - PDCTM 
TD 

[PCU/h] 
Delta to 

Best 
ENEO 

Delta to 
Worst 
ENEO 

junction 1 junction 2 junction 3 

[%] [%] Optimum sequence Optimum sequence Optimum sequence 
1 22.06 3 -30 123 1432 123 
2 21.41 0 -32 123 1234 321 
3 23.32 9 -26 123 1432 321 
4 23.07 8 -27 123 1432 321 
5 23.33 9 -26 123 1432 123 
6 21.58 1 -31 123 1234 321 
7 22.47 5 -29 321 1234 321 
8 21.63 1 -31 123 1234 321 

 
5. Result discussion and Conclusions 
 
The main contribution of the paper is to provide a general framework of one-step methods for 
Network Signal Setting Design, including green scheduling, green timing and coordination into the 
so-called scheduled synchronization. The paper focuses on stage-based methods, which explicitly 
consider the stage composition and sequence as decisions. Following this optimization approach, first 
for each junction a set of candidate stages is defined, then the stage sequence can be optimised 
together with green times and offsets (synchronization). Requirements about stages and stage 
sequences are discussed together with their effects on the number of solutions; then a solution 
approach is provided. The proposed method is applied to a three junction ‘toy’ network. As shown in 
Table 1, if compared to the results attained through explicitly enumerating all feasible stage 
sequences, in 8 simulation runs CENEO finds in one case the best feasible solution,  in 4 cases yield 
an output current with an error below 5% and in 3 cases with an error below 10%. In addition, this 
allows to remain below the worst solution for a percentage never lower than 25%. Such a result make 
it appreciate the effectiveness of the proposed method in addressing the sequence optimisation at 
network level and how this decision could affect the performance functions. Topics that will be 
discussed in a paper under development are: i) the specification of traffic flow models with respect to 
the route flow pattern (rather than to the link flow pattern), which may greatly affects proper modeling 
of link exit flows; ii) the extension of the proposed approach to real (large size) network possibly 
analyzing the hybridization of different meta-heuristics. Further topics worth of research effort are: 
NSSD based on reserve capacity maximization at network level, and the specification of solution 
algorithms following the approach-based methodology. 
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1. Introduction 
 
This study investigates a dynamic model of route choice and signal setting in congested networks. 
This model takes into account capacity constraints, and is capable of assessing the performance of the 
system under limited storage capacity and with blocking back, since it adopts a dynamic version of a 
recent model developed by the authors (Smith et al., 2013). The adjustments of route flows, 
bottleneck delays and signal timings are simultaneously performed in the model. The control process 
considered arises from different control policies, such as (i) policies which seek to maximise the 
capacity of a given subnetwork and (ii) policies which seek to limit accumulations in specified regions 
within specified limits. The new dynamic model may be used to design (long run) fixed time signal 
timings (under equilibrium). Since the route flow adjustment is explicitly taken into account, the 
model may also be used to determine a control adjustment process that deals with re-routing after 
some network perturbations while still leading the system to a desired state. 
The main result the study is that, under certain natural (although sometimes stringent) conditions, 
there is a unique dynamic evolution  solution trajectory fitting the specified  dynamic signal control 
and traffic flow adjustment specifications. The model may be used to predict the likely evolution of 
flows and traffic signal controls towards equilibrium, and hence it may provide traffic managers with 
an efficient strategy for setting signals in real time starting from a non-equilibrium and non-optimal 
situation which may have arisen because of an incident (the adjustments allow approximately for 
queueing which is back propagating and may spill back out of the controlled zone). Some numerical 
examples are to be provided to illustrate the dynamical adjustments. 
In the evolution model presented here the route-swapping or node-exit model is combined with a 
dynamic green-swapping algorithm which increases green times to more pressurised signal stages. At 
each iteration (day), the route flows are measured and they are used to calculate the green times for 
the next iteration using the stage pressures. Thus the control adjustments depend on the choice of the 
stage pressures; certain choices lead to capacity maximisation and in certain cases leads to green times 
which fit the flow/control equilibrium state calculated by the quasi-dynamic model of Smith et al. 
(2013). The dynamical model is based on swapping flows between node exits as in Smith and Mounce 
(2011), and is similar also to a method based on the Pair of Alternative Segments (PAS) concept 
introduced by Bar-Gera (2010). This route swapping algorithm has been recently adopted in a 
dynamic traffic control model, showing agreeable properties of convergence and stability (Liu and 
Smith, 2015) in case of vertical queueing or, equivalently, unlimited storage capacity. The study in 
this paper extends this work by including node capacity constraints and blocking back offered by the 
quasi-dynamic model developed by the authors (Smith et al (2013). 
 
1.1 A brief route choice and traffic control modelling context   
 
Dynamic transport models involving both travellers’ choices (including drivers’ repeated route 
choices) and traffic signal controls are needed. Such models may be used 
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(i) to help predict  (for a given responsive control strategy) how traffic flows and controls are 
likely to evolve over time and space and so to assess different given control strategies 
(against specified congestion, delay, pollution, accessibility or other criteria); and  

(ii) to help design new control strategies for reducing congestion, delay, pollution, 
inaccessibility (or other criteria) in cities, taking reasonable account of the future 
evolution of traffic flows as these respond to the control strategies. 

 

In both cases, dynamic traffic control models should identify, rather quickly, a desirable future (flow, 
control) state and the trajectory leading to that state. This state may be identified with the steady-state 
equilibrium determined by the control settings seeking to optimise  a chosen objective function (total 
travel time spent, total network capacity, etc.). This stationary equilibrium state is seen in this context 
as an “attractor” for control and eventually route guidance, which would be optimal if all conditions 
would remain the same. Under varying conditions, the stationary point serves as an optimization 
target or as an optimization direction rather than a definite end state,  and may be used as a “target” 
state for changing signal settings dynamically. 
This rationale has motivated research on equilibrium (flow, control) states in the last decades. The 
largest deal of research adopts rather simplistic cost-flow functions (e.g., Gartner, 1976, Smith, 1979, 
Van Vuren and Van Vliet, 1992; Yang and Yagar, 1995; Cantarella, 2010), or with queue and 
capacity constraints (e.g., Smith, 1987; Lam and Zhang, 2000; Nie et al., 2004; Gentile et al., 2005). 
Recently, new quasi-dynamic traffic assignment approaches have been proposed, which have the 
advantage of offering more realistic modelling of delays thanks especially to more realistic node 
models and the incorporation of spillback effects (Nesterov and de Palma, 2003; Gentile et al., 2007; 
Bliemer et al., 2014). The authors of this study adopted the quasi-dynamic approach within a traffic 
assignment and control framework (Smith et al., 2013; Smith, 2015), showing that existence and 
convergence properties of the solution are guaranteed as long as spillback does not occur. In the latter 
case, solutions existence may not be guaranteed depending on the adopted node model. This finding is 
fully in line with earlier findings by Daganzo (1998). 
 
2. The route choice and traffic control adjustments 
 
2.1 Equilibria and the route choice and traffic control evolution 
 
We follow the general properties of traffic assignment and control as formulated in e.g. Smith (1987), 
for which a (route-flow, green-time) pair satisfies the Wardrop equilibrium condition if: 
 

  for each OD pair more costly routes carry no flow;   
 

while a (route-flow, green-time) pair satisfies the predetermined signal control policy if: 
 

for each node less pressurised stages receive no green-time.  
 

It is proposed that for each pair of routes joining each OD pair, route flow swaps from the more costly 
route to the less costly route at a rate which increases with the difference in the route costs. It is also 
proposed that for each pair of stages at each junction the stage green-time swaps from the less 
pressurised stage to the more pressurised stage at a rate which increases with the difference in the 
stage pressures. The  route choice dynamical system is thus a much  extended version of the 
proportional-switch adjustment process (or PAP) suggested in Smith (1984) and discussed by He et al 
(2010). It also extends the restricted proportional adjustment process (RPAP) in Liu and Smith 
(2015), which uses paired alternative segments (introduced by Bar Gera, 2010). 
 
2.2 The splitting rate adjustment process for route swaps in more detail 
 
Given a node n,  and an iteration (a day) d; and given a more expensive node n exit 1 at d and a less 
expensive node exit 2 from node n at d; then the node n exit-flow 1 swaps toward the node n exit 2 at 
a rate which is an increasing function of both:   
 

(1) the exit flow rate X1(n, d) on the more expensive node exit 1 at (n, d); and  
(2) the difference C1(n, d) – C2(n, d)  between the two node n exit costs at d. 
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2.3 The quasi-dynamic network supply model 
 
The supply model we adopt in this paper extends the quasi-dynamic link model proposed in Smith et 
al. (2013) into the doubly dynamic domain. In Smith et al. (2013) the flow along link i is to be vi 
vehicles per minute; the saturation flow at the exit of link i is si vehicles per minute; the queue 
originating at the exit of link i is Qi vehicles; the maximum possible value of Qi is MAXQi and the 
time to traverse the entire length of link i (when the queue Qi = 0 and the flow is vi) is ci(vi), while in 
case of non-zero queue the time to travel the link follows the formula:  
 

SUMi(vi, bi) = ci(vi) + ki(vi) bi     
 

where ki = 1 - vi ci(vi) / MAXQi. 
The advantage of this formula is that the interplay between the traversing time represented by ci  and 
the queue is explicitly considered by the shrinkage factor ki. 
In Smith et al. (2013) we observed that as long as no blocking back occurs at any upstream node of a 
bottleneck, equilibrium (flow, control) can be found using a variant of the P0 control policy introduced 
originally by Smith (1979), where the pressure at each stage is now calculated by si SUMi(vi,bi). 
 
2.4 The stage green-time adjustment process 
 
The corresponding stage green time adjustment is similar to the route swapping procedure in Section 
2.2. Given a node n, and an iteration (a day) d; and given a more pressurised signal stage 1 at d and a 
less pressurised signal stage 2 at d; then the stage 1 green-time swaps toward stage 2 at a rate which is 
an increasing function of both:   
 

(1) the stage green time G1(n, d) on the less pressurised stage 1; and  
(2) the difference P2(n, d) – P1(n, d)  between the two stage pressures at node n at d. 

 

In the circumstance of spatial queueing, if demand is constant this (under certain conditions) 
converges towards a steady-state equilibrium point as long as spatial queues do not affect upstream 
nodes. We introduce a dynamic adjustment criterion and show convergence to equilibrium. 
Signal green is allocated to a stage that is in higher pressure than the other. The signal green-time 
swapping from stage 1to stage 2 is set proportional to the product of stage green time and the 
difference of the two stage pressures. We assume that the only swaps are from the less pressurised 
stage to the more pressurised one, then for some constant α > 0, the changes in the time varying green 
time ΔG1(n, d), ΔG1(n, d) for stage 1 and 2 are formulated as: 
 

ΔG1(n, d) = +α G1(n, d) [P1(n, d) – P2(n, d)] 
 

and  
 

ΔG2(n, d) = -α G2(n, d) [P1(n, d) – P2(n, d)] 
 

Furthermore, in the case of equilibrium under blocking back, as shown in an example in Smith et al. 
(2013), the way priority is given at blocked nodes may affect solution existence. 
We investigate two possible ways of solving this problem include: (i) operate on the priority at the 
blocked node and (ii) limit the demand entering the network to a value that may guarantee the 
network state to converge to an equilibrium state. 
 
3. Results and conclusions 
 
The full paper will formalise the problem outlined in this abstract, and will show how the dynamic 
adjustment process with the quasi-dynamic supply model extends the dynamical system proposed in 
Smith (2015). The added value of the contribution is shown on a simple case study where the different 
stage pressures at a node take explicitly into account the maximum storage capacity of the links 
concurring for the node capacity. In addition, we consider that one of the links may have to serve an 
additional demand, which however does not belong to the same origin-destination. The dynamic 
adjustment models should in this case consider the additional demand (and hence the merge behaviour) 
when swapping green times from less pressurised to more pressurised stages. Finally, a case study is 
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presented where the dynamical adjustment process is used to recover the system from an incidental 
condition where blocking back has occurred. 
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1. Introduction 

Dynamic traffic assignment (DTA) has been a popular field in recent years, both in terms of research 

and practice.  While traditional transport planning models, usually deterministic, have a rich history, it 

is well acknowledged that they are chosen for tractability and solution uniqueness, rather than their 

ability to represent traffic for planning or operational purposes in a satisfactory manner. DTA is an 

appealing alternative to more realistically capture important time-dependent phenomena, e.g. queue 

formation, link spill-over. However, most studies in DTA assume a deterministic time-dependent 

travel demand and do not account for the inherent uncertainty in demand forecast. 

Stochasticity in DTA is a challenging issue that until this point has primarily remained in the research 

sphere. This is in part due to the complexity of the problem; deployable DTA models tend to rely on 

simulation-based procedures for large-scale network loading and the impact of uncertain parameters 

on model output remains unclear. Previous research has primarily explored the use of expected or 

average values employed in an inherently deterministic procedure, which may yield sub-optimal 

results. 

This paper explores the application of a novel strategic user equilibrium dynamic traffic assignment 

(StrUEDTA) modelling framework, which captures the impact of users making a priori route choice 

decisions based on the knowledge of a range of possible demand scenarios. The resulting stochastic 

DTA problem becomes complex due to the integration of multiple demand scenarios and the 

algorithmic adjustments necessary to find optimal paths. This work compares two approaches in order 

to investigate the effects of demand uncertainty in a practically sized DTA setting.  

2. Background 

Dynamic traffic assignment models have a rich history in the literature. DTA is commonly viewed 

from either analytical or simulation-based perspectives, as detailed by Peeta and Ziliaskopolous 

(2001). The focus of this work is on the practical implementation of a stochastic dynamic user 

equilibrium procedure, and will thus focus on simulation based DTA. 

Fundamentally, DTA seeks a dynamic user equilibrium (DUE) state through an approach consisting 

of three main components: finding the set of time-dependent shortest paths, assigning vehicles among 

available paths, and loading the network to determine link flows (Chiu, 2011) until a convergence 

criteria is met. Simulation-based DTA is well-established and readily available in number of diverse 

commercial (and open source) platforms, such as Dynasmart (Mahmassani, 2001), Dynameq (Florian 

et al, 2008), DTALite (Zhou and Taylor, 2014), and VISTA (Ziliaskopoulos and Waller, 2000), all of 

which handle the three components and their interactions differently, which can have a significant 

impact on results. However, despite the potential impact of parameter uncertainty, particularly the 

travel demand in future planning scenarios (Moylan et al, 2015) and its impact on link flows 

stochasticity in DTA remains scarce. 
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Analytical DTA models have examined the impact of demand uncertainty, often through chance-

constrained approaches and a linearized counterpart (Waller and Ziliaskopoulos, 2006; Do Chung et 

al, 2011).  Additionally, recent research has explored stochastic route choice behaviour in DTA, 

which captures an aspect of uncertainty in user perception (Szeto et al, 2011; Long et al, 2015), but 

generally assumes other parameters to be deterministic.  

Thus, previous research incorporating parameter stochasticity into DTA has generally assumed a 

deterministic counterpart approach where a known parameter, such as an average demand, is assumed 

to represent a random variable (Tarhini and Bish, 2015). However, applying this methodology in a 

simulation-based DTA setting with a deterministic, a priori, time-dependent shortest path (TDSP) 

algorithm may violate Bellman’s principle of optimality  – whereas that would be a valid approach in 

deterministic DTA  models – and the resulting paths are no longer guaranteed to be optimal, hence 

potentially compromising equilibrium conditions. Therefore, it is necessary to apply a routing 

algorithm which is able to find least expected time paths in stochastic and time-dependent networks. 

Miller-Hooks and Mahmassani (2000) introduced such a procedure for the case of stochastically-

independent travel times and more recently Huang and Gao (2012) proposed an extension of this 

algorithm for the stochastically-dependent case. In contrast to TDSP algorithms which have a 

polynomial-time worst-case complexity in First-In First Out (FIFO) networks (Ziliaskopoulos and 

Mahmassani, 1993), both of the stochastic algorithms have an exponential-time worst-case 

complexity.  

However, such a sophisticated approach has yet to be fully explored in a practically sized DTA 

setting. Based on the framework described in the following section, this work seeks to compare the 

StrUEDTA model, on the basis of accounting for demand uncertainty using either the deterministic 

counterpart strategy and the scenario-based stochastic TDSP approach. 

3. Research framework 

The strategic user equilibrium dynamic traffic assignment problem (StrUEDTA) seeks to capture the 

effect of daily variation in travel conditions on user route choice. We introduce a set of basic notation 

to facilitate understanding of the proposed framework. Consider a time dependent network 𝐺 =

(𝑉, 𝐴, Ω, 𝑇), with a set of nodes 𝑉, a set of links 𝐴, a set of departures times 𝑇 and a set of demand 

scenarios Ω. Let 𝑟, 𝑠 ∈ 𝑉 be and Origin-Destination (OD) pair and let 𝜙 ∈ 𝑇 be a departure time. For 

each tuple (𝑟, 𝑠, 𝜙), we denote 𝐾𝑟𝑠𝜙 the path set consisting of all paths linking 𝑟 to 𝑠 when departing 

at time 𝜙. StrUEDTA seeks to find the optimal proportions of travel demand 𝑝𝑘 for each path 

𝑘 ∈ 𝐾𝑟𝑠𝜙 and for each tuple (𝑟, 𝑠, 𝜙). 

Each demand scenario 𝜔 ∈ Ω consists of an origin-destination-departure time matrix, 𝑂𝐷𝑇𝜔 and a 

time-dependent link cost matrix 𝐶𝜔 . The output from the StrUEDTA framework is the expected link 

flows for all scenarios, 𝐿𝜔. Figure 1 shows an overview of the framework. 

The proposed modelling framework includes two processes: the initial “first iteration” calculation 

(defined with the dashed arrows in Figure 1) and a cyclic recalculation process (defined with the solid 

line arrows in the same figure). In the first step, the input data is used to calculate the free flow 

shortest paths considering free flow conditions (where the proportion of the flow on all paths is one). 

It constitutes an input to the next step of the modelling framework, which is the dynamic network 

loading procedure that determines the links costs in all scenarios, resulting in link cost matrices 𝐶𝜔. 

The network loading is a simulation based procedure such as the cell transmission model (Daganzo, 

1995). Next, the link cost matrices 𝐶𝜔 are used with the stochastic TDSP algorithm to find the 
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optimal path for each ODT. Finally, the proportions of vehicles on each path are adjusted (based on an 

algorithm such as MSA). The process is repeated until the model converges and reaches a gap which 

is considered acceptable. 

 

Figure 1. Framework for strategic DTA procedure 

4. Case Study 

This research makes uses of the Sydney DTA model , which is a regional DUE based model for . The 

StrUEDTA model is applied to a selected sub-network of the Sydney CBD, as pictured in Figure 2. It 

includes very densely concentrated skyscrapers, office and residential buildings, and several parks. 

The CBD attracts a high volume of commute trips during the morning peak period. The CBD sub-

network includes 1,052 links and data for 234 intersections. The presented work will contain the 

results and the comparison between the two approaches for solving StrUEDTA and discuss their 

outcomes. In particular, we find that using a deterministic counterpart yields significantly different 

equilibrium flows, thus emphasizing the necessity to incorporate stochasticity within the routing 

algorithms used to find least-cost paths during the traffic assignment process. 

 

Figure 2. The sub-network area for the proposed analysis 
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1. Introduction 
 
The well-known model introduced by Vickrey (1969) (called Vickrey model) describes how departure 
time choices of morning commuters in a single road with congestion at a bottleneck is equilibrated. 
The existence and uniqueness of equilibrium were proven by Smith (1984a) and Daganzo (1985), 
respectively, as well as by Lindsey (2004) for more general cases. Meanwhile, the stability of 
equilibrium solution in Vickrey model has been rarely discussed. Stability is an important condition 
for equilibrium solutions to be realised in a real transport system; it has been already discussed in the 
book of Beckmann et al. (1956). Using the Lyapunov function technique, Smith (1984b) presented a 
proof that equilibrium solutions of conventional stationary traffic-flow models (such as a model using 
BPR function) are asymptotically stable. On the other hand, for the Vickrey model, Iryo (2008) 
showed that the stability may not be satisfied by using an approximated calculation and numerical test, 
while the accurate mathematical analysis was not provided.  

This abstract provides a proof that the (unique) equilibrium solution of the Vickrey model with 
homogeneous drivers is locally unstable by the replicator dynamics (Schuster and Sigmund, 1983), 
with a condition on initial perturbations onto the equilibrium solution applied. Owing to the 
uniqueness of the equilibrium, this result implies that there is no stable solution; leading to the result 
that congestion pattern will not stay at the equilibrium solution but changes over days. 

 
2. Model 
 
The road transport system considered in this study consists of an origin, a destination, a unique route 
connecting them, a bottleneck on the route, and a fixed numbers of drivers travelling from the origin 
to the destination using this route by car (Figure 1). All drivers recurrently repeat their travels using 
this road day-to-day. The number of drivers is set to 1 and the capacity of the bottleneck is also set to 
1 without loss of generality. Drivers select their departure times from the bottleneck so as to minimise 
their travel cost. Traffic volume entering the bottleneck is denoted by ( ) 0x t  , where t is the within-
day time and   is the day-to-day time (i.e. the date). Travel cost of drivers arriving at the bottleneck 
at time t is defined as 
 ( ; ) ( ; ) ( ( ; ) )p t x w t x g w t x t     ,  (1) 
where ( ; ) 0w t x   is waiting time at the bottleneck and g(u) is the twice-differentiable and strictly 
convex function of the schedule cost of drivers departing from the bottleneck at time u, where  

( ) 1u g u   , ( )g     and ( )g    . The drivers are assumed to be identical; all of them have 
the same travel cost defined above.  

 
Figure 1: Road network 

Origin DestinationX
Bottleneck (Capacity is 1 per unit time)
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For the evolution dynamics, we employ the replicator dynamics, which is defined as 
  ( ) ( ) ( ) ( ; )x t x t p x p t x     ,  (2) 

where the dot above the function means the derivative with respect to   and 

 ( ) ( ) ( ; )dp x x s p s x s  


  , (3) 

which is the average cost of drivers.  
 
3. Equilibrium solution 
 
Among the number of the existing studies, we follow Lindsey (2004) to solve the equilibrium of the 
transport system defined above. Let *p  be the travel cost of all the travellers in equilibrium and *( )x t  
be traffic volume entering the bottleneck in equilibrium. In addition, let *( )v u  be the waiting time at 
the bottleneck with respect to departure time from the bottleneck (denoted by u) and *( )y u  be the 
traffic volume exiting from the bottleneck in equilibrium. The following equations relates *( )v u  with 

*( ; )w t x  and *( )y u  with * ( )x t , respectively:  

 * * *( ) ( ( ); )v u w u v u x   and * * *d( ) ( ( ; )) 1 ( ; )
d
w

x t y t w t x t x
t

   
 

.  (4) 

We first solve *( )v u  and *( )y u , then apply (4) to find *( ; )w t x  and *( )x t . Owing to the capacity 
restriction of the bottleneck model,  
 * *(1 ( )) ( ) 0y u v u   and *( ) 1y u  .  (5) 
must be satisfied. The demand constraint (i.e. the total number of the vehicles passing through the 
bottleneck is 1) invokes 

 *( )d 1y u u



 . (6) 

In addition, Wardrop’s first principle invokes 
 * * *( )( ( ) ( ) ) 0y u v u g u p   .  (7) 
Equations (5), (6), and (7) imply that, by setting *p  and 0t  so as to satisfy 
 * *

0 0( ) and ( 1)p g t p g t   , (8) 
we obtain 

 
* * *

0 0
* *

( ) ( )  and  ( ) 1    for 1

( ) 0               and  ( ) 0    otherwise

v u p g u y u t u t

v u y u

      


 
 (9) 

as the equilibrium solution. Substituting (9) into (4), we obtain the equilibrium solution in the form of 
*( ; )w t x  and *( )x t , which satisfies 

 * *
0 0( , ) ( 1, ) 0w t x w t x    and *

0 0( , ) 0 for 1w t x t t t    , (10) 
 *( ) 0x t    if and only if 0 0 1t t t    (11) 
and 
 *

0( ) 1x t  . (12) 
Note that 0t  and 0 1t   imply the start and end time of the queueing at the bottleneck. 

 
4. Dynamics around equilibrium 
 
In this section we will prove that the equilibrium is not locally stable by examining the dynamics 
around the equilibrium solution *x . In the following analysis, x  is supposed to be close to *x  (i.e. 
x is around the equilibrium solution). Let *( ) ( ) ( )x t x t x t     be a perturbation from the 
equilibrium solution and | ( ) | 1x t  . To let the analysis simple, we employ a condition of  
 0

0 0( ) 0 for   or  1x t t t t t     . (13) 



3 
 

Equation (13) implies that the initial perturbation onto the equilibrium solution *x  only exists in the 
duration between 0t  and 0 1t  . Applying Equation (13) to the dynamics defined by Equation (2), we 
also obtain 
 0 0( ) 0 for  any  and (  or  1)x t t t t t      . (14) 
Equations (12) and (14) implies that, owing to | ( ) | 1x t  , the start and end time of the queueing are 
always 0t  and 0 1t  , respectively. This property derives 
 0 0 0( ; ) ( ; ) ( )   for 1w t x a t x t t t t t       ,  (15) 
where 

 
0

( ; ) ( )d
t

t
a t x x s s   ,  (16) 

is the cumulative traffic volume of incoming traffic to the bottleneck between t0 and t. Using (15), the 
travel cost is rewritten as 
 0 0( ; ) ( ; ) ( ) ( ( ; ) )p t x a t x t t g a t x t       .  (17) 
Removing a constant on the right-hand side, which does not affect the drivers’ departure time choices, 
we obtain 
 0( ; ) ( ; ) ( ( ; ) )p t x a t x t g a t x t      .  (18) 

 
To examine whether the system converges to the equilibrium solution or not, define the ‘candidate’ of 
Lyapunov function as follows (Sandholm, 2010: p. 234-235): 

 0

0

*1 * ( )( ) ( )ln d
( )

t

t

x s
H x x s s

x s





  .  (19) 

Note that ( ) 0H x   at any time and ( ) 0H x   if and only if *x x  . ( )H x  is called Lyapunov 
function if ( ) 0H x   at any time except *x x  . ( )H x  can be calculated as follows: 

 
 

   

0 0

0 0

0 0

0 0

* *1 1

1 1* *

( ) ( )( ) ( )d ( ) ( ) ( ; ) d
( ) ( )

( ) ( ) ( ; ) d ( ) ( ) ( ; )d

t t

t t

t t

t t

x s x s
H x x s s x s p x p s x s

x s x s

x s p x p s x s x s x s p s x s

    
 

   

 

 

    

     

 

 

 
. (20) 

 
We are now going to calculate ( )H x  around the equilibrium by using Equation (20). To do so, let 
the difference of travel cost from the travel cost in equilibrium be ( ; )p t x  , which can be calculated 
as  

 

 
*

0 0

*
0

( ; ) ( ; ) ( ; )
( ; ) ( ( ; ) ( ; ) ) ( ( ; ) )

( ; ) 1 ( ( ; ) )u

p t x p t x x p t x

a t x g a t x a t x t g a t x t

a t x g a t x t

 

  



      

         

    

.  (21) 

where 

 
0

( ; ) ( )d
t

t
a t x x s s    ,  (22) 

and ( ) ( )u ug u g u  . Note that 0 0( ; ) ( 1; ) 0a t x a t x      . Substituting Equation (21) into Equation 
(20), we obtain 

  0

0

1 *
0( ) ( ) ( ; ) 1 ( ( ; ) ) d

t

ut
H x x s a s x g a s x t s  

       . (23) 

Applying 

  2d 1 d( ) ( ; ) ( ; ) ( ; ) ( ; )
d 2 d

x s a s x a s x a s x a s x
s s

               , (24) 

we obtain 
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    0

0

1 2 *
0

1 d( ) ( ; ) 1 ( ( ; ) ) d
2 d

t

ut
H x a s x g a s x t s

s
 
      . (25) 

which finally derives 

      

 

0 0

00

0

0

1 12 2* * * *
0 0

1 2 * *
0

( )
1 d( ; ) 1 ( ( ; ) ) ( ; ) ( ( ; ) )d
2 d

1 d( ; ) ( ( ; ) )d 0
2 d

t t

u utt

t

ut

H x

a s x g a s x t a s x g a s x t s
s

a s x g a s x t s
s



 



 



               

    







. (26) 

unless ( ) 0x t   for any t. Note that  

 * * * * *
0 0

d ( ( ; ) ) ( ( ; ) ) ( ) 0
d u uug a s x t g a s x t x s

s
    . (27) 

where ( ) ( )uu u ug u g u  . Therefore we can conclude that ( )H x  is not a Lyapunov function. 
Moreover, because Equation (26) implies that ( ) 0H x  for any x  around equilibrium (i.e. for any 
| ( ) | 1x t  ), we can also conclude that the system is locally unstable. 
 
5. Conclusion and future directions 

That the equilibrium solution of the Vickrey’s model is not locally stable in the replicator dynamics 
was proven under the condition of Equation (13) and other mild conditions such as strictly 
monotonicity of the schedule cost function. As Linsey (2004) proved that the equilibrium solution is 
unique, we can conclude that there is no stable equilibrium, implying that the congestion pattern will 
not stay at the equilibrium solution but changes over days. 

There are several issues to be resolved in future studies. The condition by Equation (13) is rather 
strong and should be relaxed. Other dynamics such as Smith dynamics (Smith, 1984) need to be 
examined. Global behaviour of the system (e.g. how far the congestion pattern can be apart from the 
equilibrium solution) should be also analysed to evaluate reliability of equilibrium solutions. 
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ABSTRACT. Dynamic traffic assignment models rely on a network performance module known
as dynamic network loading (DNL), which expresses the dynamics of flow propagation, flow conser-
vation, and travel delay at a network level. The DNL defines the so-called network delay operator,
which maps a set of path departure rates to a set of path travel times. It is widely known that
the delay operator is not available in closed form, and has undesirable properties that severely
complicate DTA analysis and computation, such as discontinuity, nondifferentiability, nonmono-
tonicity, and computational inefficiency. This paper proposes a fresh take on this important and
difficult problem, by providing a class of surrogate DNL models based on a statistical learning
method known as Kriging. We present a metamodeling framework that systematically approxi-
mates DNL models and is flexible in the sense of allowing the modeler to make trade-offs among
model granularity, complexity, and accuracy. It is shown that such surrogate DNL models yield
highly accurate approximations (with errors below 7%) and superior computational efficiency (7
to 100 times faster than conventional DNL procedures). Moreover, these approximate DNL mod-
els admit closed-form delay operators, which are Lipschitz continuous and infinitely differentiable,
while possessing closed-form Jacobians. The implications of these desirable properties for DTA
research and model applications are discussed in depth.

1 Introduction

Dynamic traffic assignment models rely on a network performance module known as dynamic
network loading (DNL), which expresses the dynamics of flow propagation, flow conservation, and
travel delay at a network level. The DNL defines the so-called network delay operator, which maps
a set of path departure rates to a set of path travel times. Being an integral part of a complete
mathematical formulation of DTA problems, the delay operator plays a fundamental role and affects
the analytical properties of the DTA models in many different ways. For example, the existence
of dynamic user equilibrium (DUE), which is the most widely studied form of DTA problems,
depends on the continuity of the delay operators, while the uniqueness of DUE is guaranteed by
the monotonicity of the delay operator. Moreover, all computational procedures for DUE problems
rely on certain versions of continuity and monotonicity to converge. Furthermore, differentiability is
typically required for the delay operator for problems such as sensitivity analysis and mathematical
programs with equilibrium constraints.

For large-scale networks, and sophisticated traffic models that capture phenomena such as shock
waves and car spillback, it has been recognized that the DNL models are rather complicated, and
the corresponding delay operators enjoy very few analytical properties essential for the analysis
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and computation of DTA models. For instance, DNL with physical-queue models (e.g. cell trans-
mission model, link transmission model) is known to yield discontinuities in the delay operator for
general networks. As a consequence, the delay operator is non-differentiable. Furthermore, the
non-monotonicity of the delay operators on networks has been reported in the literature, and has
been the major hurdle to computing DUE solutions with convergence guarantee.

In general, the delay operator is not available in closed form, and has to be numerically evaluated
via the DNL procedure. Such a procedure is based on a series of link, node, and path dynamic
models that typically involve solving ordinary or partial differential equations. Expressing the
complete DNL model analytically and embedding it into certain math programming formulation
is therefore an onerous task, and could severely complicate the DTA computational procedures.
Moreover, conventional DNL procedures tend to be computationally demanding, and could scale
badly as the network size increases.

Given the aforementioned theoretical and computational limitations of the conventional way of
exploring the delay operator, this paper proposes a fresh take on this classical problem from the
novel perspective of statistical metamodeling (Simpson et al., 2001). Our goal is to provide a class of
surrogate DNL models that approximate the exact ones, with considerable benefits including closed-
form expression, improved regularity (e.g. continuity, differentiability), and superior computational
efficiency, at the expense of minor yet controllable approximation errors.

Metamodeling is the process of building metamodels, or “model of models”, as surrogates of
the exact models/processes in order to improve the computation efficiency or gain better analytical
properties (Wang and Shan, 2007). Specifically, we treat the delay operator as a highly nonlin-
ear mapping from the set of path departure rates to the set of path travel times, and interpret
and approximate its inherent input-output mechanism using a statistical learning technique called
Kriging (Matheron, 1963). Kriging considers the observed input-output functional relationship as
a realization of a Gaussian Random Field (GRF), and the resulting estimation corresponds to the
posterior predictive density of the function approximation. The proposed framework is general
enough to handle a wide range of DNL models with different traffic flow dynamics (i.e. it is a
“model of DNL models”). Each output of this metamodel is an approximate DNL model with
closed-form expression and superior regularity and computational efficiency.

Statistical/machine learning constructs algorithms that can learn from and make predictions
based on data, sometimes without exploration of the behavioral foundations and plausibility of the
learning processes on which it is based. However, this is not the case in our proposed Kriging frame-
work. Firstly, instead of performing unstructured interpretation the input-output mechanisms, the
proposed approach utilizes information on the network, path, and time to identify parts of the input
variables that are likely to be correlated, and defines the correlation functions accordingly. Sec-
ondly, although the path delay operators may be discontinuous, it is understood that the congestion
effect, observed at some point in the spatio-temporal domain, tend to progress slowly in space and
time due to the finite propagation speeds of traffic characteristics (e.g. kinematic waves). Thus,
congestion events in the network with spatio-temporal proximity are likely to be highly correlated
and contribute to the path delays via the network structure. This justifies a statistical point of
view to explore the inherent mechanisms of DNL models.

Among other choices of statistical metamodeling techniques such as Neural Networks and
Support Vector Machine, we choose Kringing for its high flexibility, capability in handling high-
dimensional problems, and its exact and closed-form predictor (Wang and Shan, 2007). We perform
Kriging on a non-conventional space with network-specific distance metric. The metamodel requires
a set of training data consisting of both inputs (i.e. path departure rates) and outputs (i.e. path
travel times) of the delay operator to be approximated, which are generated by conducting the
conventional DNL procedure. Then, based on statistical learning and parameter estimation, we are
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able to provide an analytical and closed-form predictor as a surrogate DNL model.
We note that the proposed metamodeling approach is not an attempt to statistically fit a model

in an ad hoc fashion. Rather, it seeks to represent the complicated nature of a family of DNL
problems in the most systematic, uniform, efficient, and parsimonious way – in the same way any
model tries to describe physical processes with fewer variables and simpler assumptions. Any output
of the metamodeling is a new DNL model that strikes a balance between physical accuracy in terms
of capturing the network congestion effect, and tractability barely seen in existing DNL models.
This paper opens a pathway to a new generation of dynamic network performance models which,
if utilized properly, could tremendously benefit DTA research and bring potentially revolutionary
changes to the way transportation networks are modeled.

2 Technical Approach and Preliminary Results

First, we propose a general method to time-discretize the DNL problem with arbitrary number
of time steps, which allows us to work with finite-dimensional problems and have flexibility in
the time resolution. We then propose the Kriging method with Gaussian processes based on the
interdependencies across all paths and time steps. The idea is to look at the delay operator as a
realization of a GRF, and use the covariance of the GRF to obtain a closed-form predictor. The
main steps of the Kriging method can be summarized as follows without attention to mathematical
details.

1. We consider the delay operator Ψ as the realization of a stochastic process with a deterministic
mean plus error that follows a Gaussian process with certain covariance functions to be
estimated.

2. Stationary covariance function of exponential form is assumed, in which a specifically defined
distance function is embedded, which allows an aggregated distance measure with reduced
dimension. The distance function reflects dissimilarities among path departure rates.

3. To handle high dimensionality, a modified Latin Hypercube design with an adaptive sampling
mechanism is applied to systematically generate training data.

4. Given the training data, learn the parameters of the covariance functions through maximum
likelihood estimation. Then apply the Best Linear Unbiased Predictor to yield closed-form
representation of the delay operator.

With much simplification of the notation, the resulting predictor looks like the following:

Ψp,i(h) ≈ μp,i(θ) + cTp,i(h) · γ(θ) ∀(p, i) (2.1)

where p and i indicate path and departure window, respectively; h is the input path flow vector,
Ψp,i(h) represents the travel cost along path p when departing at time i. θ is the set of modeling
parameters already learned from the training phase. μp,i(θ) is a scalar and both cp,i(h) and γ(θ)
are vectors. cp,i(h) is a vector of covariances that encapsulate the “distances” from h to all the
training data points; cp,i(·) is nonlinear yet smooth in h.

The metamodeling is applied to three test networks, and Table 1 summarizes the performance
of Kriging. During our experiments we observe trade-offs among accuracy, computational burden,
and model resolution, which offer flexibility for different application purposes.
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19-arc network Sioux Falls Sioux Falls
(24 paths) (119 paths) (501 paths)

# of training data 97 150 143 233 250 320

Training time 54 s 172 s 67 min 162 min 203 h 361 h

Average prediction error 6.8% 5.3% 3.4% 2.7% 2.9% 2.7%

Average speed-up indicator 2% 4% 2.5% 5.0% 9.5% 13%

Table 1: Performance of the surrogate delay operator. The average prediction error and speed-up
indicator (defined as the ratio between the CPU times of the surrogate delay operator and the
exact delay operator) are based on 100 randomly sampled test data.

3 Application and Impact

The proposed metamodeling framework is, in principle, applicable to any DNL model on arbitrary
networks. It produces a new generation of network performance models that serve as efficient
and tractable alternatives to the otherwise exact models, and their reliability can be consistently
engineered and improved with in-depth analysis of the covariance functions, parameters, and meth-
ods that generate training data (Li and Sudjianto, 2012). Besides computational efficiency, which
could considerably speed up computational DTA models for large-scale networks, the most attrac-
tive feature of the new DNL models are the closed-form representation of the delay operators. The
operator is obviously continuous according to (2.1); one can also show that it is continuously differ-
entiable with the Jacobian matrix available in closed form. These will have profound impacts on a
variety of problems such as DUE computation, system-optimal DTA, bi-level problems constrained
by equilibria (MPEC), and sensitivity analysis. The closed-form delay operator may even shed
light on generalized monotonicity for convergence, which has stymied scholars for decades due to
the high complexity of exact DNL models. The full paper will explore these and other applications
to show the significance of our metamodeling approach.
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1. Introduction 

 

Since the 1980s, modeling day-to-day dynamics has become a substantial stream in transportation 

research to look into the inter-day evolution of traffic flows. The existing models treat the day-to-day 

dynamics as either the deterministic processes, modeled by differential or difference equations, or the 

stochastic processes. The development in the theoretical research brings some interesting and 

important questions: whether these models are good enough to reflect the real-life situation, and if yes, 

which one is the best. To answer these questions, it is essential to connect the day-to-day models with 

data. 

 

Plentiful empirical research on day-to-day dynamics was conducted based on simulations, 

experiments or real data, and most of them focused on the influence of various factors on travelers’ 

route choices, such as information, risk, uncertainty, learning, personality factors and so on (Lotan, 

1997; Srinivasan and Mahmassani, 2003; Avineri and Prashker, 2005; Ben-Elia et al., 2013; Rapoport 

et al., 2014). The day-to-day experiments were also conducted to analyze the static equilibrium 

theories such as Braess Paradox, Downs-Thomson Paradox and so on (Rapoport et al., 2009; 

Dechenaux et al., 2014). Among the empirical studies, few of them considered the calibration or 

verification of the day-to-day models. He and Liu (2012) only calibrated their own “prediction-

correction” model, and recently Hazelton and Parry (2015) proposed the methods for comparison of 

stochastic day-to-day models. In this paper, we will focus on the deterministic models, of which the 

evolution formulation is usually established from the perspective of link/path flows and/or perceived 

costs. 

 

 

2. Experiment design 

 

The university students will participate in the virtual day-to-day route choice experiments on the 

online platform
1
 we developed earlier. As displayed in Figure 1, on each experiment day (①), the 

participants will be provided the actual path travel times (②) of all three alternative routes on the 

previous day, and make route choices among these alternatives (③). The server will collect all 

participants’ choices and then calculate and publish the actual travel times. Iterating this process, we 

can get the day-to-day route choice data of all participants. 

 

                                                           
1 http://test-rcexp.rhcloud.com/ 
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Figure 1: User interface
2
 

 

 

3. Objectives 

 

The existing day-to-day models will be examined from the following aspects. 

 

First of all, the route-base models in previous literature will be calibrated and compared, including the 

“proportional switch adjustment process” in Smith (1984), the “network tatonnement process” in 

Friesz et al. (1994), the “projected dynamical system” in Nagurney and Zhang (1997), the 

“evolutionary traffic flow dynamics” in Yang (2005), the “first-in-first-out dynamics” in Jin (2009) 

and the most-recent one in Xiao et al. (2015). The nonlinear effects of path flows and/or path cost 

differences on travelers’ route switching will be investigated. 

 

Secondly, the perception-based model in Horowitz (1984) and Watling (1999) assumed that 

the perceived path costs are updated based on the actual costs, and the path flows are 

determined by the perceived costs through the stochastic network loading. Since the 

perceived costs cannot be directly measured, we transform the original formulation to make 

the calibration possible. 
 

Based on the results obtained above, we will investigate how the day-to-day model can be 

improved by combing the flow swapping and user learning in a unified model. On one hand, 

we will compare the models with and without user learning in Xiao et al. (2015); on the other 

hand, we will compare the calibration results of Walting (1999) and Cantarella and Cascetta 

(1995), where the latter considered flow swapping in a learning process. 
 

Finally, the property of “rational behavior adjustment process” in Yang and Zhang (2009) will 

be examined, which states that “the aggregated travel cost of the entire network decreases 

based on the previous day’s path travel costs when path flows change from day to day” until 

the equilibrium is reached. 

                                                           
2 The banners and icons are adapted from http://www.freepik.com/. 
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4. Conclusions  

 

By conducting the virtual experiment and the subsequent analysis, we intend to investigate the 

existing day-to-day models from the perspective of data. What’s more, the empirical analysis would 

help us discover some essential factors that might be ignored in previous research and propose models 

that can reflect the real roadside conditions better.  
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1. Introduction
Transport networks are vital for sustainable development, wellbeing, and security of a society.
However, they can be vulnerable to various natural and man-made disruptions (Jenelius, et al., 2006).
With the increasing global population, urbanisation, and climate change, factors that can undermine
these critical infrastructures are greater than ever. Robustness and resilience of transport networks can
be enhanced by introducing redundancies. Nevertheless, the associated investment can be very
expensive. Sustainable and feasible strategies call for effective management of existing infrastructure
which relies on thorough understanding, modelling, and optimisation of the underlying complexity of
the network systems when disruptions occur. This paper presents an agent-based modelling approach
for estimating and managing the vulnerability and resilience of transport networks subject to different
magnitudes of disruptions. Different from the traditional equilibrium based approaches, the network is
represented by a multi-agent system developed on the MATSim (Multi-Agent Transport Simulation)
platform. MATSim (Nagel and Flötteröd, 2012) is an activity-based multi-agent simulation
framework which is an open-source and downloadable from the Internet (MATSim, n.d). Based on
the network configuration and traffic condition, MATSim regards each traveller as an ‘agent’ and
estimates their behaviour in terms of choices of activities and the associated durations, travel routes,
modes, and departure times. Each agent will make and revise their individual travel choices such that
their expected ‘utility’ gained from the trips is maximised. Different from the equilibrium based
approaches, the agent-based model captures the transient process of the network systems and even
allows the system end up in chaotic state with inappropriate measures. This feature is shown to be
important for evaluating network vulnerability and resilience with disruptions under which the
network systems are highly dynamic. We apply the simulation framework to a real world network in
the city of Anaheim, CA. The network consists of over 32,000 links, 16,000 nodes, and 3700
facilities. We consider a set of hypothetical disruptions of different magnitudes. The results show that
managing travel information and behaviour is important for maximising the network resilience. It also
reveals that the amount of data incorporated and computational effort spent in the modelling process
can affect significantly the corresponding evaluation of network vulnerability. By capturing the
transient and chaotic behaviour of dynamic transport networks, this study generates new insights on
network resilience modelling and management.

2. Methodology
In this study, transport networks are coded in the agent-based MATSim modelling platform which
consists of two interacting components which represent respectively the infrastructure characteristics
and travellers’ behaviour in the network system. The infrastructure characteristics are represented by
the network topology, as well as attributes of each link including its free-flow speed, saturation flow,
and storage capacity. The traffic dynamics along each link is captured by a queueing or ‘bottleneck’
model with the exception that the physical capacity of each network link is taken into account in
which traffic queue will be spilt over to the upstream links when the local link is full. With the link
characteristics and traffic volume, the queue simulator generates estimates of queue lengths, journey
times, and travel reliability on each link over time. On the behaviour side, MATSim regards each
traveller as an ‘agent’ who will make and adjust travel decisions based upon the prevailing network
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conditions including queue lengths (congestion), journey times, and travel reliability. Travel decisions
considered here include durations of activities that travellers spend at specific locations, routes of
travel, and times of departure. MATSim adopts a random utility theory to model the travel behaviour
in which each agent (traveller) will make and adjust his or her choice such the utility (or ‘score’ using
the MATSim terminology) the traveller gains from travel is maximised. Given a chain of activities ia

of each agent a, the corresponding utility of that agent gains from these activities is measured by the
following function:

)( s
i

t
i

i
ia aa

a

a
VVVV   , (1)

in which 

ai
V is the utility gained by the agent for performing activity i, t

ia
V is the (dis)utility that the

agent has to spend on travel for performing activity ia,
a

ia
V is the (dis)utility associated with the

agent’s schedule for performing activity ia. This schedule delay cost s
ia

V includes the waiting time

that the agent has to spend for performing the activity due to his/her early arrival at the facility,
potential penalty due to his/her late arrival, and penalty for the agent having to leave earlier than the

planned end time of activity. The travel disutility t
ia

V is formulated here as a linear function of

different attributes including journey times, delays, ease of transfer between modes, comfortablility
(e.g. level of congestion and crowdedness on route). It is noted that travellers’ understanding of their
utility to be gained from travel is imperfect due to their limited knowledge of the prevailing traffic
condition. Given a predefined list of activities to perform and modes of transport to choose, the
simulation starts with assigning all agents to the shortest routes connecting the locations of these
activities, and times of departures from each location when performing these activities. It turns out
that some agents may end up with having a utility lower than the nominal values due to congestion
caused by too many agents choosing the same route or time of departure. To mimic the (day-to-day)
learning process of travellers, MATSim then re-distributes the agents to different routes and times in
the next iteration by taking into the utility values experienced in the previous iteration. Assuming no
changes on the travel demand and network characteristics, a steady state or the so-called ‘equilibrium’
could be reached in the system where no change in travel choices further occurs.

3. Case study
The simulation framework is applied to the Anaheim network (see Figure 1) in Los Angeles, CA as a
case study. The network configuration (GIS shape file) and its origin-destination matrix which are
used for constructing the test network are downloaded from the open source made available by Bar-
Gera (n.d). To investigate the sensitivity of results with respect to amount of input data, we build the
road network in full version (Figure 1, right) as well as a simplified version (Figure 1, left). The
simplified version contains only freeways and tier-1 arterials. There are a total of 32,768 links and
16,384 nodes in the full network, while they are reduced to 8,192 links and 4,096 nodes in the
simplified version. In addition to the network topology, we also specify locations of 3627 ‘facilities’
which corresponds to various locations of where activities (e.g. home, work, leisure, shop, school, etc)
are performed. The characteristics of these activities are set based upon the survey conducted by
United States Census Bureau (2010). Moreover, a total number of 150,000 agents, each with
associated trip plan specifying facilities to visit for various activities over a 24-hr period, are
generated for running the simulation. It is further estimated that 76% of these agents will travel by
using personal vehicles and the rest (24%) will travel by public transport (United States Census
Bureau, 2010b). The simulation horizon is set to be 24-hr and we adopt the utility functions aV with

default settings as in the current MATSim package (see MATSim, n.d.). It should be noted the
objective of this study is not to replicate the actual travel pattern observed in the city, but to study the
dynamics of such a large scale network under different circumstances.

The MATSim simulation is first run to solve for the dynamic equilibrium (DUE) assignment
of agents over time and space in both full and simplified networks. This equilibrium assignment will
represent the travel pattern under the normal circumstance without disruption in both networks. We
define an equilibrium is reached if the percentage change in the average values of utilities of all agents
before and after re-assignment is less than 0.1%. It is found that both networks can reach equilibrium
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while it takes 29 iterations for the complete network to achieve so, and 46 iterations for the simplified
network. Taking both complexity and number of iterations required into account, the full network
takes 17 mins to solve on a standard Windows 7 (64 bit) desktop computer, while the simplified
network takes 11 mins to compute. Interestingly, it is found that the full network indeed takes lesser
iterations to reach equilibrium due to the more road capacity in the network and the more route
options for the agents to choose. For similar reason, the average utilities (in monetary unit) gained by
all agents is 179 in the full network, which is higher than the 175 in the simplified network case.

Figure 1: Simplified network (Left), full Anaheim network (Right)

In addition to the base case equilibrium solution, we further construct three different scenarios
representing various disruptions. The first scenario is a link closure due to incident(s) in which we
assume that a section of the freeway (I-5) is closed. The second and third scenarios are due to extreme
weather (e.g. flooding) and natural disasters (e.g. earthquake) respectively. In the second scenario, we
assume that capacities of all roads in the network are reduced by 30%, while in the third scenario we
assume that the capacities of all roads are reduced by 20% and the entire I-5 freeway is not able to
use. The first scenario would have a higher probability of occurrence, but lower impact to the overall
system. On the other hand, the second and third scenarios will have a lower probability of occurrence,
yet, higher consequence to the city with longer period required to restore the infrastructures. In each
scenario, we consider three different proportion, 10%, 50%, and 90%, of agents will have access to
information and guidance related to the incident and prevailing traffic and hence will be able to adjust
their decisions accordingly. Other agents will be assumed to be ignorant of the network conditions
and hence will stay with their original travel plans as in the normal circumstance. This is to
investigate the impact of dissemination of travel information and guidance on the dynamics of
transport networks under different disruptions.

4. Results and conclusions
With the experiments set up, Figure 2 summarises all profiles of average utility values of all agents in
the system over a 50-day simulation horizon in which we assume that all incidents occur on ‘Day 4’
in all experiments. The percentages (10%, 50%, 90%) in the legend indicate the proportion of agents
receiving information and hence would be changing their trip plans over the simulation period. The
results first show that providing more information would facilitate the recovery of the network after
the impact if we compare the difference between the ‘10%’ and ‘50%’ cases, while limiting the
information provision to agents (and hence their adaptability) could indeed help restoring system
performance in long run. Moreover, it is seen that the system ends up in ‘chaos’ and cannot restore if
too much information (90% of population) is disseminated as the population becomes over-sensitive
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to the network changes. This highlights the importance of managing the dissemination of information
under disruptions. In particular, too much information disseminated apparently could bring the
systems into chaotic state. It is also found that higher utility values are achieved in all cases in the
complete network. This reveals the amount of data incorporated and computation effort spent in the
modelling process can affect significantly the corresponding evaluation of network vulnerability.

Figure 2 Summary of results
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1. Introduction 

Data regarding dynamic bus dwell times is often lacking in regional dynamic traffic assignment 

(DTA) models, despite the important impact of bus dwell time on traffic flow (Ben-Edigbe & 

Mashros, 2011; Koshy & Arasan, 2005; Tang et al., 2009). In traffic networks with significant bus 

mode share, portraying accurate dwell time data in DTA models is essential to obtain simulated traffic 

flows close to real-life link counts. Several studies in the past have predicted bus dwell time in terms 

of  number of boarding and alighting passengers, type of bus stop, type of bus, fare collection 

mechanism, etc. However, of all these factors, dwell time is predominantly influenced by the boarding 

and alighting passenger counts.  

While DTA models cater specifically to urban road motorists, its counterpart, transit assignment 

models, focus on route choice behaviour of urban public transit users. Most stand-alone DTA 

platforms such as VISTA, Dynameq and Dynasmart-P do not include passenger information at a bus 

stop level. However, these models can represent transit vehicles on a road network to better reflect on-

road traffic conditions. These models consider transit buses to travel on pre-defined routes and stop at 

their designated bus stops. Furthermore, a common practise is to consider a uniform bus dwell time 

across the simulation period for an entire network due to lack of dynamic dwell time information in 

DTA models. A uniform dwell time can lead to inaccurate representation of buses in simulated link 

flow and cause potential errors during model calibration. Hence it is necessary to identify appropriate 

variables from a simulated DTA model that can be helpful to estimate bus dwell time.  

This work conducts an empirical analysis to examine the relationship between bus dwell time and 

traffic volume, which may be considered a proxy variable in the place of detailed external transit. In 

addition, we analyse variables such as length of the bus, bus arrival time, distance of the bus stop from 

the nearest downstream signal or intersection and bus route information (origin and destination). The 

results of the empirical study are currently being tested in a regional DTA model for Sydney. 

2. Background 

In dynamic transit assignment models, predicting bus dwell time is a topic that has received 

much attention. A transit assignment model represents the route choice behaviour of transit users in 

order to minimise their total travel time, i.e. in-vehicle time and waiting time at a bus station (Chriqui 

& Robillard, 1975). De Cea & Fernandez (1989) further accounted for the effect of passenger 

congestion on waiting time. Lam et al. (1999) extended this work to find that the bus dwell time is 

governed by the number of boarding and alighting passengers at a station. Many following studies 

have also modelled dwell time in terms of boarding and alighting passengers (Levinson, 1983; 

Rajbhandari et al., 2003; Sun et al., 2013). Szeto et al. (2013) considered the dwell time to be constant 

which is valid in case of small boarding and alighting during off-peak hours.  

As an adjacent research area, DTA models have a much wider knowledge base than its transit 

counterpart (Liu et al., 2009). However, dynamic dwell time representation hasn’t been explored in 

DTA models to the best of our knowledge. Bus dwell times are generally considered static, if 
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represented at all (Erdoğan et al., 2015; Chang & Ziliaskopoulos, 2003, Parsons Brinckerhoff, 2012). 

DTA models are focused on private cars, and thus, incorporating transit passenger information can 

present a significant challenge. Therefore, it would be useful to explore how proxy varibles from a 

developed DTA model could be used to predict bus dwell time and improve model calibration. The 

current study determines the proxy variables based on an empirical study that was conducted in 

Sydney in 2014.  

3. Data 

This study analyses the bus dwell time survey data collected at stops located on Parramatta road, a 

busy arterial that connects Sydney CBD with Parramatta, a major suburb in Sydney. The collected 

information included bus stop id, bus route number, bus arrival time, door opening time, door closing 

time, bus departure time and number of alighting and boarding passengers. The survey was conducted 

over two typical weekdays during morning and evening peak hours between 6-10 AM and 3-7 PM. 

Additionally, traffic count information for every 15 minute interval along Parramatta Road was 

obtained from the Sydney co-ordinated adaptive traffic system (SCATS) signal control data. The 

observed traffic volumes were extracted for the same days on which the survey was conducted. 

4. Initial analysis 

First, we examine the applicability of traffic volume as a proxy variable. Data collected at one of the 

bus stops is analysed in this section. We define the following variables, each evaluated at 15 minute 

interval: 

BSOT: Bus stop occupancy time:  the sum of dwell times of all buses at a bus stop  

TPS: Total passengers served: total number of passengers served by a bus stop 

VOL: Link volume at a bus stop (obtained from scats data)  

Linear regression models are developed to determine the relationship between the above variables. 

Table 1 shows the estimates and goodness of fit (R
2
) for three regression models. Model-1 reports a 

significant parameter estimate for TPS which has a positive effect on BSOT. The overall goodness of 

fit is evaluated as 0.92, which is very high. Findings from this model are consistent with previous 

studies which propose a strong relationship between dwell time and passenger count. Model-2 tests 

the relationship between TPS and VOL. A positive coefficient for volume suggests that links with 

higher car traffic also serve more transit passengers. Additionally, the overall goodness of fit is 0.69, 

which is reasonably high. Finally, model-3 is developed to capture the relationship between BSOT and 

VOL. The positive sign on volume proposes an increase in dwell time with increasing traffic 

congestion. Thus, the empirical results show the suitability of VOL as a proxy variable to TPS for 

dwell time prediction.   

Table 1: Estimates for different model formulations 

Parameter 
Model-1 

BSOT = f(TPS) 

Model-2 

TPS = f(VOL) 

Model-3 

BSOT = f(VOL) 

Intercept 15.31 (0.73) -35.09 (-2.40) -168.80 (-2.07) 

Coefficient 

of Variable 
5.06 (12.65) 0.44 (5.64) 2.25 (5.21) 

R
2
 0.92 0.69 0.66 

 t-stat in parenthesis  
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5. Sydney DTA model 

A DTA model is currently being developed for the Sydney greater metropolitan area (GMA) (Duell et 

al., 2015). The model is the first large-scale dynamic assignment model for an Australian city and is 

currently under calibration process. The main objective of this model is to better understand the 

temporal patterns of congestion, queue spillback, etc. This application involved simulating a two-hour 

AM peak on a network consisting of approximately 58,500 links, 20,700 nodes, 2,200 travel zones, 

1,300,000 vehicle demand, 500 signalized intersections and 1,060 bus routes. The scheduled bus route 

and average bus frequency informationwas also included in the model. Based on previous literature, a 

uniform dwell time of 25 seconds was assumed for all the buses across simulation time (Erdoğan et 

al., 2015; Chang & Ziliaskopoulos, 2003; Parsons Brinckerhoff, 2012). 

6. Proposed framework for dynamic dwell time in dta simulator 

We propose an algorithm to integrate the proposed dwell time prediction model into the existing DTA 

framework. This algorithm utilises a reasonably calibrated model to begin with. The steps in the 

proposed algorithm are as follows: 

Step 1: (Initialisation) 𝑖 = 0. Run the DTA simulator using static bus dwell time matrix 𝐷𝑖,𝑗,𝑡 where 𝑗 

is a bus stop and 𝑡 is the simulation time interval. This will generate a link flow matrix 𝐿𝑖,𝑗,𝑡. 

Step 2: (Calibration) Evaluate dynamic dwell time matrix 𝐷𝑖+1,𝑗,𝑡 by applying model-3 and taking 

𝐿𝑖,𝑗,𝑡 as input. 

Step 3: (Simulation) 𝑖 = 𝑖 + 1. Run the DTA simulator again using 𝐷𝑖,𝑗,𝑡 to generate 𝐿𝑖,𝑗,𝑡 

Step 4: (Evaluation) Calculate the performance statistic (for example RMSE) at model calibration 

locations 

Step 5: (Convergence) If the overall performance statistic for the model is within threshold value 𝛼, 

then STOP, else go to Step 2. 

7. Discussion  

Recent technological advances have led to innovative ways of transportation data collection. 

Availability of bus navigation (GPS) data,  automatic passenger counts (APC) information and smart 

card data have opened up new ways to analyse public transit service quality.  Generally, such data is 

available at a specific bus route level or small network level. But for large scale regional networks 

like Sydney, Chicago, etc. acquisition and working on the big data often becomes challenging. In this 

context, the proposed framework can provide dynamic dwell time information using proxy variables 

generated from a DTA model. Although this framework gives an approximate dwell time, we hope it 

can still serve the purpose of representing real life traffic conditions in a dearth of more detailed 

datasets discussed above. 

Work in progress includes:  

 analysing dwell time data of other bus stops in the study area 

 identifying other proxy variables which can improve the model fit 

 using other econometric specifications which suit the given dataset  

 integrating the proposed dwell time prediction model into the existing DTA framework 
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1. Introduction 
 

Dynamic Traffic Assignment (DTA) models aim to describe the mutual interaction between demand 

and supply systems. These models are composed of sub-components: the demand model feeds the DTA 

with information on route and departure time choice, while the supply model propagates the demand 
flows on the network. Many authors have stressed on how both route and departure time choices have 

to be considered, since users make these choices simultaneously with respect to an (expected) 

experienced travel time (Mahmassani and Herman 1984; Arnott, de Palma, and Lindsey 1990). On the 
other hand, many models have been developed as extensions of the static approach, with a focus on 

developing time-dependent route choice models considering exogenous departing time, as pointed out 

by many authors (see e.g. the work of (Adnan 2010)). Another key element in DTA models is the 

equilibrium model; a common assumption in travel behaviour is that, given the origin, destination, 
purpose and departure time, users minimize their own travel cost. This implies that at equilibrium all 

the users have the same travel cost (UE). This is an extension of the well-known Wardrop’s first 

principle to the dynamic case. Considering only the travel cost, this formulation is able to model the 
route choice in a behaviourally sound approach only for trip-based routes, i.e. it cannot model the impact 

of a decision on the whole daily/weekly trip chain. Many studies show how, with increasing levels of 

congestion, people have the tendency to change their activity pattern by removing activities or 
rescheduling them therefore making different tours (D. F. Ettema et al. 2007). For this reason, new 

Activity-Based DTA (AB-DTA) models have been developed in the last two decades. These approaches 

capture dynamic activity patterns by evaluating the utility of performing (or not) a specific activity, for 

a given network state (Abdelghany and Mahmassani 2003; Adnan 2010; Chow and Nurumbetova 
2015). Although the several AB-DTA models available in the literature differ in many underlying 

assumptions, all of them consider two different costs for the user: 1) the travel cost and 2) the utility 

derived from participating in an activity. Different functions exist in literature to model the utility, the 
two most important of which are the time of the day based utility function and the duration-based utility 

function. The goal of this paper is to analyse how the output of the AB-DTA changes when different 

utility functions representing different activities are used to feed the approach. 
 

2. Methodology 

 

In this work, we show the effects that different utility functions have on the morning and evening 
commute. Hereafter we describe the key steps of the proposed approach.  

 

Different authors (D. Ettema and Timmermans 2003; D. F. Ettema et al. 2007, among others), assume 
that the utility varies with the time of the day and can be modelled through a continuous function, 

meaning that the marginal utility would depend on the time of the day. We call this time-of-day-

dependent marginal utility clock-based MU. A second utility component can be defined as duration-

based MU. This component assumes that the utility is proportional to the duration of the activity 
(Yamamoto et al. 2000). The advantage of clock-based MU functions is to properly represent the 

connection between time of the day and utility. On the other hand, it is well known that these functions 

do not consider the satisfaction (or fatigue) effect, meaning that no correlation between time of the day 
utility value and activity duration is assumed. On the other hand, duration-based MU functions consider 

the satisfaction effect, although they do not fully represent the evolution of the utility over time. For 



2 
 

this reason, researchers agree that both these ingredients are relevant for properly modelling the choice 

process in a dynamic setting (D. F. Ettema et al. 2007; Adnan 2010). Since many existing frameworks 
use the aforementioned functions (Zhang et al. 2005; Adnan 2010; Li, Lam, and Wong 2014; Fu and 

Lam 2014; Feil, Balmer, and Axhausen 2009), we test them in this work. We futhermore introduce a 

new formulation, which allows to directly include the fatigue effect within a generic clock-based MU 

function. In our formulation, the utility 𝑈𝑎 related to performing an activity p for a generic user n, is 
calculated as follows: 

 

𝑈𝑛,𝑝
𝑎 (𝑡𝑝

𝑠 , 𝑡𝑝
𝑒) = ∫ 𝑈𝑛,𝑝

𝑎 (𝑡) (
1

(𝑡 − 𝑡𝑝
𝑠)
)

𝐺

𝑑𝑡
𝑡𝑝
𝑒

𝑡𝑝
𝑠

 
(1) 

where 𝑈𝑛,𝑝
𝑎 (𝑡) is a clock-based MU function,  𝑡𝑝

𝑠  is the starting time for activity p, 𝑡𝑝
𝑒  is the ending time 

for activity p, and G is a parameter to be calibrated depeding on observed activity patterns. Specifically, 

if G is equal to 0, then equation (1) is the integral of the original clock-based formulation, if G=1 the 

fatigue effect will be dominant, as shown in Figure 1. 

 
Figure 1: Marginal utility obtained using equation 9 (𝑡𝑝

𝑠= 9); 

The disutility of travelling is calculated through the well-known scheduling delay function proposed by 

Vickrey (1969) and Small (1982).  The DTA model used for the evaluation is the activity-based 

bottleneck model formulated in Li et al. (2014). In this model, each user maximizes his own utility 
according to a pure Nash–Cournot interaction. While for details regarding the model we refer to the 

original article, we point out that link performances are calculated according to the original bottleneck 

model (Arnott, de Palma, and Lindsey 1990). 
 

3. Empirical Findings and Conclusions 

 

In this study, we use the BMW (Behaviour and Mobility within the Week) database, which was carried 
out by the KU Leuven and the University of Namur in 2008. First, for the home-work activity pattern, 

we apply the well-known max log-likelihood estimation procedure approach to calibrate our functions. 

Then, we calculate the utility of a synthetic (homogeneous) population in order to check the consistency 
wrt. the behaviour of the real (heterogeneous) population (Figure 2). This analysis has been performed 

for each day of the week. The conclusion according to the log-likelihood calibration is that considering 

both clock-based and duration-based MU simultaneously leads to more realistic results.  
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(a) (b) 

Figure 2: (a) observed departure time for real users; (b) Utility related to different departure time 

interval according to Equation 1; 

 

Exploiting the analytical properties of the bottleneck model, we identified that: 1) a correlation exists 

between the utility lost during the peak hour and the overall level of congestion; 2) that Trip-Based 

(TB) DTA models have a hard time estimating the congestion in terms of length of the queue, starting 
time, and in understanding when the maximum length of the queue occurs during the morning/evening 

commute; 3) considering both the clock-based and duration-based utility for a certain activity leads to 

a better result than considering them separately (one at a time). This has been proven analytically, 
through real data, and through numerical experiments. As a consequence, these findings allow 

identifying conditions under which a system can be considered as trip-based, activity-based, tour-based 

or schedule based.  
 

A new utility function has been proposed, which matches the above-stated conclusions. By jointly 

modelling clock-based and duration-based utility, the proposed function not only simulates a more 

realistic behaviour, but it is also able to model different activities, such as work or special events. These 

findings have been proven through the well-known bottleneck model.  

Future research focuses on generalizing these findings to more complex scenarios. We will initially 

investigate the mathematical properties of the relationship between utility loss and congestion at a 

network level. Futher, we will exploit the general concept of equilibrium presented in this paper, to 

generalize the problem for different routes, locations and transport modes. Lastly, evaluating the 

proposed properties through a simulation based DTA might be an important step for the application of 

these models to a realistic scenario. 
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1 Introduction 

 

It’s anticipated that vehicle-to-vehicle (V2V) and vehicle-to-infrastructure (V2I) communication will 

be widely available in future. This allows more accurate and frequent traffic data to be shared 

amongst vehicles and infrastructure. Microscopic traffic models are capable of being more accurate, 

compared to macroscopic models, but require more fine-grained and frequent traffic data in order to 

be used in real-time. Hence, V2I communication could be used to enable real-time microscopic 

modelling and analysis to be performed, and opens up new possibilities for innovative traffic control. 

 

A cellular automaton (CA) can be used to model traffic microscopically. A CA model for highway 

traffic was introduced by Nagel and Schreckenberg (1992). Brockfeld et al (2001) compared different 

strategies for synchronising signal-controlled intersections using a similar CA model. Spyropoulou 

(2007) derived properties of traffic at an intersection with a CA model, including saturation flow and 

start and end lag, and investigated the relationship between the randomisation parameter and the 

model dynamics. 

 

Given the simple, discrete nature of a CA model, it is possible to describe it symbolically using 

mathematical logic, thus making it more amenable to formal analysis. This study performs a formal 

analysis of the relationship between the arriving traffic pattern and the optimal traffic control 

schedule. Unlike previous studies using a CA model, it does not assume fixed phases for each cycle. 

Analysis based on the model leads to the strategy for choosing the optimal schedule with minimal 

total cumulative delay. As more realistic traffic model elements are incrementally added, analysis of 

the optimal control schedule algorithm becomes more complex. 

 

This research has application, because it is able to predict future delay at an intersection and can do so 

in 𝑂(𝑛) time (when using the basic model), where 𝑛 is the total number of vehicles on both queues. 

Alternatively, it can be used as a heuristic in a more sophisticated, but more computationally 

expensive algorithm to determine the optimal control schedule. Xie et al (2012) provide an example 

of such an algorithm. 

 

2 The basic model 

 

In the basic model, two queues compete for right of way through an intersection. Each queue is 

composed of discrete cells and each cell may contain a vehicle or may be empty. The intersection is a 

single cell shared between both queues. Since only a single intersection is being considered, vehicles 

experience no delay after exiting the intersection. This is illustrated in Figure 1. 



2 

 

 
Figure 1: Two competing queues, P and Q, contain vehicles illustrated as filled rectangles, and 

spaces illustrated as empty rectangles. The intersection is represented by a hatched square, and 

arrows indicate the direction traffic moves. 

 

The two queues are assigned as 𝑃 and 𝑄. At the current time, the state of the 𝑖th cell before the 

intersection of queue 𝑃 is denoted as 𝑝𝑖 ∈ {0,1}. (0 indicates the cell is empty, and 1 indicates that it 

contains a vehicle.) Likewise, the 𝑗th cell before the intersection of queue 𝑄 at the current time is 

denoted as 𝑞𝑗. Note that this means an unhindered vehicle moves from cell 𝑗 to 𝑗 − 1 in one time step. 

The movement of vehicles through the queues and intersection is determined by a schedule, 𝑆, which 

is a list of right of way instructions. That is, 𝑆 = (𝑠1, 𝑠2, … , 𝑠𝑛), and each 𝑠𝑡 ∈ {𝑃, 𝑄}, meaning either 

𝑃 or 𝑄 have right of way just before time step 𝑡. Note that the superscript does not represent 

exponentiation, but the number of the time step. It is arbitrary which queue is chosen as P and which 

one is chosen as Q, and the following formulae are valid if P is relabelled as Q and Q is relabelled as 

P. 

 

The CA evolves according to the following rules. 𝑠 refers to the current queue to have right of way. A 

variable with a prime (′) is its updated value at the next time step. Symbols borrowed from 

mathematical logic are used in the notation. 

 

(𝑠 = 𝑄) ⇒ ∀𝑗(𝑞𝑗
′ = 𝑞𝑗+1), 

meaning that, for a queue with right of way, the updated cell, 𝑞𝑗
′ , is occupied if the preceding cell is 

occupied in the current time step (whether 𝑞𝑗 is occupied in the current time step or not). 

 

Since each queue variable is an element of {0,1}, they can also be used like Boolean variables in a 

logical statement. The 𝑏𝑙𝑜𝑐𝑘𝑒𝑑 predicate indicates that a vehicle in a cell cannot move forward, due 

to congestion ahead. It is defined as follows. 

 

(𝑠 ≠ 𝑄) ⇒ (𝑞1 ⇒ 𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞1)): if 𝑄 does not have right of way, and the first cell is occupied, that 

cell is blocked.  

∀𝑗 (𝑞𝑗+1 ∧ 𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗) ⇒ 𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗+1)): if 𝑞𝑗 is blocked, all contiguous cells are also blocked.  

∀𝑗 (¬𝑞𝑗 ⇒ ¬𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗)): all unoccupied cells are unblocked.  

∀𝑗 (¬𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗) ⇒ ¬𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗+1)): all cells after the first unblocked cell are unblocked.  

(𝑠 = 𝑄) ⇒ ∀𝑗 (¬𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗)): no cells are blocked if 𝑄 has right of way.  

 

The 𝑏𝑙𝑜𝑐𝑘𝑒𝑑 predicate can be used to define how cells are updated. The following state that: if a cell 

is blocked, it remains occupied when updated; and if it is unblocked its updated value is the same as 

that of the current, preceding cell. 
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∀𝑗(𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗) ⇒ 𝑞𝑗
′)  

∀𝑗 (¬𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗) ⇒ (𝑞𝑗
′ = 𝑞𝑗+1))  

 

Note that, because of the 𝑏𝑙𝑜𝑐𝑘𝑒𝑑 predicate, the state of each cell may depend on all preceding cells. 

This means that the traffic model is not an elementary cellular automaton, contrary to the model 

developed by Gershenson and Rosenblueth (2009). Similarly, the update rules for cells in queue 𝑃 can 

be defined in a symmetric fashion. 

 

The cumulative delay function, 𝑑, for an individual cell is defined as, 

 

𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗) ⇒ (𝑑′(𝑞𝑗) = 𝑑(𝑞𝑗) + 1): a blocked cell’s updated delay is incremented.  

¬𝑏𝑙𝑜𝑐𝑘𝑒𝑑(𝑞𝑗) ⇒ (𝑑′(𝑞𝑗) = 𝑑(𝑞𝑗)): unblocked cells do not accumulate delay.  

 

Total cumulative delay is the sum of all individual delays, 

 

𝐷 = ∑ 𝑑(𝑝𝑖)
|𝑃|
𝑖=1 + ∑ 𝑑(𝑞𝑗)

|𝑄|
𝑗=1   

 

2.1 1 x 1 platoons 

 

First, consider the case of two competing platoons. In this example, there is a single platoon waiting 

on 𝑃 and a single platoon on 𝑄 at the initial time. The length of the platoon on 𝑃 is 𝑃1 and the length 

of the platoon on 𝑄 is 𝑄1. 

 

When a single platoon is waiting on each queue, the total delay is 

 

𝐷𝑇 = 𝑃1𝑄1  

 

The proof is obtained by mathematical induction. The basis for induction where 𝑃1 = 0 and 𝑄1 = 0 is 

trivially true. Assume the theorem is true when 𝑃1 +𝑄1 ≤ 𝑛. Now, consider the case when 𝑃1 + 𝑄1 =

𝑛 + 1. In the first time step, either 𝑃 or 𝑄 will have right of way. If 𝑃 has right of way, 𝑃1
′ = 𝑃1 −

1 ⇒ 𝑃1
′ + 𝑄1

′ = 𝑛 and 𝐷′ = 𝑄1 (because there are 𝑄1 vehicles delayed on 𝑄). The theorem is assumed 

to be true after the first time step (because 𝑃1
′ + 𝑄1

′ = 𝑛), so the remaining delay must be 𝑅 = 𝑃1
′𝑄1

′ =
(𝑃1 − 1)𝑄1 = 𝑃1𝑄1 − 𝑄1. Adding to this the delay obtained from the first time step, the total delay 

can be found. This is the total delay experienced by all vehicles until they have all exited the 

intersection. This total delay is 𝐷𝑇 = 𝑄1 + 𝑃1𝑄1 − 𝑄1 = 𝑃1𝑄1. By symmetry, the same total delay is 

obtained if 𝑄 is initially given right of way, proving the theorem true. 

 

2.2 1 x n platoons 

 

Expanding upon the previous theorem, it can be shown that when there is 1 platoon on 𝑃 and 𝑛 

platoons on 𝑄, 

 

𝐷𝑇 = ∑ 𝑄𝑖(𝑃1 − ∑ ΔQj
𝑖−1
𝑗=1 ) = ∑ 𝑃1𝑄𝑖

𝑛
𝑖=1 + ∑ ΔQj∑ 𝑄𝑖

𝑛
𝑖=𝑗+1

𝑛−1
𝑗=1

𝑛
𝑖=1 , 

 

where 𝑄𝑖 is the size of the 𝑖th platoon on 𝑄, and Δ𝑄𝑗 is the size of the gap between the 𝑗th and 

(𝑗 + 1)th platoon on 𝑄. This result assumes there is an unbroken sequence of vehicles. This means 

that, at every time step, there is at least one vehicle ready to enter the intersection on either queue, 

until all vehicles have exited the intersection. 
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2.3 m x n platoons 

 

In the general case where there are an arbitrary number of platoons on 𝑃 and on 𝑄, the formula for 

cumulative delay is as follows, 

 

𝐷𝑇 = ∑ 𝑃𝑖 ∑ 𝑄𝑗
𝑛
𝑗=1

𝑚
𝑖=1 − ∑ 𝑃𝑖 ∑ Δ𝑃𝑗

𝑖−1
𝑗=1

𝑚
𝑖=1 − ∑ 𝑄𝑖 ∑ Δ𝑄𝑗

𝑖−1
𝑗=1

𝑛
𝑖=1   

 

Again, this assumes an unbroken sequence of vehicles. However, intervals during the schedule when 

no vehicle is waiting to enter the intersection do not contribute anything to the total cumulative delay. 

 

3 Introducing intergreen time 

 

The original model can be made more realistic by introducing a delay penalty for intergreen time. For 

example, it may take one time step to switch right of way from 𝑃 to 𝑄 and vice versa. During the time 

step when this switchover occurs, cumulative delay is increased as 

 

𝐷′ = 𝐷 + 𝑃1 + 𝑄1 (assuming platoons are waiting on both 𝑃 and 𝑄). 

 

According to this modified model, cumulative delay no longer increases independent of the 

intersection control schedule. If 𝑄 has right of way, it can be proven that delay is minimised by 

switching right of way to 𝑃 only when Δ𝑄0 ≥ 2 (where Δ𝑄0 is the size of the gap before the first 

platoon), or when Δ𝑄0 = 1⋀𝑄1 < 𝑃1. This result is similar to that proven by Wu et al (2013), who 

showed, using Petri Nets, that queue lengths are minimised by avoiding breaking up platoons when 

switching right of way. 

 

4 Conclusion 

 

A basic CA model was first used to investigate competing streams of traffic through an intersection. It 

was shown that cumulative delay is independent of the chosen control schedule. However, as more 

realistic elements were added to the model, it was shown that the chosen schedule should be adapted 

in order to minimise cumulative delay. Analysis has already been performed for the case where 

intergreen time is equal to one time unit. However, more realistic elements such as variable intergreen 

time, backward propagating jams, start up lost time and multiple queues need to be added to the 

model in future. 

 

The CA model will be validated by running a microscopic traffic simulator (e.g. VISSIM), calculating 

the total cumulative delay and comparing it to that predicted by the model. Naturally, this comparison 

should be made for differing average flow rates and initial traffic patterns. 
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1. Introduction 

 

On March 11, 2011 the Great East Japan Earthquake occurred in Japan. Subsequently, the Cabinet 

Office of Japan revised the Basic Disaster Management Plan and decided that an evacuation by car 

should only be admitted if unavoidable (Basic Disaster Management Plans, 2015). Now each region 

should reach a consensus in the use of car, since there is a limited capacity of cars that can be used 

during a forced evacuation. To ensure safety from natural disaster threats (e.g. hurricanes, floods, or 

tsunamis) it is important to develop regional evacuation plans (Abdelgawad et al, 2009), a task left to 

the local authorities. An evacuation plan for tsunami is particularly important because it has a time 

constraint. However, existing studies normally focus on either reproducing the evacuation situations, 

simulating evacuation based on observation or analysing scenarios under observed evacuation 

behaviour (Pidd et al, 1996; Jha et al, 2004). Therefore, there is a strong need to develop mathematical 

models that minimise the time to finish an evacuation based on some prescriptive assumptions.  

An example of an optimal evacuation planning model where the total evacuation time is to be minimised 

can be found in Ando et al (2015) where their formulation has been proved by Jarvis and Ratliff (1982) 

to be equivalent to an evacuation time minimisation problem on a space-time extended network (STEN) 

(Bell and Iida, 1997). The model has been applied to a practical network in which the feasibility of the 

proposed optimal evacuation planning model was confirmed. However, the previous study only 

considered evacuation by a single mode (by car). Real-life situations need to consider evacuation by car 

and by walk. Hence, this paper attempts to construct an optimal bimodal (by car and foot) evacuation 

planning model with the purpose of minimising the time to finish an evacuation. Additionally, the model 

is further extended to a network design problem where the objective of the upper-level problem is to 

minimise the shelter capacity expansion cost while ensuring that the evacuation time is smaller than a 

predetermined value, which is formulated as a lower-level problem. 

 

 

2. Formulation of the optimal bimodal evacuation planning model 

 

An evacuation problem needs to be considered as a dynamic traffic assignment to express the traffic 

conditions that change with time (Alsnih et al, 2004). Accordingly, we develop an optimal bimodal 

evacuation planning model using a STEN (Kurauchi, 2014). Referring to Jarvis and Ratliff (1982), the 

optimal bimodal evacuation planning model to minimise the total exit flow time is formulated as 

follows. 
min ∑ 𝑐𝑒𝑥𝑒𝑒∈𝐄 ,  (1) 

subject to 
− ∑ 𝛾𝑥𝑎𝑎∈𝑂𝑢𝑡(1,𝑜) − ∑ 𝑥𝑎𝑎∈𝑂𝑢𝑡(2,𝑜) + 𝑞0 = 0, ∀𝑜 ∈ 𝐎, (2) 

∑ 𝛾𝑥𝑎𝑎∈𝐼𝑛(1,𝑡𝑎𝑖𝑙(𝑒)) + ∑ 𝑥𝑎𝑎∈𝐼𝑛(2,𝑡𝑎𝑖𝑙(𝑒)) − 𝑥𝑒 = 0, ∀𝑒 ∈ 𝐄, (3) 

∑ 𝑥𝑎𝑎∈𝐼𝑛(𝑚,𝑛) − ∑ 𝑥𝑎𝑎∈𝑂𝑢𝑡(𝑚,𝑛) = 0, ∀𝑚 = 1,2, 𝑛 ∈ 𝐍, (4) 

∑ 𝑥𝑎𝑎∈𝑂𝑢𝑡(1,𝑘) ≤ 𝑗𝑘
𝑐 , ∀ 𝑘 ∈ 𝐊, (5) 

∑ 𝑥𝑎𝑎∈𝑂𝑢𝑡(𝑘) ≤ 𝑗𝑘
𝑝

, ∀ 𝑘 ∈ 𝐊, (6) 

𝑥𝑎 + 𝛽𝑎
𝑝𝑐

𝑥𝑏 ≤ 𝑠𝑎
𝑐 , ∀𝑏 = {𝑏|𝑙𝑎 = 𝑙𝑏 , 𝑖𝑡𝑏 ≤ 𝑖𝑡𝑎, 𝑜𝑡𝑏 ≥ 𝑜𝑡𝑎, 𝑏 ∈ 𝐀𝑝}, 𝑎 ∈ 𝐀𝑐, (7) 

𝑥𝑎 + 𝛽𝑎
𝑐𝑝

𝑥𝑏 ≤ 𝑠𝑎
𝑝

, ∀𝑏 = {𝑏|𝑙𝑎 = 𝑙𝑏 , 𝑖𝑡𝑏 ≥ 𝑖𝑡𝑎, 𝑜𝑡𝑏 ≤ 𝑜𝑡𝑎, 𝑏 ∈ 𝐀𝑐}, 𝑎 ∈ 𝐀𝑝, (8) 

𝑥𝑎 ≥ 0, ∀𝑎 ∈ 𝐀. (9) 
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where 
𝓝 : Set of Nodes. 

𝐎, 𝐍 ⊂ 𝓝 : Set of origin and intermediate nodes, respectively. 

𝑞𝑜 : Demand to evacuate from node 𝑜. 

𝐒 : Number of time periods. 

𝐀 : Set of Links. 

𝐀𝑐 , 𝐀𝑝 ⊆ 𝐀 : Set of ordinary links for each mode; car and walk, respectively. 

𝐄 : Set of links connected to the “super sink” (destination node in the STEN). 

𝑡𝑎𝑖𝑙(𝐄) ⊂ 𝓝 : Set of nodes of outgoing links,  𝑒 ∈ 𝐄 

𝑑𝑡 : Unit time. 

𝑠𝑎
𝑐 , 𝑠𝑎

𝑝
 : Traffic capacity of link 𝑎 for each mode; car and walk, respectively. 

𝑚𝑎 : Allowable mode on link 𝑎 (0 – both, 1 – car only and 2 – walk only). 

𝑖𝑡𝑎, 𝑜𝑡𝑎 : Inflow and outflow time of link 𝑎. 

𝑙𝑎 : Link number of link 𝑎 in the static network. 

𝑥𝑎 : Traffic volume on link 𝑎. 

 𝑂𝑢𝑡(𝑛) : Set of incoming and outgoing links from node 𝑛 ∈ 𝐍, respectively. 

𝐼𝑛(𝑚, 𝑛), 𝑂𝑢𝑡(𝑚, 𝑛) : Set of incoming and outgoing links from node 𝑛 ∈ 𝐍 using mode 𝑚, respectively. 

𝑐𝑒 : Outflow cost on link 𝑒 ∈  𝐄 (outflow time on link 𝑒 ∈  𝐄). 

𝐊 ⊂ 𝓝 : Set of shelter nodes. 

𝛾 : Average number of passengers in a car. 

𝑗𝑘
𝑐  : Car capacity of shelter 𝑘 ∈ 𝐊. A 𝑗𝑘

𝑐 = 0 implies a shelter 𝑘 that only accepts evacuees by foot. 

𝑗𝑘
𝑝

 : Person capacity of shelter 𝑘 ∈ 𝐊. 

𝛽𝑘
𝑐𝑝

, 𝛽𝑘
𝑝𝑐

 : Car-to-pedestrian and pedestrian-to-car conversion ratios on link 𝑎. 

This model is a linear programming (LP) problem. The constraint conditions given by equations (2)-(8) 

are described as follows. 

(a) Flow conservation constraint of the origin nodes  

All demands from each origin must be evacuated. This is given by equation (2) which implies that the 

traffic volume of all links originating from the origin (origin outflow) is equal to the number of evacuees 

at the origin. The outflow from the origin is denoted by a negative sign. The number of passengers in 

each car is set as 𝛾. 

(b) Flow conservation constraint of the destination node 

The flow conservation constraint given by equation (3) implies that the traffic volume outflow on link 

𝑥𝑒 is equal to the sum of the traffic volumes of links connected to the node which connects 𝑒 to the 

“super sink”. Only the last  𝑥𝑒 in the time zone is considered as the node before each 𝑥𝑒 in each time 

zone is already the shelter node, 𝑘 ∈ 𝐊, and it indicates the time that the evacuation is finished. 

(c) Flow conservation constraint of the ordinary nodes 

The flow conservation constraint by equation (4) implies that each mode is considered independently. 

This also implies that evacuees (car and walk) cannot change modes on the way. Moreover, the link 

inflows and outflows also consider the links before and after the destination and origin, respectively. 

(d) Capacity constraint of the shelters 

Equations (5) and (6) describe the shelter capacity constraints on the amount of car and evacuees, 

respectively, it can accommodate. 

(e) Capacity constraint of the links 

Although flow conservation considers each mode independently, link capacity considers both 

collectively in what we describe as a “mixed-state”. This car-pedestrian mode relationship applies to all 

intersecting links in the STEN. The parallel lines which includes a red line indicates the mode by car 

while the dashed blue parallel lines indicate the mode by foot. Equations (7) and (8) indicate the 

pedestrian-to-car and car-to-pedestrian interrelationships with 

respect to the link capacity denoted by 𝛽𝑘
𝑝𝑐

 and  𝛽𝑘
𝑐𝑝

, 

respectively, which characterises a link’s flexibility. In the 

case where pedestrians does not use the roadway due to a 

sufficient sidewalk capacity (width) of the link during 

evacuation, these conversion ratios can be set as 𝛽𝑘
𝑝𝑐

= 𝛽𝑘
𝑐𝑝

=

0. Based on this specification, we can construct an optimal 

evacuation planning model that considers the adverse effects 

of a bimodal evacuation situation by mixing cars and 

pedestrians. Moreover, this model can characterise the 

possibility of evacuation to locations using different modes. 

tim
e

space  
Figure 1: Correlation of the car link 

and pedestrian link 
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3. Formulation of network design problem 

 

The network design problem is formulated to minimise the total investment cost while satisfying a 

predetermined maximum evacuation time obtained by solving the above problem. Let us first describe 

the problem in its simplified form.  

subject to 
𝐀𝐞𝐪𝐱 = 𝐛𝐞𝐪, (11) 

𝐀𝐱 ≤ 𝐛, (12) 

𝐱 ≥ 𝟎. (13) 

This problem has KKT conditions to be satisfied. A nonlinear problem occurs due to the KKT 

conditions which can be linearised by introducing binary variables  𝛈1 and 𝛈2 . Further, the KKT 

conditions are organised as a relaxation problem. In this study, as a test case, we consider the investment 

problem of expanding shelter capacities so as to satisfy the maximum evacuation time, 𝑇𝑓. Define the 

increase of car or person capacities, 𝑗𝑘
𝑐 , 𝑗𝑘

𝑝
, respectively where the unit cost for expansion is set as 𝑔𝑘

𝑐 , 𝑔𝑘
𝑝

, 

for car and persons, respectively. Furthermore, the maximum shelter capacity can also be spatially 

constrained by 𝑌𝑘
𝑐 , 𝑌𝑘

𝑝
 for the car and people, respectively. Then the problem designing optimal 

investment of shelter capacity expansion cost to satisfy the maximum evacuation time is formulated as 

follows. 

min 𝐠𝑇𝐲, (14) 

subject to 
𝐲 ≤ 𝐘, (15) 

𝐀𝐞𝐪𝐱 = 𝐛𝐞𝐪, (16) 

𝐀𝐱 − 𝛅 ⊗ 𝐲 ≤ 𝐛, (17) 

𝐀𝐞𝐪
𝑇 𝛍 − 𝐀𝑇𝛌 ≤ 𝐟, (18) 

𝐱 − 𝑀𝛈1 ≤ 𝟎, (19) 

−𝐀𝐞𝐪
𝑇 𝛍 + 𝐀𝑇𝛌 + 𝑀𝛈1 ≤ 𝑀𝟏 − 𝐟, (20) 

𝛌 − 𝑀𝛈2 ≤ 𝟎, (21) 

−𝐀𝐱 + 𝑀𝛈2 + 𝛅 ⊗ 𝐲 ≤ 𝑀𝟏 − 𝐛, (22) 

𝐱, 𝐲 ≥ 𝟎, 𝛌 ≥ 𝟎, 𝛈1, 𝛈2 = {0,1}. (23) 

where 𝑀 is sufficiently large and 𝟏 is a vector whose elements are all 1. 𝛅 is the Kronecker delta vector 

which has elements whose value is 1 if 𝑦 corresponds to shelter 𝑘 and 0, otherwise. Additionally, ⊗ 

indicates an element-wise product. To satisfy the maximum evacuation time constraint, 𝑇𝑓, we construct 

the STEN. By doing so, the constraint will be satisfied if the model obtains the feasible solution. 

 

4. Calculation of the small network 

 

The network design problem is applied to a small network shown in Figure 2 to be solved by Gurobi 

optimizer. The calculation time interval is set as 1 minute, γ=2, 𝛽𝑎
𝑐𝑝

=10 and 𝛽𝑎
𝑝𝑐

=0.5. The other settings 

are summarised in Figure 2 and Table 1. Table 2 shows the result of expansion and the shelter capacity 

after the expansion for each maximum time constraint. When the time constraint is 18 minutes or more, 

evacuees do not need to use a car. As a consequence, only the expansion for overall capacity is needed. 

When the time constraint is 10 minutes or less, the model is infeasible, meaning that they cannot 

evacuate within the time constraint, regardless of the expansion. Figure 3 represents the change in the 

total expansion cost and the rate of evacuation on foot by different evacuation time constraints. The 

shorter the time constraint becomes, the more the total cost increases and the rate of evacuation on foot 

decreases. Here, we consider the result with the time constraints of 15 minutes as an example. Parking 

capacity of the shelter at node 3 need to be expanded to 600 vehicles to satisfy the maximum evacuation 

time constraint. The shelter at node 3 is selected since the expansion cost is set to be the cheapest among 

three shelters. Next, the overall capacity needs to be expanded for as much as 1000 people. Although 

the overall capacity expansion cost for the shelters at node 5 is cheapest, the maximum shelter capacity 

is spatially constrained to 300 people. Based on these results, the proposed network design problem can 

give suggestion as to how, when, where, and by which mode to evacuate within the required evacuation 

time. Moreover, if a shelter capacity expansion is needed, the model provides the solution that 

minimises the total expansion cost while satisfying the requirement. 

min 𝑍 = 𝐟𝑇𝐱, (10) 
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5. Summary 

 

This paper proposed a design problem that guarantees to finish an evacuation less than a predetermined 

time using an optimal bimodal evacuation planning model. The mathematical formulation allowed for 

a more realistic evacuation because it captures the combined effect of car and pedestrian flows by 

considering a mixed-state given by the conversion ratios establishing car and pedestrian equivalence. 

As a consequence, the model can provide the most cost-effective design while satisfying an evacuation 

time requirement. This paper only applied the design model to a small network where its performance 

was validated. As for the further study, to verify the practicability of the proposed model, it should be 

applied to a real size network. 
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Table 2: Calculation results 

 

Table 1: Shelter settings 

 

 
Figure 3: Changes in the results of the time constraints 

 
Figure 2: small network 

exp final exp final exp final exp final exp final exp final exp final exp final exp final

3(car) 500 250 750 250 750 250 750 250 750 100 600 100 600 100 600 0 500 0 500

5(car) 500 0 500 0 500 0 500 0 500 0 500 0 500 0 500 0 500 0 500

9(car) 500 0 500 0 500 0 500 0 500 0 500 0 500 0 500 0 500 0 500

3(overall) 1000 500 1500 500 1500 500 1500 500 1500 200 1200 200 1200 200 1200 700 1700 200 1200

5(overall) 1000 0 1000 0 1000 0 1000 0 1000 300 1300 300 1300 300 1300 300 1300 300 1300

9(overall) 1000 500 1500 500 1500 500 1500 500 1500 500 1500 500 1500 500 1500 0 1000 500 1500
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1. Introduction 

 

Dynamic traffic assignment (DTA), often broadly categorized into Dynamic User Equilibrium (DUE) 

and Dynamic System Optimum (DSO), is one of the most challenging problems in transportation 

engineering, which has been intensively studied for decades (1). Being a specific type of DTA, DUE 

aims to simultaneously model users’ departure times and route choices by assuming that all users 

follow certain rational behavior. DUE ends at an equilibrium state where for any given origin-

destination (OD) pair the generalized travel cost is identical for all route chocies and departure time 

choices. DUE has been extensively studied in the literature; see e.g., reviews in (1-2). As noted by 

Friesz and Mookherjee (3), DUE models tend to be comprised of the following four essential sub-

models: 

1. A model of path delays (and/or link delay or link travel times); 

2. Flow dynamics; 

3. Flow propagation constraints; and  

4. A route/departure-time choice model. 

This paper concerns about link travel time models that are a critical component to calculate either path 

or link travel times. In particular, we aim to apply traffic flow models that can capture realistic traffic 

flow phenomenon such as queue spillback. This will happen when downstream congestion propagates 

to the entrance of a link, thus restricting the inflow to the link. Such flow restriction may in turn 

restricts flows exiting from upstream links adjacent to the object link, creating cascading effects at a 

network level. This is usually why network-wide gridlock is generated.  

Spillback can be proprely captured by kinmatic-wave-thoery-based models, such as the Lighthill-

Whitham-Richards (LWR) model proposed by Lighthill and Whitham (4) and Richards (4). Daganzo 

(6) developed the cell transmission model (CTM) that has been widely used in DUE research to 

capture reasltic traffic flow behaivor including queue spillback. When applied to DUE, CTM needs to 

discrete a link in both time and space, which could lead to a large number of variables. This often 

results in a DUE with a very large dimension. Since DUE normally needs to integrate traffic flow 

models and traveler behavior choice models, resulting in complex optimization problems to solve, 

CTM-based DUE models are challenging to sovle for practical problems due to its large dimension. 

Thus, there is an increasing trend in the recent DUE literature focusing on balancing the 

computational load of solving the DUE model and the level of details the model can capture. For this, 

recent effort has been focused on developing link-based traffic flow models such as the link 

transmission model (7-9), doubel queue model (10-13), among others (14-16).  

One challenge of applying link-based traffic flow models to DUE is that usually one cannot derive a 

close-form expression for link travel times especially when spillback occurs. We use the double queue 

model to illustrate this issue hereafter in this paper. In Ma et al. (17), the authors proposed an 

approximation scheme to simplify the computation of link travel times in the double queue model. 

They did not, however, conduct a full investigation about the properties and performance of the 

approximated link travel times, which are the research focus of this paper.  
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 For simplicity, our study focuses on a single stretch network, which, however, is sufficient to present 

queue spillback and its impact on the link travel time calculation. Thus, the DNL model instead of the 

DUE model will be proposed later. Different demand profiles from the single origin on the network, 

ranging from well below all link capacities to well above all link capacities, are tested. We first study 

the approximated link travel time as proposed in Ma et al. (17) (namely, the so-called first-order 

approximation), and then propose the second-order approximation scheme. We regard the link travel 

time obtained from the accumulative link inflow and exit flow using linear interpolation as the ‘actual 

link travel time’, which is very intuitive deduction of real travel time and can be obtained after the 

DNL problem is solved. The link travel time based on the point-queue model (18) is also computed 

for performance comparsion purposes. Detailed performance results can be found in the later 

numercial analysis section. Numerical results show that with demand larger than link capacities the 

first-order approximation could overestimate the link travel times under certain circumstances, while 

it underestimates the link travel time most of the time. Also, overall the link travel times from 

approximation methods are more reliable compared with the point queue model. Further, it shows that 

the first-order approximation techniques gurantee the First-In-First-Out (FIFO) condition when the 

link capacities are fixed, which however cannot guarantee FIFO when the link capacities are changing 

over time. The results in the paper can provide guidance for future research on continuous-time DUE 

models and link travel time calculation.  

This paper is organized as follows. The next section is about the discretized dynamic network loading 

(DNL) model based on the original continuous-time DUE model and link travel time approximation 

tehniques. In the beginning, there will be a brief introduction about the double queue dynamics and 

the slack variables defined for reflecting the flow withholdings. After that, it is the numerical analysis 

section based on a two-link stretch network with a variety of demand profiles tested. The final part is 

the conclusion.   

2. Methodology 

 

This paper mainly concerns about the double-queue-based DNL model so as to study the 

performance of travel time approximation. The DNL model is to assign a given demand 

profile onto the network, which is an important component for DUE. FIGURE 1 shows the 

single-line network structure on which the DNL model will be built.  

 

FIGURE 1 A single-line network structure 

The notation used in this abstract is shown below. 

𝑁 the node set; 

L the link set; 

𝑂 the only origin 𝑂 ∈ 𝑁 ;  
�̃� the dummy origin; 

(�̃�, 𝑂) the dummy link; 

S the destination;  

(𝑥, 𝑆) the last link connecting the destination S; 

∆𝑡 the selected discrete time interval;  

𝑡 𝑡 ∈ [0, 𝑇]; 
𝑇 the time required for all demand arriving at destination 𝑆; 

ℎ ℎ ∈ [0, �̃�], ℎ is the ID of a time interval; 

𝑑𝑂(𝑡/ℎ) the demand at origin 𝑂 at continuous time 𝑡 or discrete time interval ℎ; 

𝑞𝑖𝑗
𝑢 (𝑡/ℎ) the upstream queue of link (𝑖, 𝑗) ∈ 𝐿 at continuous time 𝑡 or discrete time interval ℎ; 
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𝑞𝑖𝑗
𝑑 (𝑡/ℎ) the downstream queue of link (𝑖, 𝑗) ∈ 𝐿 ∪ (�̃�, 𝑂) at continuous time 𝑡 or discrete time interval ℎ; 

𝜇𝑖𝑗(𝑡/ℎ) 
the slack variable related to the downstream queue of link (𝑖, 𝑗) ∈ 𝐿 at continuous time 𝑡 or discrete time 

interval ℎ; 

𝜂𝑖𝑗(𝑡/ℎ) 
the slack variable related to the upstream queue of link (𝑖, 𝑗) ∈ 𝐿 at continuous time 𝑡 or discrete time 

interval ℎ; 

𝑣𝑖𝑗(𝑡/ℎ) the exit flow of link (𝑖, 𝑗) ∈ 𝐿 ∪ (�̃�, 𝑂) at continuous time 𝑡 or discrete time interval ℎ; 

𝑢𝑖𝑗(𝑡/ℎ) the inflow of link (𝑖, 𝑗) ∈ 𝐿 at continuous time 𝑡 or discrete time interval ℎ; 

𝐶𝑖𝑗 the flow capacity of link (𝑖, 𝑗) ∈ 𝐿; 

𝑄𝑖𝑗 the queue storage capacity of link (𝑖, 𝑗) ∈ 𝐿 (note: 𝑄�̃�𝑂 = ∞).  

As shown in FIGURE 1, a dummy origin �̃� is added and connected to the network by the 

dummy link (�̃�, 𝑂). By setting the free-flow and shockwave travel times of the dummy link 

as zeros and the queue storage capacity as infinite, we can always replace the demand at 

origin 𝑂 as the inflow to link (�̃�, 𝑂). The following is a brief introduction of the double 

queue dynamics and the slack variables defined for reflecting the flow withholdings. 

The concept of double queue was originated from the link transmission model (LTM) (7). It 

was first proposed and used in (10) and then applied in (17, 19) thanks to its capability of 

capture queue spillbacks in macroscopic modeling. The continuous-time downstream and 

upstream queue dynamics can be represented by  q̇ij
𝑢(t) and q̇ij

𝑑(t) as below:  

�̇�𝑖𝑗
𝑢 (𝑡) = 𝑢𝑖𝑗(𝑡)−𝑣𝑖𝑗(𝑡 − 𝜏𝑖𝑗

𝜔) (1) 

�̇�𝑖𝑗
𝑑 (𝑡) = 𝑢𝑖𝑗(𝑡 − 𝜏𝑖𝑗

0 ) − 𝑣𝑖𝑗(𝑡) (2) 

where 𝑢𝑖𝑗(𝑡) and 𝑣𝑖𝑗(𝑡) are the inflow and exit flow of link (𝑖, 𝑗) at time 𝑡;  𝜏𝑖𝑗
0  and 𝜏𝑖𝑗

𝜔 are the 

free-flow and shockwave travel times of link (𝑖, 𝑗), respectively. The dot operator denotes the 

derivative with respect to time. Further, to capture the flow withholdings caused by the 

double queues at the entrance and exit of a link, two sets of complementary slack variables 

are defined. In particular, 𝜂𝑖𝑗(𝑡) describes the flow withholding at the entrance of link (i, j); 

𝛿𝑖𝑗(𝑡) and 𝜇𝑖𝑗(𝑡) describe the flow withholding at its exit. If 𝑄𝑖𝑗 − 𝑞𝑖𝑗
𝑢 (𝑡) > 0, then 𝜂𝑖𝑗(𝑡) =

0, namely no withholding at the entrance if the upstream queue is less than the queue storage 

capacity. Otherwise the inflow to the link may be restrained, i.e., 𝜂𝑖𝑗(𝑡) ≥ 0 . 𝛿𝑖𝑗(𝑡) and 

𝜇𝑖𝑗(𝑡) can be defined in a similar but more complicated fashion (17).  

The full paper will present in detail the double queue model, especially its discrete-time 

formulation. The approximated link travel time will be constructed using link queues and the 

slack variables. Different versions of the approximated link travel time will be presented in 

the full paper, focusing on the performances of the approximations and FIFO conditions. 

4. Results and conclusions 

 

The numerical analysis is conducted on the two-link stretch network as shown in Figure 2. A 

dummy node �̃� and a dummy link (�̃�, 𝑂) are added to the network. The pre-defined inflow 

rate to the dummy link is given as 4200 vph (70 veh per min), which lasts for 15 minutes for 

all the cases tested below. Also, it is assumed the capacity of link (1, 𝑆) is time-varying, 

which could be caused by road maintenance or accidents. Other parameters will be given in 

the full paper and are omitted in this abstract.  

Figure 3 shows the performances of different approximation schemes for the link 

(O,1). It can be seen that the second-order approximation technique always produces higher 

link travel time compared with the first-order technique and the point queue model. In 

addition, in case of congestion, the point queue model always underestimates the link travel 
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time; the double queue model with the first-order or the second-order approximation 

techniques could either underestimate or overestimate the link travel times. Furthermore, the 

second-order approximation always produces smaller errors in the case of underestimation 

but greater errors in the case of overestimation. In the full paper, results for more scenarios 

will be conducted and compared. 

 

FIGURE 2  A three-node, two-link network for numerical analysis 

 
FIGURE 3 Travel times and exit flow of link (𝑂, 1) (inflow rate 4200 vph) 

The results in this paper thus show that all these estimation approaches produced 

exactly the actual link travel times if demand is no larger than the bottleneck link capacity. 

However, if the demand surmounts the bottleneck capacity, queues will build up. The point 

queue model always underestimates the link travel times while the first-order and the second-

order approximation may either underestimate or overestimate the link travel times. In 

addition, with the increase of the total demand, the estimation error will increase by the first-

order or the second-order approximation. This study thus provides an insight into the 

performance and properties of the travel times obtained by the first-order approximation 

proposed and applied in a previous study on double-queue-based DUE model (17). Future 

study can be conducted on how to better estimate link travel times for the double queue 

model so as to guarantee FIFO property and improve the estimation accuracy. Such improved 

link travel estimation will help better model the continuous-time DUE with spillbacks.  
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1. Introduction 
 

In order to control morning traffic congestion, congestion pricing is considered as one of the 
effective methods.  Akamatsu (2007) proposed tradable bottleneck permits (TBP) scheme. Under the 
TBP scheme, the road administrator issues bottleneck permits and establishes markets whereby 
drivers can freely trade the bottleneck permits. The bottleneck permit is required for drivers to pass 
through the bottleneck at a specified time period. This study focuses on the TBP selling scheme, 
where drivers bid for each time range’s bottleneck permits at auction and who make the higher bid 
can buy it. The number of the issued bottleneck permits is equivalent to the bottleneck capacity. As a 
result, the price of permits for each time period is determined by market mechanism, which is 
equivalent to the toll of the first best pricing. 

The management by economic approach may minimize the social cost, but it tends to be a benefit 
for the rich and to be a loss for the poor. Akamatsu (2007) mentioned that the TBP scheme can 
minimize social cost in general networks but this state is not always Pareto improving. A Pareto 
improvement is a property that a system improves for at least one and no worse for any other. A 
Pareto improvement should be achieved as the pricing scheme is acceptable for all drivers. 

Our previous paper (Sakai et al., 2015) considered two segmentations of drivers’ heterogeneity in 
schedule flexibility and toll resistance respectively. Under the condition, arrival time ranges for each 
driver group was derived. As a result, the condition where a Pareto improvement was achieved was 
obtained. In this paper, we consider the general formulation for the more general situations where the 
heterogeneity is distributed. 

The objectives of this study are to formulate the equilibrium problem and to solve it by using 
linear programming (LP) approach. This study employs a simple network with two routes, but the 
equilibrium with more routes can be obtained easier with the LP approach. With the solutions, we can 
discuss about the welfare effects of TBP implementation from the aspect of a Pareto improvement. 
 
 
2. Assumptions 
 

This study employs a network shown in Figure 1. The network has an origin, a destination, and a 
bottleneck. The capacity of bottleneck is μ. In order to represent the situation that TBP is partially 
implemented, the bottleneck capacity is divided for drivers with and without the bottleneck permits, in 
which the driver who has a TBP can pass through the bottleneck without congestion and the driver 
without it goes through congestion. The example of the situation is a freeway with express toll lanes. 
Lanes are classified into tolled and free ones. The toll rate is determined in a auction market of the 
bottleneck permits. The price is determined as minimum under the constraint where queue does not 
occur in express toll lanes. This paper introduces drivers’ heterogeneity in schedule flexibility and toll 
resistance. In order to represent the heterogeneity in toll resistance, we assume marginal utility of toll 
cost distribute among drivers. We assume the disutility function for schedule delay is homogeneous of 
degree one. For simplicity, the constant term is omitted in the following descriptions. With the 
disutility function, each driver behaves to minimize his or her disutility.  



2 
 

3. Equilibrium 
 

The necessary conditions for the solution of the equilibrium problem are (1) Equilibrium 
condition for departure time choice and route choice, (2) Demand-supply equilibrium condition in 
route W (Bottleneck capacity constraint), (3) Demand-supply equilibrium condition in route P (TBP 
market clearing condition), (4) Flow conservation, and (5) Non-negativity condition. 
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Figure 2 shows the procedure to solve the equilibrium problem. The problem includes route 
choice equilibrium as well as departure time choice equilibrium. In order to solve the problem, we 
divide the problem into three parts. The first and second ones are departure time choice equilibrium 
problems in route W and route P, respectively. The third one is route choice equilibrium problem. To 
make the two departure time choice problems, the drivers are assigned to the two routes. The 
departure time choice problems can be solved by using the linear programing (LP) approach which is 
proposed by Iryo and Yoshii (2007). The LP approach can be applied to a network with a single 
bottleneck. The solution of the departure time choice equilibrium problem can be represented as a 
solution of LP minimization problem whose objective function is the total schedule cost (disutility) 
that is standardized to a unit of waiting delay time. If the pricing is applied and congestion is 
eliminated, the objective function is the total schedule cost (disutility) that is standardized to a unit of 
money. From the two problems, equilibrium disutility of each group in each route is obtained.  
At the initial trial, we assume the route assignment ratio of route W to P is given as the same ratio of 
the bottleneck capacity of route W to route P. Given the route assignment, departure time choice 
equilibrium state is calculated in each route. After that, the route assignment is improved for each 
drivers group, approaching to the route choice equilibrium state. If the equilibrium disutility in route 
W is larger than that in route P, a driver changes from route W to route P, and vice versa. The route 
assignment is repeatedly improved until the route choice equilibrium condition is satisfied. 
 
 

 
Figure 1: Target Network  

O D
μ

route W
(without TBP)

route P
(with TBP)

μP

μW
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Table 1: Numbers of drivers and their preferences parameters for each group 

 i=1 i=2 i=3 i=4 
Qi (veh) 2500 2500 2500 2500 
βi 0.4 0.4 0.8 0.8 
γi 0.6 0.6 1.2 1.2 
δi (min/JPY) 0.02 0.04 0.02 0.04 
 
 

 
Figure 2: Flowchart to get the equilibrium solution 
 
 

 
Figure 3: Relation between TBP implementation rate and equilibrium utility  
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4. Welfare effect of TBP implementation 
 

Under the various implementation rates of TBP μP/(μW+μP), equilibrium states are calculated. The 
total bottleneck capacity is assumed 100 veh/min, and the setting about drivers is shown in Table 1. 

Figure 3 shows the relation between TBP implementation rate and equilibrium utility. Pareto 
improvement is achieved when the TBP implementation rate is less than 50%. If the TBP is 
implemented more than 50%, the pricing harms group 4 because the disutility of them is increasing. 
Group 4 has a property that the marginal disutility of schedule delay and toll payment is large. The 
disutility of group 1 and 3 is decreasing, whose marginal disutility of toll payment is small. 
 
 
5. Conclusion 
 

This study considers the equilibrium state when the TBP scheme is partially implemented. The 
equilibrium conditions are formulated and the solution procedure is provided. The solution of the 
equilibrium problem is useful for congestion toll design. The equilibrium described in this study is 
equivalent to the equilibrium under the second best pricing, which is the best time-varying pricing 
strategy where a part of bottleneck capacity can be tolled. Adjusting the rate of charged bottleneck 
capacity, the pricing system can achieve a Pareto improvement even if drivers have the heterogeneity 
in schedule flexibility and reluctance to pay toll. In a numerical example, we reveal the relation 
between the TBP implementation rate and the welfare effect for drivers from the aspect of a Pareto 
improvement. As the results, there is a boundary value of TBP implementation rate to achieve the 
Pareto improvement. The condition is that the TBP implementation rate is less than a half, which is 
the rate of drivers who have the smaller marginal disutility of toll payment. 

The future work is to develop the solution method to be applied for many-to-one network that 
each origin-destination has only one bottleneck. In the network, we try to make the algorism to solve 
the departure time choice equilibrium problem. The solution method to obtain departure time choice 
in a route can be applicable, but the route assignment method needs to be improved. Adding to that, 
the equilibrium solution’s properties, its existence, stability, and uniqueness, will be examined. 
 
 
Notation list 
 
i: group 
t: arrival time 
r: route 
β: marginal disutility of schedule early 
γ: marginal disutility of schedule late 
δ: marginal disutility of toll payment 

Q: number of drivers in group 
q: arrival rate 
w: waiting delay time 
p: price of bottleneck permits 
ρ: equilibrium disutility  
μ: bottleneck capacity 
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Introduction 19 
In light of big data and real time analytics, dynamic traffic assignment (DTA) is consolidating its feet in the 20 
modern transportation thinking. The DTA is an inevitable move from old era of limited computational power, 21 
RAM scarcity, data shortage concern, expensive survey to the new horizon of cheap, ample and omnipresent 22 
real-time data, super computers and parallel computation capability. In contrast, the DTA can be viewed as a 23 
substitute to the traditional static traffic assignment (STA) which has long been employed by scholars and 24 
practitioners in traffic analysis. The DTA can then be relied upon as an effective tool in real time traffic control 25 
practices which are long being demanded by the traffic authorities in the forefront of the industry (Chiu et al., 26 
2011).  27 

It is worth noting that interest toward DTA even from the industry (practitioners and policy makers) are 28 
constantly increasing (Levin et al., 2015): “According to a recent survey conducted by the Federal Highway 29 
Administration, 90% of respondents -mainly consisting of government agencies and consulting firms- want to 30 
incorporate DTA into their planning analyses in 3 to 4 years at the latest (Chiu et al., 2011). Further, 65% of the 31 
respondents planned to eventually replace their existing STA model with DTA.”  32 

Therefore the DTA is posed to appeal to the practitioners. Peeta and Ziliaskopoulos (2001) provide 33 
some review on DTA terminologies and basic concepts. The most recent review on the state-of-the-art 34 
approaches to the DTA is provided by (Han et al., 2015; Raadsen et al., 2015).  35 

The DTA is a new thinking and it calls on a variety of subjects all the way from dynamic travel 36 
demand forecasting to the final stage of traffic assignment. The DTA has an unwavering mandate to improve 37 
traditional STA models in two fronts: queue propagation to more accurately modelling congestion as well as 38 
time-varying traffic conditions (Levin et al., 2015). 39 

In this article we take these two threads and provide a new model to take the queue propagation as well 40 
as dynamism of departure-time choice into account. 41 
 42 
Departure-time 43 

With respect to the famous phrase of “rubbish-in, rubbish-out”, the departure-time choice is the most 44 
important component of the DTA. Furthermore, according to (Peeta and Ziliaskopoulos, 2001) the most 45 
challenging part for DTA planning models is how to determine the distribution of vehicle departure times. 46 

Compared to the STA -notably the statistic user equilibrium traffic model- some studies proposed the 47 
concept of Dynamic User Equilibrium (DUE) in which dynamic choices of departure time and routes are taken 48 
into account (Friesz et al., 1993). Hence departure time choice is a centre of attention for various studies and 49 
methods. 50 

Accordingly, in this paper we provide a comprehensive and heterogeneous model for the departure-51 
time choice in which a variety of factors are taken into account. The most recent and thorough review on this 52 
subject can be found in the works of (Levin et al., 2015; Meng et al., 2014). The common sense in the literature 53 
is to assume a common departure time profile for all origin-destination (OD) pairs irrespective of the travel 54 
times. Some studies suggest a time-dependent mode choice, based on an exogenous departure time distribution 55 

mailto:saeed.asadi@unimelb.edu
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profile (Vovsha et al., 2012). It is called exogenous because the departure time does not vary with O-D travel 1 
times. 2 

The key point to preserve the realism of the DTA is to have an in-house departure time sensitive to the 3 
travel time. This tenet has been the focus of some studies in which the route choices are coincided with 4 
departure time choices based on short-term travel choices (Bliemer and van Amelsfort, 2010; Friesz et al., 2001; 5 
Szeto and Lo, 2004; Ziliaskopoulos and Rao, 1999). Nonetheless, long-term choice-based model based on 6 
departure time penalty and congestion levels has also been studied (Bellei et al., 2006). 7 

One approach is to derive departure times from observed data which would be costly and lacks 8 
planning purposes (Bera and Rao, 2011). In addition the departure time is not merely dependent upon the travel 9 
time. For instance, for the morning peak, trips are typically constrained by workplace in which travel time is 10 
largely higher than non-peak time. Therefore there are other factors that must be included for the predictions of 11 
the departure-time choice (Levin et al., 2015). As such the arrival time (and perhaps associated penalty involved 12 
imposed by employers) has significant impact on the departure time (Bellei et al., 2006; Bliemer and van 13 
Amelsfort, 2010; Gonzales and Daganzo, 2012; Liu and Nie, 2011). 14 

Furthermore, it is intuitively conceivable that the departure time choice might depend on other factors 15 
such as socio-economic characteristic, type of the employment, available transport modes and etc. In order to 16 
capture all these explanatory variables we propose a model for departure-time choices based on the Survival 17 
Analysis concept.  18 

Survival Analysis is a relatively new model in transportation which has a wide range of applications in 19 
uncertainty analysis. In appendix A we present a brief introduction to the Survival Analysis models. 20 

 21 
Queue propagation  22 
A big deal of discussion of the DTA has been devoted to thoroughly consider dynamism of queue in a respective 23 
congested road as well as upstream roads. In contrast, as for the STA due to the computational complexity the 24 
capacity of roads and hence the ensuing queue occurrence is largely ignored. To this end, based upon a 25 
traditional STA model we employ a newly developed method known as Inflated Travel Time (ITT) to 26 
efficiently consider the roads’ capacities (Bagloee and Sarvi, 2015). 27 

The traffic assignment problem (TAP) is explicitly subjected to the roads capacities. The ITT is 28 
established upon relaxing the capacity constraints by adopting an intuitive interpretation for the corresponding 29 
lagrange values.  As for that, a penalty term is added to the travel time of the over-saturated links which is set up 30 
to the level at which the excessive flows are discharged and they become saturated. As such, the excessive 31 
traffic load is propagated over the upstream roads. This penalty term bears resemblance to the marginal cost of 32 
the system optimal. In order to take heterogeneous aspect of the traffic we also employ a multiclass traffic 33 
assignment model. We then circumvented the multi-class facet by adopting a bias term in the Beckmann 34 
objective function representing each class. Hence the capacitated multi-class TAP becomes an uncapacitated 35 
TAP in which the aforementioned additional penalty is updated iteratively.  36 

 37 

The hybrid model 38 
A combination of the above mentioned models is coded in EMME 4 –a leading transport planning software 39 
(INRO, 2015). We make use of dataset of the city of Winnipeg, Canada which is widely available in the 40 
literature. This network comprises 154 zones, 903 nodes, 2,995 directional links with hourly travel demand of 41 
56,219. Furthermore the travel demand is split to Central Business District (CBD) and non-CBD which resulted 42 
in two travel demand matrices. The CBD matrix which accounts for 19,742 vehicle trips can use all roads 43 
including the roads in the CBD. The non-CBD commuters (36,476 vehicle trips) are prohibited to get into the 44 
CBD.  45 

 46 

Appendix A: Survival Analysis model 47 
In this section we briefly introduce the mathematical basis. For more detailed discussion, the interested 48 

reader can consult (Fu and Wilmot, 2006; Kleinbaum and Klein, 1996; Liu, 2012; Machin et al., 2006; 49 
Washington et al., 2010). Survival analysis -also called duration analysis- is an econometric procedure to 50 
analyse time-to-event data. There are three important functions: the survival function S(t), the hazard function 51 
h(t) and the cumulative hazard function H(t). The survival function is the probability based on which a subject 52 
survives beyond time t: 53 
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][Pr)( tTtS ≥=           (1) 1 

where S(t) is a non-increasing function with a value of 1 when time is zero and 0 when time is infinity. T is the 2 
time to the event. The hazard function is defined as follows: 3 
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        (2) 4 

The above formula represents the level of hazard per unit time and h(t) can take on any non-negative 5 
value. Provided the subject has survived to time t, one can regard tth ∆).( as the probability of failure during a 6 
small time period from t to tt ∆+ .  Hence, H(t), the cumulative hazard function, can be defined as : 7 

∫=
t

dtthtH
0

.)()(           (3) 8 

One can easily establish relations between survival and hazard as well as cumulative hazard functions 9 
as follows (note: )(' tS is the derivative of )(tS ): 10 

)(/)(')( tStSth −=           (4) 11 
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0
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t

−=∫−=
        (5) 12 

When planning and interpretation are the main concerns, the survival analysis is conducted using 13 
parametric functions such as exponential, Weibull and log-logistic distributions. The survival and hazard 14 
functions of these parametric models are presented in table 1, where α is a parameter and γ  is the hazard rate 15 
which is constant for the exponential model over time. 16 

Table 1 Survival Analysis, the parametric models 17 

 18 

In the above parametric models, the linear regression function is considered for the logarithm of the 19 
hazard functions: 20 

nn XXXth ......))((log 22110 ββββ +++++=        (6) 21 

where βn are the parameters and Xn are explanatory variables.  22 

In the survival analysis, the focal point of the discussion is time. In this study we are interested in the 23 
time at which the departure takes place represented by variable t in the preceding formulation 24 

Beside the Survival Analysis models, an alternative approach could be based on count data models 25 
such as Poisson and Negative binomial functions. To do so, an intuitive way could be to split the lengths (of the 26 
roads) into several segments and then to aggregate crash-datapoints falling into each segment. It is obvious that 27 
one has to deal with an additional as well as crucial question, that is, what would be the best segmentation levels? 28 
Moreover, any segmentation undermines disaggregation levels of the crash point data. Therefore the Survival 29 
analysis model, as proposed, would obviate such shortcomings. 30 

  31 

Parametric model Hazard function )(th  Survival function )(tS  

Exponential γ  ).(exp tγ−  

Weibull 1.. −ααγ t  ).(exp αγ t−  
Log-logistic )).(1(/. 1 ααα γγα tt +−

 )).(1(/1 αγ t+  
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1 Introduction1

In this study, we propose a macroscopic approach for estimating dynamic origin-destination (OD) demand.2

A path flow estimator (PFE) is adopted to estimate the OD demand, and a macroscopic traffic strategy is de-3

veloped to understand the propagation of OD flow in network. Recent developments on PFE find that it can4

be formulated as a variational inequality (VI) problem where the assignment map is iteratively determined5

by a dynamic network loading (DNL) sub-problem. However, this estimator may bring considerable under-6

estimation and requires heavy computation load in large network. Meanwhile, macroscopic fundamental7

diagram (MFD), as an emerging tool for studying the traffic dynamics of spatial aggregates (neighborhoods)8

of road network, has been extensively studied in recent years. Inter- and intra-neighborhood flow is key input9

for macroscopic traffic management schemes. For this requirement, we develop a dynamic OD estimation10

framework by integrating macroscopic traffic model for neighborhood with PFE. Proposed framework sug-11

gests an effective model for recognizing the flux of large crowds in network in which vehicles and links are12

homogeneous within each neighborhood.13

2 Methodology14

2.1 Model structure15

The overall procedure for estimating dynamic OD demand with MFD-based neighborhood traffic dynamics16

is depicted in Fig.1. PFE is employed because path flow can serve as the intermediate for link flow and OD17

flow. Estimating OD demand and ensuring assumed travel pattern can be dealt with simultaneously with18

it. After generating the path flow, we may consider the vehicles’ propagate in and across neighborhoods.19

This task entails a dynamic network loading model. We apply a MFD-based model to understand the traffic20

dynamics. The path set will be updated in each iteration along with the new network traffic condition caused21

by the update of path flow. The whole procedure will be terminated when no new path can be updated.22

In Section.2.2, we will demonstrate a macroscopic model for the traffic dynamics in and across neigh-23

borhood. It serves as a loading model for the OD estimation problem. The master model of estimating path24

flow will be given in Section.2.3.25
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Figure 1: Framework of the OD estimation model

2.2 Macroscopic traffic dynamics26

It is assumed that there is a relationship (MFD) between average velocity and vehicle accumulation in27

neighborhood (Daganzo [2007]), and this relationship has been observed in real data (e.g.,Geroliminis and28

Daganzo [2008]). Traffic dynamics in road network can be describe by macroscopic characteristics and thus29

provide a promising method to understand the vehicle propagation in neighborhood.

source nodes
connecting nodes
transit nodes

I1

I2

O1

O2

B

(a) Physical network of neighborhood B

A B
C

source nodes
connecting nodes

v1, n1

v2, n2

v3, n3

v4, n4

(b) Virtual links (routes) in neighorhoods

Figure 2: Traffic dynamics model

30 We may firstly consider the movement of vehicles among routes connecting the entrances and exits31

within each neighborhood in Fig.2b. Assuming dynamic user equilibrium in the neighborhood, then for all32

routes connecting an entrance and an exit, the travel times of vehicles that enter in the same assignment inter-33

val are equal. For each assignment interval, all routes will share the same traffic dynamics for a entrance-exit34

pair (virtual link). Further realistic assumptions are made for the neighborhoods (Leclercq et al. [2015]):35

1. Velocity of vehicles in each virtual link within a neighborhood evolves with the same dynamics,36

i.e., vehicles that enters or exits a neighborhood in the same time share the same speed v1t = v2t =37

. . . vit · · · = vmt = v38

2. The velocity is determined by the average density of all virtual links in the neighborhood, i.e., v =39

v(N) = v(
∑m

i ni) = v(
∑m

i kidi) = v(k̃), where ki and di are the density and length of virtual40

network, k̃ and d̃ are average of densities and lengths of physical network, k̃ =
∑m

i kidi∑n
i li

.41
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Then we derive a system of conservation laws for different virtual links:

∂ki
∂t

+
∂[kiv(k̃)]

∂xi
=φi(xi, t), ∀ i = 1, 2, . . . ,m (1)

where qi is the flow of each virtual link, ni is the vehicle accumulation, φi(xi, t) is source term of the virtual42

link. Let the length of virtual links be si = μis, then dxi = μidx = si
s dx, where s = d̃.43

Given initial boundary data, we can track the traffic conditions by solving the Riemann problem. This44

model is similar to multi-class traffic flow model (Benzoni-Gavage and Colombo [2003]). We can find an45

unique weak solution for this partial differential equation system.46

However, link model is not sufficient for describing vehicle’s movement. Following node model (Da-47

ganzo [1995]) or junction model (Herty et al. [2006]) in physical network, we employ a supply and demand48

function based approach to understand the vehicle’s movement across adjacent neighborhoods.49

Some preliminary results is as shown in Fig.3. We may find the vehicle accumulation and flux during50

the simulation time is quite close in the two schemes.51

(a) cell transmission model (b) MFD-based approximation

Figure 3: Comparison of two simulation schemes

2.3 Path flow estimator for inter-neighborhood trips52

The path flow estimator (PFE) (Bell et al. [1997], Sherali and Park [2001]) is an one-stage model for esti-

mating path flow. OD flows can be easily drawn from the estimated path flows by the path-OD incidence

matrix. Nie [2006] proposed the first PFE that considers the propagation of vehicles in network. This model

includes the deviations of link counts induced by measurement errors and divergence of OD estimation to

path cost. The path flows are estimated iteratively with network loading. Nie’s VI-fomulation of PFE can

be directly adapted for macroscopic case:

Find f̃ such that 〈c(f̃)− θd(f̃),f − f̃〉 ≥ 0 for all f ∈ RNk×T
+ (2)

where f̃ is the optimal path flow (a path is composed by within-neighborhood routes, i.e., virtual links),53

c(f) is the path cost, d(f̃) = d1(ñ, P f̃) + d2(q̃,Mf̃) is the path deviation, d1 measures the difference54

between measured traffic counts and estimated ones (Pf , P is path-neighborhood incidence matrices), d255

measures the difference between target OD demand and estimated ones (Mf ,M is path-OD incidence56

matrices), NK is the number of paths and T is the number of assignment intervals, and θ is a vector of57

dispersion numbers.58

However, the optimal conditions in its static counterpart (Nie [2006]) cannot preserve user equilibrium

travel pattern and tend to underestimate OD demand. These problems of the static model have been resolved
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by a new one-level estimator (Shen and Wynter [2012]). Similar issues can also appear in the dynamic OD

estimation problem where dynamic user equilibrium travel pattern is assumed. This study calibrates f̃ by

solving the following variational inequalities:

Find f̃ such that 〈c(f̃)− θd(f̃)− ĉ(f̃),f − f̃〉 ≥ 0 for all f ∈ RNk×T
+ (3)

where ĉ(f̃) is the cost of each path under equilibrium condition, it can be approximated by c̃.59
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1 Introduction

Road maintenance and repair (M&R) are essential for keeping the performance of traffic infras-
tructure at a satisfactory level, and extending their lifetime to the fullest extent possible. For road
networks, effective M&R plans cannot be constructed in an ad hoc or myopic fashion without atten-
tion to the subsequent effects or risks associated with those projects considered. For traffic networks,
the complexity of M&R planning is partially revealed through the quality-usage and usage-quality
feedback mechanism; that is, the traffic load on a link affects its deterioration, which in turn in-
fluences the link capacity and subsequently the traffic load. This mechanism has been extensively
investigated in a bi-level, traffic assignment framework that seeks the simultaneous minimization
of M&R expenditure and road traffic congestion. Studies in this regard all employ user equilibrium
to predict network traffic for a given set of road conditions (with or without maintenance). For
example, Ouyang (2007) plans resurfacing activities on an infinite time horizon by considering a
minimization problem with static user equilibria (SUE) as constraints. In that paper, the resur-
facing activity is assumed to be instantaneous, and only the post-resurfacing network is used for
computing SUE. Uchida and Kagaya (2006) consider a similar problem but with two distinct net-
work phases: during-maintenance and post-maintenance, each constrained by a user equilibrium
problem. Chu and Chen (2012) propose an optimal threshold-based maintenance problem with
static traffic equilibrium as lower-level constraints. Ng et al. (2009) are among the first to introduce
dynamic network traffic modeling to the bi-level M&R problems, by employing the cell transmission
model for the network loading sub-model of the user equilibrium problem.

A hallmark of these studies is the use of traffic equilibrium models to capture the response
of drivers to road conditions at certain point in time. However, such work does not address other
types of maintenance benefits and costs that may produce profound physical, financial and economic
impacts, such as:

(i) value of time lost due to delays created by maintenance activities on a within-day time scale;

(ii) transient/disequilibrated network states that may follow irreversible and chaotic trajectories
as a result of maintenance-derived disruptions; and

(iii) the potential for network paradoxes to make maintenance actions globally detrimental.

For road networks, M&R plans should recognize maintenance-derived disruptions, since these dis-
ruptions can produce substantial social costs in the form of transient congestion. In fact, transient
congestion derived from myopic M&R policies can overpower the present value of post-project ben-
efits arising from road M&R projects. These realistic and pressing issues are not properly addressed
by the aforementioned bi-level problems with equilibrium constraints.

This paper proposes, for the first time in the literature, a dual-time-scale M&R model aiming
to simultaneously capture the long-term effects of M&R activities under traffic equilibria, and the

1



maintenance-derived transient congestion using day-to-day (DTD) traffic evolutionary dynamics.
The within-day dynamic is captured by the Lighthill-Whitham-Richards model (and its discrete
forms) for traffic networks, with drivers’ departure time and route choices to be specified in the
DTD phase of the model. The DTD dynamic, on the other hand, consists of two components:
(1) the evolution of traffic in response to both on-going M&R activities and improved road quality
afterwards; and (2) the deterioration of road quality as a result of traffic loads. All these dynamics
will be incorporated in a holistic dual-time-scale model, which captures realistic phenomena asso-
ciated with short-term and long-term effects of M&R, including road capacity reduction, physical
queuing and spillback, temporal-spatial shift of congestion due to on-going M&R activities, and the
tendency to converge to an equilibrium after M&R projects.

Based on the descriptive modeling of traffic networks with M&R activities, this paper proposes
an optimal M&R scheduling problem aiming to minimize the impact of M&R activities on road
congestion while maintaining satisfactory level of road quality within reasonable budgets. The time
horizon is long yet finite (e.g. years or decades), and the notion of “day” in our formulation is
arbitrarily defined (e.g. weeks or months). We employ metaheuristic methods to solve the problem
due to its intractability. Complex phenomena such as network paradoxes and chaos arising from
M&R activities will be illustrated, which provides valuable managerial insights for infrastructure
planning and management.

2 Technical approach and preliminary result

The modeling of traffic networks under M&R consists of three major sub-models: (1) the dynamic
network loading (DNL); (2) the DTD traffic dynamic; and (3) the DTD evolution of road quality.
Their interdependencies as well as the enabling mechanisms are illustrated in the figure below.

Dynamic 

Network Loading 

DTD 

Traffic Dynamic 

DTD 

Road Quality 

Link/path cost 

Route/departure time choice 

Link traffic load 

Road 

capacity 

Free-flow 

speed, 

speed limit, etc. 

M&R 

Lane closure, etc. 

The DNL module will employ the Link Transmission Model in order to capture realistic physical
queuing and spillback; the DTD dynamic traffic model will follow Friesz et al. (1994); for the road
deterioration, we consider the model described in Chu and Chen (2012) or Ouyang (2007). However,
we note that this paper focuses on the general framework as shown in the figure above, without
the limitation of relying on specific models of traffic or road quality. A conceptual mathematical
formulation of the proposed model is shown below, where we use simplified notations whenever
possible due to space limitation (C: travel cost; L: link load; h: path flows; Q: road quality; u:
M&R expenditure)

[DNL]
(
Ct(·), Lt

)
= Ψ(ht(·), Qt, ut) (2.1)

[DTD Traffic] ht+1(·) = H
(
ht(·), Ct(·)) (2.2)

[DTD Quality] Qt+1 = G(Qt, Lt, ut) (2.3)

Here, t = 1, 2, 3, . . . is the day-to-day time parameter; moreover, Ct(·) and ht(·) are also functions
of the within-day time parameter τ . All the quantities shown above are of appropriate dimensions.
The following reasonable assumptions are made and incorporated in the model based on empirical
studies in the literature (Paterson, 1987): (1) The deterioration rate of a link is an increasing
function of the link load; (2) The road capacity is an increasing function of its quality; but is
restricted when M&R occurs; (3) The quality recovery of a link under M&R increases with the
relevant M&R expenditure.
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Based on the problem setting, a subset of links in the network will be identified to be the subject
of M&R. Then the optimization M&R scheduling problem can be conceptually formulated as:

min
ut

N∑
t=1

[
TTCt + w · F (ut)

]
(2.4)

where TTCt stands for network total travel cost on the t-th day, and F (ut) represents the financial
cost associated with the expenditure ut, w is a weight parameter. In addition to constraints (2.1)-
(2.3), one may also consider the total budget constraint, maximum/minimum expenditure, and
quality-related constraints, although these are not essential to the problem and are thus omitted
here. We employ metaheuristic methods to solve this optimization problem on general traffic
networks, due to its highly nonlinear, nonconvex, and non-differentiable nature.

A toy optimization problem is solved as a proof of concept, to be followed by more substantial
computational results on realistic networks in the full paper. In the figure below, Benchmark
refers to the conventional approach based on equilibrium constraints, while the Proposed method is
based on DTD dynamics. We use the benchmark M&R solution to simulate traffic under the DTD
dynamic, and compare it with the DUE scenario on which the benchmark is based. We see that the
benchmark performs very differently under DUE and DTD dynamics, as it ignores the transient
congestion derived from network disruption caused by M&R activity, thus rendered sub-optimal
under the more realistic DTD dynamic. By comparison, under the DTD dynamic the proposed
method provides much more reduction in traffic congestion, which suggests the benefit of using the
DTD dynamic in order to capture the network’s response to M&R in a more realistic way.
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1. Introduction  

 

Dynamic Traffic Assignment (DTA) models involve a number of parameters that need to be calibrated 

based on available archived traffic data. Time-Dependent Origin-Destination (TDOD) demand is a 

crucial input for DTA applications. The reliability of these applications is highly dependent on the 

accuracy of TDOD demand. Since the accurate demand data cannot be observed directly, a common 

approach to achieve TDOD demand is to use a priori demand matrix and traffic count data in some parts 

of a network. Estimation of TDOD matrices have gained further attention in recent years. Previous 

studies focused on a variety of subjects, dealing with the surveillance-based and assignment-modelling; 

however, there is a literature gap for studies on large-scale congested urban networks (Abdelghany et 

al., 2015; Frederix et al., 2014; Lu et al., 2013). In contrast to the richness of literature on the topic of 

TDOD demand estimation, the development of theoretically sound and practically deployable 

approaches for TDOD demand estimation remains a critical and challenging problem. Few studies have 

been tested and proved to be successful for heavily congested real-world transportation networks. The 

broad aim of this research is to propose a TDOD estimation model using multi-sourced traffic data 

applied to a large-scale urban network (Melbourne).  Application of TDOD for large-scale congested 

networks need enhancement both in formulation (Frederix et al., 2011) and solution (Verbas et al., 

2011) parts. Moreover, using advanced sensing and surveillance technologies data seems necessary to 

improve the output (Chen and Street, 2015; Vaze et al., 2009). Dealing with such big-noisy data requires 

applying appropriate data mining and machine learning techniques to prepare them for the TDOD 

problem. Owing to the high efficacy of the deterministic descent approach for analysing large-scale 

networks, this approach is employed as the solution to the problem. 

 

2. Database Management Structure 

 

Most of the previous studies have incorporated traffic counts as the only source of data for estimating 

TDOD. Further studies have revealed that pooling both count and speed data from loop detectors can 

result in a more accurate model. Development of a generic framework capable of incorporating diverse 

sources of traffic data to make the best use of them is a practical and efficient solution to improve the 

accuracy of TDOD estimation outputs. However, besides an understanding of the TDOD demand 

estimation problem other skills are required including database management structure for processing of 

big datasets and tools to visualise data and map on the transport networks. Figure1 presents the database 

management structure used in this study. 

 

3. Methodology 

 

The Bi-level programming approach has been used for OD estimation in congested networks. In this 

approach, the upper-level is the travel demand matrix estimation problem and the lower-level represents 

a mesoscopic simulation based on the dynamic user equilibrium to model detailed dynamic traffic 

patterns. Two objectives are considered in the upper level. The first one is to minimize the deviation 
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between observed link flows and simulated link flows, and the second objective is to minimize the 

deviation between the prior demand and the estimated demand for different vehicle classes. The link-

flow proportions are in turn generated from DTA. This problem can be formulated as shown in Eq. 1. 

 

 

Figure 1: Data preparation and mapping process 

 

𝑋∗ = arg min  [ 𝑤. 𝑧1(𝑋, �̂�) + (1 − 𝑤). 𝑧2(𝑌, �̂�)] 
𝑌 = 𝐷𝑇𝐴(𝑋) 

(1) 

 

Where 𝑧1and 𝑧2 are distance functions; 𝑧1 measures the similarity between the estimated OD matrix 

𝑋∗ and the elements of the initial matrix  �̂� , 𝑧2  measures the similarity between the estimated and 

observed link counts, Y and �̂�, respectively. w indicates the weight on the deviation from the initial 

matrix. 

Based on the conventional model formulation Eq. 1, the problem is solved iteratively by following the 

six-step algorithm, described below:  

 

Step1: Call the traffic simulator and run the DTA model (lower level) 

Step2: Get required outputs from the simulator 

Step3: Check the termination criterion: if it is met, stop; otherwise, go to the next step  

Step4: Define the optimization problem based on the obtained data in step 2 (upper level) 

Step5: Call GAMS solver to solve the optimization problem 

Step6: Insert optimization results into the simulator as a new demand and go to step 1 

 

This algorithm is developed in Python. Aimsun mesoscopic user equilibrium model is run in step 1. 

Then in step 2, required traffic data such as assignment matrices and traffic volumes are extracted from 

simulation. The observed traffic data in the real network and the results of simulation are compared in 

step 3. Three different measures of goodness of fit are used to quantify the deviation between observed 

and estimated flows, namely the Root Mean Square Error (RMSE), the Root Mean Square Normalized 

(RMSN), and the R-squared. The termination criterion can be assumed that one of these measures 

variation is less than a specific value in successive iterations. After defining the upper level of the 

optimization in step 4, due to the high efficiency of the solution process GAMS solver is called for 

solving the optimization problem. In the final step, the new estimated demand is inserted into the 

simulation and again the previous steps are re-done until the termination criterion is met.  

 

4. Preliminary Results 

 

The methodology described previously is applied to a network model of Melbourne CBD to gain 

insights into the general performance of the proposed algorithm. The study network includes 203 traffic 

zones and near 1,500 links as depicted in figure. 2. The initial OD matrix was an existing static OD 
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Call Arcpy in 
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Use spatial 
analysis tools in 

ArcPy

Make connections 
between observed 
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matrix superimposed by a 15-minute time profile (07:00 to 09:00 AM). The simulation was conducted 

for 2 hours in the morning peak, with a total of 8 time intervals. In the preliminary study, SCATS data 

from 10 intersections are used to calibrate the DTA model. The location of these intersections are shown 

in Figure 2.   

 

 

Figure 2. Case study, Melbourne CBD, with 10 SCATS data intersections 

Then TDOD estimation process was applied on the initial demand matrices to correct them in a way 

that the link traffic volumes obtained from DTA become as close as possible to the observed SCATS 

data.  

 

TDOD matrix estimation by means of solution algorithm was performed and after 4 iterations the 

convergence criteria was met. Table 1 and figure 3 show the goodness of fit results before and after the 

correction process. It can be seen that the R-squared value has increased. Moreover, significant 

reduction in Root Mean Square Error (RMSE) and Root Mean Square Normalized (RMSN) values were 

obtained. 

 

 

Table 1. Summary of the results of different statistics that were used to calculate the goodness of fit 

before and after the correction process. 

 RMSE RMSN R2 

Initial 108.7011 0.542673 0.6748 

Iteration 1 44.44153 0.221867 0.909 

Iteration 2 59.5659 0.297373 0.8855 

Iteration 3 39.26978 0.196048 0.9406 

Iteration 4 40.01277 0.199757 0.9398 
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Figure 3. Simulated vs observed traffic volumes (a) before and (b) after TDOD estimation 

 

5. Conclusions 

 

Due to DTA’s high sensitivity to the OD flows, without correcting OD demand errors the inconsistency 

in OD flows would accumulate in the DTA model and cause unreliable outputs. Therefore, application 

of the TDOD demand estimation is an essence in the DTA procedure. In this study, we deploy a general 

framework to use observed traffic data in the TDOD demand estimation process. The preliminary 

results demonstrate the capability of the procedure in improving the TDOD results for a real network. 
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1 Introduction

Daganzo (2007) proposed a Macroscopic Fundamental Diagram (MFD) showing a steady-state func-

tional relationship between vehicle accumulation (or average network density) and network throughput

(or average network flow or trip completion rate) within certain networks. Geroliminis and Daganzo

(2008) then demonstrated that a well-defined MFD, which is reproducible and invariant when the de-

mand changes, exists within a field experiment in downtown Yokohama, Japan. Although the MFD has

been considered useful for establishing robust network-wide traffic control, the microscopic mechanisms

behind the macroscopic behaviors of an MFD are not completely understood.

With regard to this issue, several studies have shown that the spatial distribution of link density

(hereon referred to as a “congestion pattern”) in a network is one of the key factors in defining the

shape of an MFD. Geroliminis and Sun (2011) observed a well-defined MFD when the variance of link

density was the same for different time periods with the same network density. For networks where

users choose their routes randomly, Mazloumian et al. (2010) and Daganzo et al. (2011) showed that

traffic congestion tends to distribute unevenly, which leads to a decrease in the network throughput.

Because such an uneven congestion pattern may be induced by route choices and heterogeneous local

capacities, Leclercq and Geroliminis (2013) analyzed the effect of route choices on a MFD by combining

an analytical approximation method of the MFD (Daganzo and Geroliminis, 2008) with equilibrium

route choice models. However, their analysis was restrictive, i.e., they only considered a parallel route

network. The relationship between a decrease in the network throughput and congestion patterns in

general networks associated with route choice behaviors and network topology is largely unknown.

The purpose of this study is to clarify the relationship between an MFD and the congestion patterns

in a general network. Of particular interest are the causes of a decreasing branches of MFDs. To achieve

this purpose, we present a new inverse problem of the dynamic user equilibrium assignment problem

for a given congestion pattern. The proposed problem is formulated as a system of linear equations; by

solving this, we can derive an analytical formula for network throughput that includes the effect of route

choice. Thus, through congestion patterns, we can incorporate the effects of network configurations

and route choice behaviors into the analysis of the network throughput. By conducting a sensitivity

analysis of this formula, we identify the types of congestion patterns that cause a decreasing in network

throughput. We also identify the conditions under which a capacity increasing paradox occurs and

explore a traffic control based on the paradox.

2 Decomposed formulation of the DUE assignment

We consider general networks with one-to-many origin-destination (OD) demands. The structure of

a network is represented by an irreducible node-link incidence matrix A in which an arbitrary row is

eliminated. A dynamic user equilibrium (DUE) is defined as the state that no user can reduce his/her

travel time by changing his/her route.
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Figure 1: Example of constructing reduced network

Figure 2: Framework of this research

According to Kuwahara and Akamatsu (1993); Akamatsu et al. (2015), the DUE assignment with

one-to-many OD pairs can be decomposed with respect to departure time s from the origin. In the

decomposed formulation of the DUE, the following two variables are used: the inflow rate of each link

(i, j) with respect to origin departure time s, yi j(s), and the fastest arrival time τi(s) at every node i for

users departing from the origin at time s. Then the decomposed DUE assignment with respect to every

origin departure time is formulated as the following three conditions:

0 ≤ c(s) ⊥ (ċ(s)−M−1y(s)+ τ̇ττ(s)) ≥ 0 [Point queue model] (1)

Ay(s) = −Q̇(s) [Flow conservation condition] (2)

0 ≤ y(s) ⊥ (c(s)+ATτττ(s)) ≥ 0 [Users’ path choice condition] (3)

where M is the diagonal matrix of the link capacity and Q̇(s) is the vector whose elements are OD

demand rates from the origin at time s, dQod(s)/ds. As in the case with the one-to-many OD pattern, the

DUE assignment on a many-to-one network can be decomposed with respect to the destination arrival

time u.

The problem is formulated as a variational inequality problem, and we cannot solve it analytically.

However, there is a case where an analytical solution can be obtained. Specifically, we consider “satu-

rated networks” that satisfy the following two conditions: (i) all links in a network have positive inflows,

and (ii) all links have queues. In a saturated network the decomposed DUE assignment results in a



system of linear equations:

(AMAT
−)τ̇ττs = Q̇s, (4)

and thus it can be solved analytically (Akamatsu and Kuwahara, 1999; Akamatsu and Heydecker,

2003b). In addition, we can apply the same methodology to a non-saturated network by reducing the
network to a saturated one where links with no flow or queue are appropriately removed (see Fig.1). We

call this saturated network a “reduced network” (Akamatsu and Heydecker, 2003a).

3 Inverse problem and analytical formula of network throughput

The basic idea for connecting a congestion pattern with a macroscopic traffic flow at a network level is

to construct an inverse problem of the DUE assignment (see Fig.2). Specifically, we first formulate the

DUE assignment for a given congestion pattern mentioned above. We then consider the situation where

a fixed number of drivers circulate in a network indefinitely (i.e., a periodic boundary condition for each

OD pair), which was employed in the previous studies (e.g., Mazloumian et al., 2010). By combining

the DUE formulation (4) and the periodic boundary conditions, we can analytically obtain the sum of

possible OD flows (i.e., network throughput) consistent with a given congestion pattern x and the route

choice principle:

F(A,M|x) = 1TQ̇s = 1TAdMAT
d−1−1TAdMAT

i−(AiMAT
i−)−1AiMAT

d−1 (5)

where Ai, Ad are node-link incidence matrices with respect to the transient and destination node, re-

spectively, and A− is given by replacing the elements of matrix A whose +1 with 0.

The analytical formula (5) shows that network throughput is characterized by the OD structure,

the topology of the reduced network and the link capacity pattern. Specifically, the first term of Eq.

(5) represents the sum of the link capacities of inflow links to the destinations, and the second term

represents the sum of flows passing through destinations, which includes route choice effects. Note that

the formula (5) is applicable for the case with queue spillback, i.e., it is sufficient that we construct a

reduced network by considering congestion and capacity patterns after the occurrence of queue spillback.

4 Sensitivity analysis

By calculating the sensitivity coefficient ∂F/∂µi j analytically, we first investigate the mechanisms in

which decreasing branches of MFDs occur. From the necessary and sufficient condition that the sensi-

tivity coefficient becomes negative by decreasing the capacity of a certain link, we identified two types

of queue spillback causing a decreasing in network throughput:

(a) queue spillback directly prevents traffic flows from exiting to destinations, which corresponds to

a decrease of the first term of Eq.(5);

(b) queue spillback alters route choice patterns and indirectly increases the sum of flows passing

through destinations, which corresponds to an increase in the second term of Eq.(5).

Mechanism (a) is almost obvious. Mechanism (b) clearly shows that the route choice influences the

shape of the MFDs. Furthermore, the detailed analysis of mechanism (b) shows that the decrease of

capacity of a certain link (link A) due to queue spillback could induce the increase traffic flows of some

links (links B). This suggests that the network throughput could increase if the traffic flows of links B is

regulated (and then traffic flows of link A increases).

From this observation, we also identify the conditions under which a capacity increasing paradox

occurs (i.e., the increase of the second term of Eq.(5) by increasing the capacity of a certain link). Based

on this paradox, we explore traffic controls (e.g., routing policy, signal control policy) that could mitigate

a degradation of network performance.

Finally, we demonstrate the above results through numerical experiments where the number of ve-

hicles and congestion patterns in a network vary over time.
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Since the concept of Macroscopic Fundamental Diagram (MFD) was proposed by Daganzo (2007), 

MFDs have been widely investigated by many researchers. Empirical and simulation studies have 

verified the existence of well-defined MFDs for homogeneous urban traffic networks (Geroliminis and 

Daganzo, 2008; Daganzo et al., 2011b; Ji et al., 2010; Gao, 2011). Given that the congestion is roughly 

homogeneously distributed in the region, the MFD establishes a mapping from the network flow 

accumulation to the trip completion flow. Through the lens of the MFD, urban traffic dynamics can be 

modeled by traffic conservation law in conjunction with MFDs for a heterogeneous network as long as 

the network can be partitioned into several homogenous subregions (Geroliminis et al., 2013; Haddad 

and Geroliminis, 2012; Aboudolas and Geroliminis, 2013a, 2013b, 2013c; Haddad et al., 2013; Haddad, 

2015; Hajiahmadi et al., 2015). 

Most of the previous studies on the MFD modelling for urban traffic networks, to the best of the 

authors’ knowledge, aim at seeking for obtaining some appropriate supply (e.g. signal timing) or demand 

(e.g. road pricing) management strategies for maximizing the network total trip completion rate. 

Geroliminis et al. (2013) developed a model predictive controller for a two-region urban network to 

maximize the total transfer flows from one region to the other. Daganzo et al. (2011a) designed a road 

pricing scheme to alleviate the urban network congestion by utilizing the trip completion rates predicted 

by MFD as the evaluation index. Gayah and Daganzo (2011) studied simple routing strategies for 

two-bin networks with the utilization of MFD.  

The MFD and travel demand are subject to various uncertainties. For instance, inherent errors in 

MFDs may result from asymmetric OD and route choices as well as the calibration of MFD models, 

while noises in the demand may result from recurrent variations of the day-to-day travel demand or 

nonrecurrent events (e.g., special events or traffic accidents). Uncertainty in the MFD is usually regarded 

as parameter uncertainty (or model misspecification) in the dynamic traffic models (Courbon and 

Leclercq, 2011; Leclercq and Geroliminis, 2013), while traffic demand uncertainty is usually thought to 

be exogenous disturbance of the dynamic traffic system (Zhong et al., 2014). Flow evolution of practical 

urban networks with uncertain O-D demand and MFD models would probably lead to instability or even 

induce gridlocks. Despite their importance, rare existing studies but Haddad and Geroliminis (2012) and 

Haddad (2015) have focused on the stabilization, especially robust stabilization, for urban traffic 

networks with uncertain demand and MFDs. Thus, the robust control of uncertain MFD networks with 

uncertain demand still remains an interesting challenge. This paper investigates the robust stability of 

multi-region networks with uncertain MFD and uncertain traffic demand. To be specific, this paper aims 

to tackle the robust control problem for dynamic traffic networks with inherent parameter uncertainties 

and exogenous disturbances.  

Stability analysis of traffic control for two-region urban cities has been treated in Haddad and 

Geroliminis (2012). Aboudolas and Geroliminis (2013a, 2013b, 2013c) designed a state-feedback 

controller based on model predictive controller (MPC) to maximize the output of the traffic network, i.e. 

the number of vehicles that complete their trips and reach their destinations. Two kinds of system 

uncertainties, namely errors in MFD (parameter uncertainties) and noises in the demand (exogenous 

disturances), were introduced by Geroliminis et al. (2013). It is well known in control theory that 

optimality does not imply stability. Only a few researchers (e.g., Geroliminis et al., 2013 and Haddad, 

2015) have handled the robust stabilization problem for dynamic traffic networks with errors in MFDs or 

with noises in the demand, while few studies have treated both kinds of uncertainties simultaneously. In 



view of these important aspects, we shall consider the robust control formulation for urban traffic 

networks with both errors in MFDs and noises in the demand in this paper. Unlike the previous studies 

which rely on linearization of the underlying traffic dynamics, we develop a control-Lyapunov function 

(CLF) approach to establish a universal (closed-form, in other words) robust controller that makes the 

nonlinear closed-loop traffic system asymptotically stable against the system uncertainties. 

Conventionally, given that the CLF of a nonlinear system without uncertainties is obtained, a closed-form 

robust control law which robustly stabilizes such a nonlinear system could be obtained from Sontag’s 

formula (for more details about CLF and Sontag’s formula readers may refer to Sontag, 1998 and Krstic 

et al., 1995 respectively). Traffic demand pattern (regarded as exogenous disturbance) is also very hard 

to obtain. However, it is natural to assume that there exists a compact set containing the uncertain 

demand possibly closely enough. Or in other words, the uncertain demand is bounded by a compact set. 

Ultimate boundedness condition, in the language of robust control, is applied to estimate the asymptotic 

gain caused by the uncertain demand, which is a generalization of attractivity (all trajectories converge to 

zero for a dynamic system with no input) to the case of systems with inputs.  

The central aim of our contribution is to stress that a universal controller that can guarantee 

closed-loop stability against all the system uncertainties could be constructed. In other words, the results 

of this paper can be applied to the enactment of the traffic management schemes for general multi-region 

networks with uncertain MFD systems as well as uncertain traffic demand, where the stability and 

robustness of the proposed networks could be guaranteed.  

Some of our numerical simulations are presented as follows. An urban traffic network that can be 

partitioned into 2 sub-networks with each region admits a well-defined MFD is considered in line with 

Haddad and Geroliminis (2012); Geroliminis et al. (2013), e.g. a city with two regions: the periphery of 

the center R1 and the city center R2. The perimeter controllers, denoted by u1(t) and u2(t), are introduced 

on the border between the two regions whose purpose is to control the transfer flows between the two 

regions such that the number of vehicles that complete their trips in the two-region MFDs system is 

maximized. We designed two closed-form controllers to stabilize the traffic system at our desired 

equilibrium, e.g. the maximal output flow point. One is a smooth controller which is suitable for the 

implementation of demand management strategies such as pricing and credit schemes, while the other is 

a bang-bang like control scheme that is suitable for signal based traffic rationing.  

We applied the proposed control laws to simulate the scenario similar to which in Haddad (2015) 

that aims to regulate the network state into a prescribed equilibrium. Here we present an example in the 

case of a network dynamics with no MFD uncertainty and elastic demand (see Fig. 1). One region is 

regulated around the set point in the uncongested regime whilst the other in the congested regime, e.g. 

n1* = 3000 (veh), n2* = 4000 (veh). The four-state equilibrium n* = [76.9, 2923.1, 3876.7, 123.3]T and 

the corresponding control input is u* = [0.0165, 0.0184]T.  

 

Fig. 1 Elastic demand function 



 

(a)                                     (b) 

 

(c)                                     (d) 

Fig. 2 (a) Flow evolution with bang-bang like control; (b) Bang-bang like control scheme; 

(c) Flow evolution with smooth control; (d) Smooth control scheme 

Initial conditions are randomly chosen form an appropriate compact set. System state evolution by 

the bang-bang like control is depicted in Fig. 2(a), while the one by the smooth control is shown in Fig. 

2(c). The results indicate that both controllers are able to stabilize the network dynamics to the desired 

equilibrium. The bang-bang like controls are illustrated in Fig. 2(b). This fits the nature of signal based 

traffic rationing as the control values are only taken in {0, 1} and hence the jumps from “0” to “1” or 

inversely can be regarded as the phase switching of signals. As a contrast, the smooth control is suitable 

for the implementation of road pricing to control the vehicles transferring rates on the boundary. Fig. 2(d) 

shows that the smooth control inputs will also converge to the desired gain asymptotically.  

 

Keywords: robust control; uncertain systems; control-Lyapunov function; universal controllers; macroscopic 

fundamental diagrams; disturbance attenuation.  
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1. Introduction  
 
Continuous-time dynamic traffic assignment (DTA) is preferable for describing dynamic traffic 
queues and congestion in detail. However, we face difficulties when applying continuous-time DTA 
to real networks. In particular it is difficult to obtain sufficiently accurate and detailed OD matrix data 
to describe the dynamic traffic in continuous time. Even if such data are available, continuous-time 
DTA cannot usually be solved analytically. Instead DTA is computed numerically in discrete time, 
with the discrete time interval chosen to be small. However, in cases with only coarse grained OD 
data, the appropriate discrete time period may not be so small e.g. 15 or 30 minutes. Modeling this 
intermediate situation between continuous-time DTA and the application of time-sliced static 
assignment is called semi-dynamic traffic assignment (Fujita et al., 1988; Akamatsu et al., 1998; 
Nakayama & Connors, 2014a). Dynamic traffic assignment can be classified into the following four 
categories: (i) time-sliced static traffic assignment, where the day is divided into several periods and 
static traffic assignment applied to each time slice, (ii) semi-dynamic traffic assignment (or traffic 
assignment with large discrete time), (iii) discrete-time DTA (with small time interval) and (iv) 
continuous-time DTA. The capabilities of network modeling differ between these four DTA models. 
In general, continuous-time DTA models satisfy the strict requirements of traffic flow theory e.g. the 
principle of FIFO (First In, First Out); but uniqueness of the network equilibrium flows cannot usually 
be guaranteed. Moving a step closer to static traffic assignment, semi-dynamic models share the 
formulation and properties of network equilibrium, though respect congestion by passing flows over 
from one time period to the next. Crucially, it is possible to establish uniqueness of the network 
equilibrium flows for semi-dynamic traffic assignment.  

Development of different DTA models is important because models are needed for different 
circumstances (especially with regard to data) and to satisfy a variety of requirements (in accuracy, 
speed and model properties). We can choose an appropriate model according to the circumstances and 
requirements under which it used, with respect to the purpose, data accuracy, computational cost and 
other parameters. Semi-dynamic DTA models contribute to the range of network models available. In 
the past, numerous studies on DTA have been conducted. For practical applications, computational 
obstacles cannot be ignored. As noted above, continuous-time DTA is computationally demanding. 
Furthermore link-based models are preferred over route-based models that require a tremendous 
number of variables. Uniqueness of the network equilibrium flow is also desirable. This study targets 
the link-based DTA for coarse OD data cases.  

It is reasonable for cases with coarse grained OD data to use a large discrete time period. 
However, the traffic situation at the end of a time period is significantly different from that at the start. 
This problem becomes more serious as the length of discrete time period get larger. In the previous 
discrete-time DTA and semi-dynamic traffic assignment models, OD demands are presupposed to be 
discrete or steps. In this case, the traffic volume error may occur around the start and end of time 
period. This error is propagated to the following time periods. To resolve this problem, in this study 
the OD demands and link inflows are assumed to be continuous. To hold down the computational cost, 
traffic assignment is made with large time periods even if OD demand and link inflows are continuous. 
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As stated in the next section, speed on a link does not change within the time period and traffic 
assignment on the basis of link speeds is made in discrete time.  

In this study, we improve our previous model (Nakayama & Connors, 2014b) and develop a 
semi-dynamic traffic assignment model as follows: 1) OD demand and link inflows are treated in 
continuous-time, 2) traffic assignment is made in discrete time on the basis of link speeds, which do 
not change within a time period, 3) the formulation is link-based, 4) the equilibrium network is unique, 
and 5) FIFO is guaranteed in terms of the link flows.  
 
 
2. Assumptions and traffic flow 
 
The following are assumed in this study: 

A1. Link speed does not change within each time period, where time is discretized into time 
periods of length L.  

A2. Flow travels on a link in continuous time on the basis of the link speed.  
A3. The inflow on a link exits from the link in the present time period or next time period.  

As per A2, flow travels depending solely on the link speed, and we consider no capacity constraints. 
Suppose that a demand flow travels on the link between nodes i and j, where i, j ∈ N and N is the 

set of nodes. As stated above, time for assignment is discretized into time period of length L, and time 
period s (∈S) is the time from (s−1) L to s L, where S is the set of time periods. Let t denote 
continuous time. Define the inflow rate to the link from node i to node j, fij(t). Hereafter the link from 
node i to node j is called link ij, and ij∈A where A is the set of links. The flow departs continuously 
at node i at the rate of fij(t). Therefore, the volume of inflow to link ij in time period s is given by 

∫ −
=

sL

Ls ijijs dttfu
)1(

)(  (1) 

where uins is the volume of inflow to link ij in time period s. 
The link speed does not change within each time period as assumption A1 states. Some of the 

inflow in time period s completely passes over link ij within the time period, and its travel time is dij 

/ρijs, where ρijs is the speed on link ij in time period s and dij is the distance of link ij. Some flow 
traverses the link with the time period while the other does not. The travel time of the former is dij /ρijs 
as stated above, but that of the latter is problematic. Let ts denote the continuous time in time period s, 
namely, ts = t− (s−1) L. At the end of time period s, the rest distance of link ij is dij −ρijs ts. It travels 
the rest in the next time period, so the total travel time on link ij is ts + (dij−ρijs ts)/ρijs+1  = 
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where cij(t) is the travel time of the flow that enters link ij at (continuous) time t.  
The total load to link ij in time period s from the inflow departing in time period s is expressed as 
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The first term in the above equation is the total flow which passes over link ij completely within 
time period s and the second is the total load to link ij of the flow which travels en-route on link ij at 
the end of time period s. The rest of inflow becomes the load in the next period. Therefore, the link 
load volume is defined as 
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where xijs is the link load volume on link ij in time period s. The third term of right-hand side of the 
above equation is the load of inflow in the previous time period. The first and second terms are the 
same as the previous equation. Using the link load volume, the link speed is assumed as follows: 

A4. The link speed is expressed as a function of its link load volume, ρijs  = hij(xijs ). 
where hij(t) is the link speed function on link ij and the time period is s. 
 
 
3. Formulations 
 
At node i and time period s we can specify the flow conservation condition as follows: 
 )()()( tftqtg

out
i

in
i Nj

ij
Dn

in
Nk

ki ∑∑∑
∈∈∈

=+  (5) 

where gki(t) is the outflow rate function from node k to node i, qin(t) is the travel demand rate from 
node i to node n, D is the set of destination nodes, out

iN  is the set of end nodes of the links that are 
connected from Node i and in

iN  is the set of start nodes of the links that connect to Node i. 
Furthermore, the flow conservation condition should be satisfied for any destination.  
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In this study, formulation of the semi-dynamic user equilibrium is link-based. As stated above, traffic 
assignment or equilibration is made in discrete time. Let  
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The semi-dynamic user equilibrium problem in this study is to find p subject to the user equilibrium 
as stated in the next section and fijn(t) = pijns Uin(t) (s−1)L ≤ t < s L, where Σ out

iNj∈ pijns = 1, p is the vector 
whose component is pijns, and pijns is the rate that Uin(t) chooses link ij in time period s. Hereafter, pijns 
is called the link choice rate. Clearly, the above is satisfied with the flow conservation.  

In this study, user equilibrium is made in discrete time. Therefore, these conditions have to be 
discretized. Some part of the link inflow cannot exit the link within one time period, and departs from 
the end of the link in the next period. The other part of the flow does exit the link and enters the next 
link in the current time period. Therefore, the following revised minimum travel time is proposed: 

( ) )1(1 +−+≡ sjnijsjnsijsijns rr ττμ .  (9) 
where τins is the minimum travel time from node i to node n. in time period s and rijs is the rate that the 
inflow passes over link ij in time period s. Therefore, 
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When uijs = 0, rijs is assumed to take the limit as uijs → 0. The inflow rate, fij(t), depends on the speeds 
and on p. The link speed, ρijs, is a continuous function of link load volume, xijs, and xijs is a continuous 
function of p. Then, the link speed is a continuous function of p. Therefore, the rate, rijs, is a function 
of p, and is continuous w.r.t. p over the set of 0≤ pijns ≤1 (∀i, j,n,s). From Eq. (1), the denominator of 
the right-hand side of (10) is uijs. Let vijs be the flow that enters and then exits link ij within time 
period s. The numerator of the right-hand side of (10) is vijs. 

As stated above, semi-dynamic traffic assignment is to find the link choice rates, p, in discrete 
time. The travel time of the inflow in a time period changes within the period. Let  

dttf

dttftc
c

sL

Ls ij

sL

Ls ijij

ijs

∫
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−

−=
)1(

)1(
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This is mean travel time of the inflow to link ij in time period s. When uijs = 0, ijsc  is assumed to take 
the limit as uijs → 0. The link speed, ρijs, is discrete w.r.t. time, but the travel time, cij(t), is continuous 
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in time. The link speed, ρijs, is a continuous function of link load volume, xijs, and xijs is a continuous 
function of p. Therefore, ijsc  is a continuous function of p. 

The equilibrium is formulated as the complementarity problem for which the following holds: 
( ) 0=−+ insijnsijsijns τcp μ  ∀ij ∈ A−n, n ∈ D, s ∈ S (12) 

0,0 ≥−+≥ insijnsijsijns τcp μ  ∀ ij ∈ A−n, n ∈ D, s ∈ S (13) 

01 ≥⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−∑

∈ out
iNj

ijnsins pτ  ∀ ij ∈ A, n ∈ D, s ∈ S (14) 

01,0 ≥−≥ ∑
∈ out

iNj
ijnsins pτ  ∀ ij ∈ A, n ∈ D, s ∈ S (15) 

where A−n is the set of links whose start nodes are not n. The link speed, ρijs , is a function of its link 
load volume, ρijs  = hij(xijs ), according to assumption A4. On the other hand, the link load volume, xijs , 
depends on ρijs  as shown in Eq. (4). If Eq. (4) and ρijs  are solved explicitly, the mean travel time is 
given by an explicit function of p. Otherwise, ρijs  and xijs  have to be included in the decision variables. 
Then, the problem is to find p, τ, ρ, and x such as the above (12) through (15) and the following: 

0)( =ijsijs xhρ  ∀ij ∈ A, s ∈ S (16) 

0)(,0 ≥≥ ijsijijs xhρ  ∀ij ∈ A, s ∈ S (17) 
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∀ ij ∈ A, s ∈ S (20) 
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 ∀ ij ∈ A, s ∈ S (21) 

where τ, ρ, and x are the vectors of minimum travel times, link speeds and link load volumes, 
respectively. 

The above complementarity problem can be solved by the Fischer-Burmeister merit function (e.g. 
Fischer, 1992). Furthermore, uniqueness of equilibrium network flows is proven in the same manner 
of Nakayama & Connors (2014a). 
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1 Introduction

User route choice behavior in transit networks is considerably complex. Extensive literature has been
devoted to transit route choice and strategy models were developed that introduced new research di-
rections in the field (Nguyen and Pallottino 1988, Spiess and Florian 1989). A major complexity in
transit route choice is associated with the stochasticity in vehicle arrival/departure time and therefore
uncertainty in passenger waiting time. While strategy can explain this phenomenon in frequency-based
models, research is needed in the context of schedule-based models. When transit service is based on
schedule, real-time information may affect passengers decision making as well, more specifically in an en
route fashion. We propose to model transit route choice as an online-shortest path where users make
adaptive choices based on the probability of missing vehicles. By modeling vehicle departure time as
random variables, the probability of missing the vehicle is calculated, and routing policy with minimum
expected travel time is calculated given a preferred arrival time. The model is a generalization of strategy
where information regarding both vehicle schedule and their real-time arrival is taken into account.

2 Transit Reliability Measures

The main assumptions considered in this study are as following:

1. Transit network with fixed routes and not necessarily uniform headways is given as input.

2. Transit vehicle arrival and departure time at each stop is given as a random variable.

3. Vehicle dwell time at each stop is small enough that can be neglected in the path algorithm.
Therefore, vehicle arrival time to a stop is the same as the departure time from the stop.

4. Arrival times of different trips are independent. This is not the case in a single vehicle trip where
arrival time at a stop depends on the arrival time at the previous stops.

5. Each traveler has a preferred arrival time at the destination and aims to minimize the expected
travel time. Late arrival is modeled by the probability of missing vehicles and failing to complete
the trip before the preferred arrival time.

A preprocessing step is taken to measure travel time reliability. The arrival time of vehicle i at node
n is modeled by a random variable Xi

n (a nonrestrictive assumption is that the arrival and the departure
times are the same). To measure waiting time uncertainty given τn, the realization of passenger arrival
time at node n, the random variable W i

n = Xi
n − τn is defined. The expected value of W i

n is the mean
passenger waiting time, and the probability of successfully boarding (i.e. not missing) the transit vehicle
is calculated by P (W i

n ≥ 0). This method enables the calculation of on-time arrival probability at the
destination given the random variable W i

n = τs − tns −Xi
n, where τs is the preferred arrival time at the

destination s, tns is the walking time from the alighting node n to the destination node s, and Xi
n is the

random variable representing the arrival time of vehicle i to the alighting node n. For modeling transfer
times, random variables Xi

m and Xj
n are defined as the arrival time of vehicles i and j to nodes m and n

respectively, and tmn is the walking time from node m to n. The random variable W ij
mn = Xj

n−Xi
m−tmn

represents the waiting time for transferring from vehicle i to vehicle j, and the probability of making
this transfer is P (W ij

mn ≥ 0). The expected value of waiting time is calculated using E(W ij
mn|W ij

mn ≥ 0),
representing the expected value of W ij

mn conditional on W ij
mn being non-negative.
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3 Online Transit Shortest Path

In order to model adaptive user behavior in response to transit unreliability, we propose to use an online
shortest path in a schedule-based transit network. In an online shortest path, at the points where a link
is failed, a recourse is available so that the user can take another path toward the destination (Andreatta
and Romeo 1988). Thus, it is an intuitive approach for modeling transit networks where path reliability
is determined by link failure. In the proposed model, given a realization of the arrival time at an alighting
node, a traveler would know through real-time information whether a vehicle in the next route can be
taken. Therefore, consistent with the limited spatial dependency in Waller and Ziliaskopoulos (2002),
a recourse is created at that point. Referring to Figure 1, a traveler alighting vehicle r1 at node 3
receives information about the status of vehicles r3, r4, and r5, and decides which route to take next.
Accordingly, the next action, which is to take either of the links 3 − 5, 3 − 6, or 3 − 7 is determined.
To model this process, we use the concept of probability matrices (vectors in this example) at transfer
points, similar to those in Waller and Ziliaskopoulos (2002). The probabilities are defined between an
alighting (or origin) and a next boarding (or destination) nodes, and determine the chance of traversing
the link without failure. These vectors are calculated using the method explained earlier prior to the
algorithm. Below are examples of such vectors for the network in Figure 1.

( 1 2

r 0.7 1.0

)
,

( 5 6 7

3 0.5 0.8 1.0

)
,

( 6 7

4 0.6 0.8

)
,

( s

8 1.0

)
,

( s

9 0.9

)
,

( s

10 0.7

)
In reference to Andreatta and Romeo (1988), the online shortest path in schedule-based transit

networks has the following properties:

Property 1: An online transit shortest path does not have a cycle.

Proof : Follows from the fact that time-expanded networks with nonnegative link times are acyclic.

Property 2: An online transit shortest path returns a path with lower or equal expected cost and higher
or equal reliability than a regular shortest path.

Proof : Follows from the fact that a shortest path is a feasible solution to the online shortest path.

Property 3: A subpath of an online transit shortest path may have larger cost than the online transit
shortest path.

Proof : Consider an online path with two links at a transfer stop i, one with tij = 1 and pij = 0.1 and
one with tik = 2 and pik = 1. The online shortest path has cost of 0.1 ·1+0.9(1.0 ·2) = 1.9 and reliability
of 0.1 + 0.9 · 1 = 1. It has higher reliability than the path through ij and smaller travel time than the
path through ik.

From Node To Node Travel Time Probability

r 1 0 0.7
r 2 2 1.0
1 3 5 1.0
2 4 5 1.0
3 5 1 0.5
3 6 3 0.8
3 7 5 1.0
4 6 1 0.6
4 7 3 0.8
5 8 5 1.0
6 9 5 1.0
7 10 5 1.0
8 s 5 1.0
9 s 3 0.9
10 s 1 0.7

Figure 1: A schematic time-expanded network: network topology and link properties
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4 A Label Correcting Algorithm

A label correcting algorithm is proposed to solve the online transit shortest path problem. Given links
{ij|j = 1, ...,m} at node i, sorted by E(ti|ij), the expected travel time of the online path from node i to
the destination through link ij, in increasing order:

E(ti|i1) ≤ E(ti|i2) ≤ ... ≤ E(ti|im)

and associated reliability (i.e. the probability of not failing any link on the path) of p(i|ij), we define
the node reliability measure, pi, and the expected travel time to the destination, E(ti), as below:

pi =
∑
∀j∈F (i)
pi≤1

p(i|ij)
∏
l≤j

(1− pil) (1)

E(ti) =
1

pi

∑
∀j∈F (i)
pi≤1

E(ti|ij)pij
∏
l≤j

(1− pil) (2)

In (1), the maximum probability of a successful trip from node i to the destination is calculated by
scanning the choices ordered by their cost. When il, a desired outgoing link, fails, a term 1 − pil times
the probability of the next desired path p(i|ij) is added. This process continues until either all available
links are scanned or the probability value of 1.0 is achieved. In (2), for the links selected in (1), the
expected travel time is calculated assuming that a traveler starts with the first link in the ordered set,
and selects the next link if the selected link fails. The reliability measure and the expected travel time to
the destination through link ij are calculated as below, complying with Bellman’s optimality conditions:

p(i|ij) = pij .p(j) (3)

E(ti|ij) = tij + E(tj) (4)

The label correcting algorithm for the online transit shortest path is shown in Figure 2. The
algorithm is similar to the typical label correcting algorithms with some distinctions. First, two labels
of pi and E(ti) are maintained for each node. Second, an ordered set of links is maintained at each
node, representing the ranked alternative routes. Third, the updating criterion follows both reliability
and expected cost. The worst case complexity of the algorithm is analyzed below.

Property 4: The worst case complexity of the online transit shortest path algorithm is |N ||A|3.

Proof : The complexity of the procedure UpdateRecourse is determined by the sorting operation, which
is |An|2 where An is the set of outgoing links at node n. In a worst case, where max

n∈N
{|An|} = |A|,

UpdateRecourse has a complexity of |A|2. The label correcting algorithm has the complexity of |N ||A|,
and since UpdateRecourse is called in each step, the worst case complexity of the algorithm is |N ||A|3.

5 Numerical Illustration

The online transit shortest path algorithm was applied to the network of Figure 1 (any variations in
in-vehicle travel time is embedded in the probability of boarding or transfer links) and results are shown
in Table 1. In the second and third columns, the shortest path is defined as the path with minimum
total travel time to node s. In columns 4 and 5, schedule delay (early arrival or late departure) is relaxed
and path cost is determined by in-vehicle and transfer times only. Indeed, when schedule-delay cost is
relaxed, a path that results in an earlier arrival appears with higher order in the set. Note that the
order of the paths does not follow their departure time. More specifically, no matter what the expected
departure time of vehicles are at a stop, travelers select the vehicle with highest priority first. Thus, it
is possible that a vehicle i with order 2 arrives before a vehicle j with order 1, but the traveler does
not take vehicle i unless they know that taking j is impossible. This makes the proposed model distinct
from strategy as a common route choice model in the literature. It can, however, be interpreted as
a generalization or dynamic version of strategy in schedule-based transit networks. Nevertheless, user
behavior is consistent with Hickman (1997) in that travelers may not necessarily take the first arriving
vehicle in their attractive set, and may wait for a vehicle with lower travel cost to destination.
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Procedure: OnlineTransitShortestPath
Input: Destination node s
pi = 0, E(i) =∞;∀i ∈ N \ s
ps = 1, E(s) = 0
While: L 6= ∅ :

Select a node j
∀i ∈ {i|ij ∈ A}:
UpdateRecourse(i)

ptemp
i =

∑
∀j

ptemp
i ≤1

p(i|ij)
∏

l≤j (1− pil)

Etemp(ti) = 1
ptemp
i

∑
∀j

pi≤1
E(ti|ij)pij

∏
l≤j (1− pil)

if ptemp
i > pi ∨ (ptemp

i = pi ∧ Etemp(ti) < E(ti)):
E(ti) = Etemp(ti)

pi = ptemp
i

L = L ∪ {i}
End

Procedure: UpdateRecourse
Input: Node i
∀i ∈ {i|ik ∈ A}:
p(i|ik) = pik.p(k)
E(ti|ik) = tik + E(tk)

End
Sort k by E(ti|ik) in increasing order

Figure 2: The label correcting algorithm for the online transit shortest path

Table 1: Routing Policy Under Different Cost Minimization Settings

Node Minimum Travel Time Minimum Travel Time without schedule delay

Policy Cost Policy Cost

r (2,1) (18, 0.85) (1,2) (8.3, 0.91)
1 (3) (16, 0.93) (3) (7.2, 0.97)
2 (4) (14, 0.65) (4) (11.6, 0.76)
3 (7,6,5) (11, 0.93) (5,6,7) (7.2, 0.97)
4 (7,6) (9, 0.65) (6,7) (6.6, 0.76)
5 (8) (10, 1.0) (8) (5, 1.0)
6 (9) (8, 0.9) (9) (5, 0.9)
7 (10) (6, 0.7) (10) (5, 0.7)
8 (s) (5, 1.0) (s) (0, 1.0)
9 (s) (3, 0.9) (s) (0, 0.9)
10 (s) (1, 0.7) (s) (0, 0.7)
s - (0, 1.0) - (0, 1.0)
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1. Introduction 

 

Bus bunching is a perturbation of bus service headways which tends to propagate in space and in time. 

The occurrence of bunching generates persistent longer waits for passengers and affects the overall 

image of the public transport negatively, thus discouraging the patronage. Hence, addressing bunching 

is a priority to provide a good service to existing users and improve passenger satisfaction. Good 

solutions require good understanding of the causes and the dynamic of the phenomenon. Our paper 

advances the knowledge in the field by showing that bus bunching can arise as a consequence of the 

combination of random arrivals of passengers at bus stops, and of varying boarding times for different 

groups of passengers, such as smart card holders, people buying tickets on-board or passengers with 

disabilities. The results of our study are useful to assess the benefits brought about by investments 

aiming to improve the boarding process. 

 

 

2. Literature review and motivations of the study 

 

Several operational strategies have been developed to deal with bunching (e.g. Daganzo and 

Pilachowski (2011) and Hernández et al. (2015) to mention some recent work). However, we suggest 

that the literature on analytical models describing the propagation of the bunching process itself is not 

as advanced. Most of the non-simulation work is based on the simplified model of the phenomenon by 

Newell and Potts (1964). They show that bus bunching can arise because the departure of a bus from a 

stop is somehow delayed. As a consequence of the longer dwell time, the bus boards more passengers 

than planned. Therefore, the following bus finds fewer waiting passengers and (in the absence of any 

holding policies) it leaves the stop ahead of schedule. The headways between the first and the second 

bus is then reduced and tends to become smaller at successive stops and to generate perturbations in the 

headways of following services. The Newell and Potts’ paper demonstrates that if the passenger arrival 

rate is larger than half the loading rate the bunching phenomenon tends to amplify even for small 

(relative to headway) perturbations in the original schedule. If the ratio between arrival and boarding 

rate is smaller, the system can recover. 

The simplicity and the elegance of this result are made possible by the simplifications considered in the 

model. On the demand side, it assumes random incidence of passengers at stops and so uniform arrival 

functions. The passenger population is considered homogeneous, with the boarding rate, that is time 

required for boarding per passengers, equal for all passengers. On the supply side, the model represents 

a single line, with constant travel times between stops, and it neglects the possibility of overtaking and 

the presence of more buses at the same stop. A further limitation is that the delay triggering bunching 

is considered external, and so the model is not able to predict the consequences of the characteristics of 

the system on the bunching phenomenon. Recently, Fonzone et al (2015) have proposed a model 

considering that passenger arrivals may not be uniform if the reliability of the system affects the 

decisions of the users. They prove that, in the case of external delay, non-uniform arrivals can change 

the bunching conditions, improving or worsening them depending on the level of delay. However, they 

still consider that all passengers can board at the same rate and that the boarding process is deterministic. 
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Schmöcker et al (2015) extend the Newell and Potts’ model to situations with common lines and 

overtaking between buses. Also in their approach, however, arrivals are uniform and boarding rates 

constant across all users. 

In the reality of contemporary bus operations, passengers can be divided into at least three groups from 

the point of view of boarding speed. Smart card holders have small and rather constant boarding times. 

The boarding times of passengers buying their tickets on-board are longer on average, and characterised 

by higher variability than those of the smart card holders. Finally, there are passengers with special 

needs, such as those with walking impairments, passengers with large pieces of luggage or parents with 

small children. These special needs passenger group might be relatively small in number, but still their 

presence must be carefully considered because in some cases the process of helping them get on the bus 

is very lengthy (especially wheelchair users requiring a ramp for boarding). Since, in the absence of 

holding policies, the dwell time is equal to the time to board all waiting passengers, consideration of 

the actual boarding times is crucial to understand the occurrence and features of bunching phenomena. 

We study the influence of different boarding processes on bus bunching, by assuming Poisson-

distributed arrivals for different classes of passengers, exhibiting different Gamma-distributed boarding 

speed. 

 

 

3. Methodology 

 

3.1 Bus propagation model 

 

Our focus is on the causes of bunching localised at the bus stop. Therefore, we assume constant travel 

times between stops. We also ignore delays not due to the random nature of the arrival process. Under 

these assumptions, the bus trajectories are described by the following set of equations 

 

{
𝑡𝑠𝑏

𝑎 = 𝑡(𝑠−1)𝑏
𝑎 + 𝑣(𝑠−1)

𝑡𝑠𝑏
𝑑 = 𝑡𝑠𝑏

𝑎 + 𝐷𝑠𝑏

 

 

Where 𝑡𝑠𝑏
𝑎  is the arrival time and 𝑡𝑠𝑏

𝑑  the departure time of bus 𝑏  at stop 𝑠 , 𝑣(𝑠−1)  the travel time 

between stops 𝑠 − 1 and 𝑠, and 𝐷𝑠𝑏 the dwell time of bus 𝑏 bus at stop 𝑠. It is evident that the system 

performance depends on the dwell times. 

 

3.2 Dwell time model 

 

3.2.1 Boarding time distribution 

We assume 𝑘 classes of passengers. The average rate of the arrivals of passengers of class 𝑖 at any stop 

(we drop the stop and bus indexes whenever possible for the sake of simplicity) is 𝜆𝑖. The arrivals 

follow a Poisson distribution. The arrivals of each class are independent from those of other classes. 

The individual boarding time 𝑏𝑖  of the passengers of class 𝑖  is stochastic, and follows a Gamma 

distribution  Γ(𝛽𝑖, 𝜎𝑖
2) where 𝛽𝑖 and 𝜎𝑖

2 are the mean and the variance of the distribution. The Gamma 

distribution is a generalisation of several distributions normally used to describe service times in 

queuing theory, such as the exponential or the Erlang distribution. Hence, assuming that the boarding 

times are Gamma-distributed, we are able to test a wide range of situations. The boarding time of 

different passengers are not correlated. Under these assumptions, the probability that the overall 

boarding time of passengers of class 𝑖 that arrived during 𝜏 is 𝐵𝑖(𝜏) is 

   

𝑓𝑖(𝐵𝑖(𝜏)) = ∑ 𝑃𝑜𝑖𝑠𝑠𝑜𝑛(𝑛𝑖|𝜆𝑖𝜏) × Γ(𝑏𝑖|𝛽𝑖, 𝜎𝑖
2)

𝑛𝑖,𝑏𝑖>0|𝑛𝑖𝑏𝑖=𝐵𝑖(𝜏)

 

 

A thorough Monte Carlo analysis shows that  

 

𝐸(𝐵𝑖(𝜏)) ≅ 𝐸(𝑛𝑖) × 𝐸(𝑏𝑖) = (𝜆𝑖𝜏)𝛽𝑖 
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𝐶𝑉(𝐵𝑖(𝜏)) ≅
0.36 + 0.94𝐶𝑉(𝑏𝑖)

√𝜆𝑖

 

 

Furthermore, we find that the Gamma distribution is a good approximation of 𝑓𝑖(𝐵𝑖(𝜏)). 

 

3.2.2 Dwell time calculation 

Given the hypothesis that the arrival and boarding processes of passengers of different classes are 

independent, neglecting capacity constraints and assuming that buses leave as soon as they have 

boarded all the queuing passengers, that is ignoring dwell time policies and capacity constraints, the 

(stochastic) dwell time 𝐷𝑏 is 

 

𝐷𝑏 = ∑ 𝐵𝑖(𝑡𝑏
𝑑 − 𝑡(𝑏−1)

𝑑 )

𝑘

𝑖=1

 

 

Using the result for 𝐸(𝐵𝑖(𝜏)), the expected dwell time can be easily calculated as follows 

 

�̅�𝑏 = ∑ 𝛽𝑖𝜆𝑖[(𝑡𝑏
𝑎 − 𝑡(𝑏−1)

𝑑 ) + �̅�𝑏]

𝑘

𝑖=1

⇔ �̅�𝑏 =
∑ 𝛽𝑖𝜆𝑖(𝑡𝑏

𝑎 − 𝑡(𝑏−1)
𝑑 )𝑘

𝑖=1

1 − ∑ 𝛽𝑖𝜆𝑖
𝑘
𝑖=1

 

 

Since the arrival process is stochastic, the actual number and composition of arrivals, and so the dwell 

time are generally different from the expected values. Let 𝐵𝑖
𝜋(𝜏) denote the π percentile of 𝐵𝑖(𝜏), and 

further  

 

Δ𝜋(𝜏) = ∑ 𝐵𝑖
𝜋(𝜏)

𝑘

𝑖=1

 

 

Then, given that the boarding time for each passenger group is the 𝜋 percentile of the boarding time 

distribution, we obtain for the dwell time of bus 𝑏:  

 

𝐷𝑏
𝜋 = 𝛥𝜋(𝑡𝑏

𝑑 − 𝑡(𝑏−1)
𝑑 ) 

 

𝐷𝑏
𝜋 can be calculated by a recursive approach similar to Viti and van Zuylen (2010). Let the increment 

of dwell time needed to board the passengers “arriving in the k-th calculation iteration” be: 

 

𝐷𝑏
𝜋𝑘 = {

Δ𝜋(𝑡𝑏
𝑎 − 𝑡(𝑏−1)

𝑑 ) 𝑖𝑓 𝑘 = 0

Δ𝜋 (𝐷𝑏
𝜋(𝑘−1)

) 𝑖𝑓 𝑘 > 0
 

 

Note that the arrival time of the current bus, 𝑡𝑏
𝑎, and the departure time of the previous one, 𝑡(𝑏−1)

𝑑  are 

generally known when 𝐷𝑏 has to be calculated. Eventually  

 

𝐷𝑏
𝜋 = ∑ 𝐷𝑏

𝜋𝑘

𝐷𝑏
𝜋𝑘>0

 

 

The previous sum has an infinite number of terms. To study bunching, we can use an approximate value 

determined by considering only 𝐷𝑏
𝜋𝑘 > 𝜖, where 𝜖 is an arbitrarily fixed threshold. 
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4. Analysis and relevance of the results 

 

If, at stop �̌� the service timetable has been designed on the basis of the dwell time 𝐷𝑏�̌�
�̂�  and the actual 

dwell time is 𝐷𝑏�̌�
𝜋 , with 𝜋 ≠ �̂�, the difference 𝛿�̌�(𝜋, �̂�)  = 𝐷𝑏�̌�

𝜋 − 𝐷𝑏�̌�
�̂�  triggers bunching. The severity of 

the bunching conditions depends on the value of 𝛿�̌�, which is a function of the probability of the event 

that causes the bunching, 𝜋; of the percentile of the boarding time distribution used to plan the service, 

�̂�; and of the characteristics of the passenger classes, 𝜆𝑖, 𝛽𝑖 and 𝜎𝑖. We analyse the relation between 

passenger arrival and boarding processes with three indicators of bunching severity: 

 

Dwell time 

variation 
𝐷𝑉(𝑠, 𝑏) =

|(𝑡𝑠𝑏
𝑑 − 𝑡𝑠𝑏

𝑎 ) − (�̂�𝑠𝑏
𝑑 − �̂�𝑠𝑏

𝑎 )|

�̂�𝑠𝑏
𝑑 − �̂�𝑠𝑏

𝑎  
A general measure of the 

irregularity of the service 

Headway 𝐻(𝑠, 𝑏) = 𝑡𝑠𝑏
𝑑 − 𝑡𝑠(𝑏−1)

𝑑  
Linked to overall passenger 

waiting time 

Punctuality 𝑃(𝑠, 𝑏) = |𝑡𝑠𝑏
𝑑 − �̂�𝑠𝑏

𝑑 | 
Important when transfers to other 

lines and crew shifts are relevant 

 

Where �̂�𝑠𝑏
𝑎  e �̂�𝑠𝑏

𝑑 are the timetabled arrival and departure times respectively. We hypothesise that 

downstream of �̌� the boarding process has the characteristics assumed in the planning stage.  

 

References 

 

Daganzo, C.F., and Pilachowski, J. (2011). Reducing bunching with bus-to-bus cooperation. 

Transportation Research Part B, 45, 267–277. 

Fonzone A., Schmöcker, J.-D., and Liu, R. (2015) A model of bus bunching under reliability-based 

passenger arrival patterns. Transportation Research Part C, 59, 164-182. 

Hernández, D., Muñoz, J.C., Giesen, R. and Delgado, F. (2015) Analysis of real-time control strategies 

in a corridor with multiple bus services. Transportation Research Part B, 78, 83-105. 

Newell, G.F., and Potts, R.B. (1964) Maintaining a bus schedule. Proceedings of the 2nd Australian 

Road Research Board, vol. 2, 388–393. 

Schmöcker, J.-D., Sun, W., Liu, R., and Fonzone, A. (2015) Bus bunching along a corridor served by 

two lines. 6th International Symposium on Transportation Network Reliability (INSTR), August 

2015, Nara, Japan. 

Viti, F, and van Zuylen, H.J. (2010) A probabilistic model for traffic at actuated control signals. 

Transportation Research Part C, 18, 299–310. 



1 
 

Dynamic Taxi Dispatch modelling in urban networks  
 

Mohsen Ramezani1,*, Mehdi Nourinejad2 

 
1Civil Engineering Department, Institute of Transport Studies, Monash University, Australia 

2Civil Engineering Department, University of Toronto, Canada  
*Corresponding author: Mohsen.ramezani@monash.edu 

 

Extended abstract submitted for presentation at the  

6th International Symposium on Dynamic Traffic Assignment (Sydney, 28-30 June, 2016) 

 

 

1. Introduction  

 

Taxis are a convenient, fast, and accessible mode of transportation in many cities. At present, there are 

5,000 taxicabs operating in Toronto servicing nearly 65,000 daily taxi trips with an estimated customer 

waiting time of 9 minutes. The city estimates a minimal growth of a 10% increase over the next 10 

years summing to roughly 2.1 million additional taxi trips by 2022 (City of Toronto, 2014). With the 

proliferation of taxi booking applications, the number of taxi trips could rise beyond projected 

estimations. However, the growth in the number of taxi trips can be detrimental to urban mobility as a 

result of the additional traffic congestion. Whenever a taxi drops off a passenger, it becomes vacant and 

starts to search for the next passenger. The heavy presence of vacant taxi movements is especially 

overwhelming because it impedes normal traffic. To mitigate the negative externality associated with 

taxis, it is imperative to regulate the taxi industry and to have advanced taxis management systems.  

 

Taxi regulation has been the subject of many studies as early as the 1970s. The prevalent literature on 

taxi regulation focuses on finding the optimal fare price and taxi fleet size (Beesley, 1973), capturing 

the network-wide movements of taxis (Yang and Wong, 1998), modelling elastic taxi demand (Wong 

et al., 2001), analysing competitive taxi markets (Yang et al., 2002), and modelling the friction in the 

taxi-passenger meeting process (Yang and Yang, 2011). However, regulation policies are being 

disputed and revised in many cities as a result of emerging ridesharing and taxi-booking apps.  

 

Taxi dispatching is a crucial part of taxi management systems that uses taxis GPS coordinates to provide 

them with routing guidance. An efficient taxi dispatch system must take into account the interrelated 

effects of taxis and other traffic modes, congestion propagation, and travellers demand. It is practically 

inefficient to dispatch an excessive number of vacant taxis to a particular zone while other zones are 

free of vacant taxis with sufficient passengers. Vacant taxis should practically be dispatched to 

accessible zones within their vicinity. Depending on the nature of the dispatcher, a dispatch policy can 

even go a step further by finding routing paths that minimize the impact of taxis on traffic congestion. 

This type of policy is especially critical in cities with a high number of taxis such as in Hong Kong 

where taxis comprise up to 10% of all trips.  

 

To develop a large-scale taxi dispatching system, the paper integrates dynamic taxi system modelling 

into urban networks that builds on the concept of the macroscopic fundamental diagrams (MFD) 

(Geroliminis and Daganzo 2008). The MFD captures the collective traffic flow dynamics of an urban 

region and relates the urban region outflow to the accumulation of vehicles, see Fig. 1. The MFD is a 

tool for modelling and control purposes of large-scale urban networks while a homogenous traffic state 

is prevalent. In case of heterogeneous networks, link partitioning to reduce within-cluster density 

heterogeneity or applying advanced signal control strategies (Ramezani et al., 2015) results in more 

homogenous regions with well-defined and low scatter MFDs. This paper aims at developing an 

efficient multi-modal (cars and taxis) traffic control strategy, i.e. integrated perimeter flow control 

(Geroliminis et al., 2013) and taxi dispatching, to improve urban mobility and mitigate congestion in 

cities. 
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2. Methodology  

 

Nomenclature 

𝑅𝑖 Region i 

𝑐𝑖
o(𝑡) Total number of occupied taxis in 𝑖 at time t  

𝑐𝑖
v(𝑡) Total number of vacant taxis in 𝑖 at time t 

𝑐𝑖(𝑡) Total number of taxis in 𝑖 at time t 

𝑐𝑖𝑗
o (𝑡) Total number of occupied taxis in 𝑖 with destination 𝑗 at time t 

𝑛𝑖(𝑡) Total number of personal vehicles in 𝑖 at time t 

𝑛𝑖𝑗(𝑡) Total number of personal vehicles in 𝑖 with destination 𝑗 at time t 

𝐶 Taxi Fleet size  

𝑏𝑖𝑗(𝑡) Taxi boarding rate for passengers traveling from 𝑖 to 𝑗 

𝑀𝑖𝑗
o  Occupied taxi transfer flow from 𝑖 to destination 𝑗 

𝑀𝑖𝑗
n  Personal vehicle transfer flow from 𝑖 to destination 𝑗 

𝑞𝑖𝑗
c (𝑡) Exogenous taxi passenger demand in 𝑖 with destination 𝑗 at time t 

𝑞𝑖𝑗
n (𝑡) Exogenous personal vehicle demand in 𝑖 with destination 𝑗 at time t 

𝑝𝑖𝑗(𝑡) Taxi passenger demand in 𝑖 with destination 𝑗 at time t 

 

Consider the two-region city presented in Fig. 1. Using the above notation, the following equations 

present conservation of taxis: 

 

∑ 𝑐𝑖𝑗
o (𝑡)𝑗 = 𝑐𝑖

o(𝑡)     ∀𝑖, 𝑡     (1) 

𝑐𝑖
v(𝑡) + 𝑐𝑖

o(𝑡) = 𝑐𝑖(𝑡)     ∀𝑖, 𝑡     (2) 

∑ 𝑐𝑖(𝑡)𝑖 = 𝐶           (3) 

 

Equation (1) represents the number of occupied taxis in region i, equation (2) ensures that the total 

number of occupied and vacant taxis is the total number of taxis at each region I, and equation (3) 

represents the taxi fleet size.   

 

Each region i is modeled with an MFD defined by 𝐺𝑖(𝑛𝑖(𝑡) + 𝑐𝑖(𝑡)) [veh/second] which is the cars and 

taxi trip completion flows in region i. The trip completion flow in region i is the sum of flows that 

originate from region i. By assuming that flows are proportional to accumulations, we have: 

 

𝑀𝑖𝑗
o (𝑡) =

𝑐𝑖𝑗
o (𝑡)

𝑛𝑖(𝑡)+𝑐𝑖(𝑡)
𝐺𝑖(𝑛𝑖(𝑡) + 𝑐𝑖(𝑡))    ∀𝑖, 𝑗, 𝑡     (4) 

𝑀𝑖𝑗
n (𝑡) =

𝑛𝑖𝑗(𝑡)

𝑛𝑖(𝑡)+𝑐𝑖(𝑡)
𝐺𝑖(𝑛𝑖(𝑡) + 𝑐𝑖(𝑡))   ∀𝑖, 𝑗, 𝑡     (5) 

 

Using Equations (4) and (5), conservation of mass for occupied taxis is ensured via the following 

equations: 

 
d𝑐11

o (𝑡)

d𝑡
= 𝑏11(𝑡) + 𝑀21

o (𝑡) − 𝑀11
o (𝑡)        (6) 

d𝑐12
o (𝑡)

d𝑡
= 𝑏12(𝑡) − 𝑀12

o (𝑡)         (7) 

d𝑐21
o (𝑡)

d𝑡
= 𝑏21(𝑡) − M21

o (𝑡)         (8) 

d𝑐22
o (𝑡)

d𝑡
= 𝑏22(𝑡) + 𝑀12

o (𝑡) − 𝑀22
o (𝑡)        (9) 

 

Conservation of flow for personal vehicles is ensured via the following equations: 

 
d𝑛11(𝑡)

d𝑡
= 𝑞11

n (𝑡) + 𝑀21
n (𝑡) − 𝑀11

n (𝑡)        (10) 

d𝑛12(𝑡)

d𝑡
= 𝑞12

n (𝑡) − 𝑀12
n (𝑡)         (11) 
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d𝑛21(𝑡)

d𝑡
= 𝑞21

n (𝑡) − 𝑀21
n (𝑡)         (12) 

d𝑛22(𝑡)

d𝑡
= 𝑞22

n (𝑡) + 𝑀12
n (𝑡) − 𝑀22

n (𝑡)        (13) 

 

The conservation of mass for vacant taxis is ensured via the following two equations: 

 
d𝑐1

v(𝑡)

d𝑡
= 𝑀11

o (𝑡) − 𝑏11(𝑡) − 𝑏12(𝑡)        (14) 

d𝑐2
v(𝑡)

d𝑡
= 𝑀22

o (𝑡) − 𝑏21(𝑡) − 𝑏22(𝑡)         (15) 

     

The evolution of the taxi passenger demand is tracked through the following equations. Taxi boarding 

is assumed as a function of number of vacant taxis (supply) and passenger demands. 

 
d𝑝11(𝑡)

d𝑡
= 𝑞11

c (𝑡) − 𝑏11(𝑡)         (16) 

d𝑝12(𝑡)

d𝑡
= 𝑞12

c (𝑡) − 𝑏12(𝑡)         (17) 

d𝑝21(𝑡)

d𝑡
= 𝑞21

c (𝑡) − 𝑏21(𝑡)         (18) 

d𝑝22(𝑡)

d𝑡
= 𝑞22

c (𝑡) − 𝑏22(𝑡)         (19) 

 

  

Figure 1: Left illustrate the schematic of a two-region city, where right depicts the MFD. 

 

3. Results and conclusions  

 

The preliminary results are depicted in Fig. 2 for the case study in Fig. 1 where the vehicle and taxi 

demands represent a directional morning rush hour towards the city centre, i.e. region 2. Fig. 2 

demonstrates the integration of large-scale taxi modelling within the urban network. Fig. 2(a) depicts 

the evolution of car accumulations in the network indicating congested regime in region 2 whereas 

region 1 starts from a congested regime shifted to a free flow condition later. The initial condition of 

number of taxis is: 𝑐1
o(0) = 0; 𝑐2

o(0) = 0; 𝑐1
v(0) = 500; 𝑐2

v(0) = 500. Further, the lack of a systematic 

taxi dispatching system is evident as there is a significant taxi passenger demand in region 1, see Fig.2 

(b), while the vacant taxis are searching in region 2, see Fig. 2(d). A significant demand from region 1 

to 2 leads to a fast decrease in the number of vacant taxis in region 1. Contrary, around 25% of taxis 

(C=1000) are vacant in region 2 exacerbating the overcrowding without contributing to the mobility 

where there is no sufficient passenger, see 𝑝21 and 𝑝22 in Fig. 2(b). Note that in the modelling, it is 

assumed that the vacant taxis continue searching for passengers within their region. The number of 

occupied taxis over the time are illustrated in Fig. 2(c), starting with no occupied taxi. A sharp rise in 

𝑐12
o  is evident during time 0 to 500 [sec] as the heaviest component of taxi demand is from region 1 to 

region 2.  
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Figure 2: (a) The evolution of car accumulations in the network. (b) The evolution of taxi passenger 

demands. (c) The number of occupied taxis over the time, starting with no occupied taxi. (d) The 

number of vacant taxis over the time. 
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1. Introduction 
 
Increasing traffic congestion, especially during peak hours, has become an important issue in many 
large cities. Vickrey (1969) proposed a single bottleneck model to capture the morning congestion 
behavior where commuters pass a route segment with fixed capacity. Commuters determine the 
departure times based on their generalized costs which include schedule delay costs due to early or 
late arrival to work and travel costs based on departure time choices. At user equilibrium, no 
commuter can minimize his/her cost by unilaterally changing the departure time. Single bottleneck 
models can be categorized into two different classes based on the assumptions on time settings. 
Traditionally, single bottleneck models have been studied in continuous time settings (Arnott et al., 
1990; Hendrickson and Kocur, 1981; Yang and Huang, 1997). The second class deals with single 
bottleneck model in a discrete time setting. The mathematical tractability in the second group allows 
the investigation of solution properties. Ramadurai et al. (2010) developed a linear complementarity 
formulation for a single bottleneck model in a discrete time setting. In this stream of research, Doan et 
al. (2011) developed an analytical formulation to derive the group-specific tolling scheme which 
results in system-optimal departure rates of commuters and minimization of total system travel cost.  

Congestion pricing is one of the traditional market-based instruments to manage morning commute 
congestion. However, public acceptability is an important factor to promote any pricing strategy. 
Many pricing strategies have not been implemented around the world due to the lack of public 
acceptability as a result of perceived additional taxation. Tradable credit scheme is a market-based 
instrument to mitigate traffic congestion in transportation network that also addresses public 
acceptance. In this research, we study a tradable credit scheme in managing traffic congestion during 
the morning peak period with general user heterogeneity in a discrete time setting. Tradable credit 
schemes have been investigated (Nie and Yin, 2013; Xiao et al., 2013) in the context of single 
bottleneck models in the continuous time setting to alleviate traffic congestion in the transportation 
network. In this scheme, the central authority distributes a certain number of credits among 
commuters. These commuters are then required to pay a certain number of credits for travel based on 
commuter grouping and choice of departure time. The credits can be freely traded among commuters 
in the market. Since commuters have different attitudes towards monetary gain or loss in trading 
credits, they may choose different departure times to reduce the credit consumption. To capture this 
behavior, this study aims to consider commuters’ loss aversion behavior in trading credits in the 
market. Commuters frame the charged credits based on their departure times as gain or loss as 
compared to their initial credit endowments.  

In this study, a new reference-dependent user equilibrium condition is developed as a linear 
complementarity model by applying the value function (Tversky and Kahneman, 1991) to manage 
morning commute congestion with tradable credit scheme. The existence and uniqueness of departure 
times and credit price are explored under assumptions of heterogeneity of commuters and given 
tradable credit scheme. It is demonstrated that credit price and total value of traded credits approaches 
zero with increasing commuters’ loss aversion. It is also proved that if commuters are indifferent 
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between losses and gains, the initial credit allocation scheme does not have an impact on commuters’ 
choice of departure time. Applying linear programming duality, a new primal-dual method is 
developed to determine the optimal design of tradable credit scheme in terms of group-specific credit 
allocation and time-varying group-specific charging schemes. The next section discusses the proposed 
modeling approach to analyze morning commute congestion under a tradable credit scheme. 

2. Methodology 

Consider a highway with a bottleneck connecting the residential area and workplace where 
commuters commute between home to work during a congested period. A certain number of 
commuters pass the segment of highway with limited deterministic capacity, 𝑠, during a discrete peak 
period with 𝑇 time intervals indexed by 𝑡 = 0, … , 𝑇. The set of time intervals is denoted by 𝛤. The 
commuters are classified into 𝐺  groups based on their values of travel time, schedule delay penalty 
and desired arrival time where an individual commuter of each group, 𝑔 ∈ 𝐺, incurs 𝛼- for unit cost 
of travel time (in $/(𝑡𝑖𝑚𝑒	𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙)/(𝑣𝑒ℎ𝑖𝑐𝑙𝑒)). Let 𝐺  denote the cardinality of commuter groups 
𝐺. Commuters of group 𝑔 have a desired arrival time interval of 𝑡-∗ to their workplace where they 
incur a “schedule delay cost” for arriving earlier or later. The number of departures of group 𝑔 is 
denoted by 𝑁-. It is assumed that 𝑁-, 𝑡-∗ and 𝑠 are strictly greater than zero. If a commuter arrives 
earlier, he/she incurs 𝛽- for unit cost of early arrival delay and if the commuter arrives later, he/she 
incurs 𝛾- for unit cost of late arrival delay (in $/(𝑡𝑖𝑚𝑒	𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙)/(𝑣𝑒ℎ𝑖𝑐𝑙𝑒)).  

The proposed tradable credit scheme is characterized by its initial credit allocation and charging 
schemes. The credit allocation scheme is group specific where central authority allocates 𝑛 =
{𝑛-, 𝑔 ∈ 𝐺} credits to each commuter of group 𝑔 ∈ 𝐺. Let 𝑘 = {𝑘D,-, 𝑡 ∈ 𝛤, 𝑔 ∈ 𝐺} denote the credit 
charging scheme, where 𝑘D,- is the credit charge of group 𝑔 ∈ 𝐺 to depart at time interval t ∈ Γ. The 
credit allocation and charging schemes are predetermined and credits are allocated to the commuters 
initially. In this context, 𝑛, 𝑘  represents the tradable credit scheme with initial allocation of credits 𝑛 
and time-varying group-specific credit charging scheme 𝑘. Commuters trade credits in the market 
based on their initial credit endowments 𝑛 and individual travel needs at price 𝜌 for each unit of 
credit. The credit outcome is considered as gain by commuters if they sell excess credits in the 
market. Otherwise, they consider it as loss. Thereby, the reference point is the initial endowment of 
credit to individual commuter of group 𝑔. Using the value function proposed by Tversky and 
Kahneman (1991), the corresponding credit consumption disutility, 𝜙D,-, of commuters of group 𝑔 
departing in time interval 𝑡 is: 

𝜙D,- =
−𝜌 𝑛- − 𝑘D,- , 𝑘D,- < 𝑛-
𝜂𝜌 𝑘D,- − 𝑛- , 𝑘D,- ≥ 𝑛-

 
∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺 (1)   

where parameter 𝜂 ≥ 1 denotes the “loss aversion” coefficient, indicating that commuters are more 
sensitive to loss than gain. Let 𝑧D,- be the income of individual commuter of group 𝑔 departing in time 
interval 𝑡 by selling excess credits in the market where credit charge is less than initial endowment. 
The income from selling excess credits can be obtained as follows: 

𝑧D,- = 𝑚𝑎𝑥	(0, 𝜌(𝑛- − 𝑘D,-)) ∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺 (2)   

Then, equation (1) can be rewritten as: 

𝜙D,- = −𝑧D,- + (𝜂𝑧D,- − 𝜂𝜌 𝑛- − 𝑘D,- ) ∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺. (3)   

Under the tradable credit scheme, an individual commuter chooses his/her departure time interval, 𝑡, 
based on the total travel disutility which includes three components: (1) queuing delay cost (𝑇𝑇D), (2) 
schedule delay cost, and (3) credit consumption disutility. The individual travel disutility of group 𝑔 
departing in time interval 𝑡 is formulated as: 
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𝐶D,- = 𝛼-𝑇𝑇D + 𝛽-𝑒D,- + 𝛾- 𝑒D,- − 𝑡-∗ − 𝑡 − 𝑇𝑇D + 𝜙D,- ∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺 (4)  

The departure rate of commuters of group 𝑔 at time interval 𝑡 is represented by 𝑟D,- (in (𝑣𝑒ℎ𝑖𝑐𝑙𝑒)/
(𝑡𝑖𝑚𝑒	𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙)). The mixed-linear complementarity formulation for the equilibrium problem with 
tradable credit scheme(𝑛, 𝑘) is developed as follows (MLCP): 

0 ≤ 𝑟D,- ⊥ 𝛼-𝑇𝑇D + 𝛽-𝑒D,- + 𝛾- 𝑒D,- − 𝑡-∗ − 𝑡 − 𝑇𝑇D + 𝜙D,- − 𝐶-∗ ≥ 0 ∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺 (5)  

0 ≤ 𝑇𝑇V ⊥ 𝑇𝑇V −
𝑟V,- − 𝑠-

𝑠
≥ 0  (6)   

0 ≤ 𝑇𝑇D ⊥ 𝑇𝑇D − (𝑇𝑇DWX +
𝑟D,-- − 𝑠
𝑠

) ≥ 0	 ∀𝑡 ∈ Γ\0 (7)   

0 ≤ 𝑒D,- ⊥ 𝑒D,- − (𝑡-∗ − 𝑡 − 𝑇𝑇D) ≥ 0	 ∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺 (8)   

0 ≤ 𝑧D,- ⊥ 𝑧D,- − ( 𝜌 𝑛- − 𝑘D,- ) ≥ 0 ∀𝑡 ∈ Γ, ∀𝑔 ∈ 𝐺 (9)   

𝑟D,-
-

− 𝑁- = 0	 ∀𝑔 ∈ 𝐺 (10)   

0 ≤ 𝜌 ⊥ 𝑟D,-𝑛-
-D

− 𝑟D,-𝑘D,-
-D

≥ 0	 	 (11)   

where 𝐶-∗ denotes the equilibrium travel cost of group 𝑔. Constraint (5) is the complementarity 
condition to ensure the dynamic user equilibrium (DUE). The departure rate of commuters of group 𝑔 
in time interval 𝑡 is positive only if the travel disutility of commuters departing in time interval t is 
equal to the equilibrium travel disutility of group 𝑔. The travel delay of commuters departing in time 
interval 𝑡 ∈ Γ is computed using constraints (6) and (7). The early arrival cost of individual commuter 
of group 𝑔 ∈ 𝐺 departing in time interval 𝑡 ∈ Γ is determined using constraint (8). Constraint (9) 
computes income of selling excess credits for individual commuter of group 𝑔 ∈ 𝐺 departing in time 
interval 𝑡 ∈ Γ. Constraint (10) denotes the travel demand conservation condition. Constraint (11) 
denotes the credit market equilibrium condition in which the equilibrium credit price is greater than 
zero only if commuters consume allocated credits during peak period. 

The proposed MLCP is transformed to a linear complementarity problem (LCP) to investigate the 
solution existence and uniqueness using fundamental existence theories for LCP. The solution 
existence of equilibrium departure rates, travel disutility and credit price are demonstrated by 
applying a fundamental existence result for LCP. It is proved that the equilibrium credit price is 
unique if there exists at least one group of commuters whose equilibrium departure rates are positive 
in at least two different time intervals with different credit charges during peak period. The 
equilibrium travel disutility is unique if the equilibrium credit price is unique. Finally, the primal-dual 
approach is developed to derive the system-optimal design of tradable credit scheme. 

3. Results and conclusions 

This study provides a general modeling formulation to investigate the management of morning 
commute congestion using tradable credit scheme. It contributes to the literature by considering 
general heterogeneity and loss aversion of commuters in buying or selling credits. The proposed 
modeling approach enables us to investigate existence and uniqueness of travel disutility and credit 
price. The effects of initial credit allocation scheme are studied with considering loss aversion 
behavior of commuters in trading credits. It is proved that as the sensitivity of commuters increases to 
loss, credit price and total value of traded credits approach zero. It is also demonstrated that if 
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commuters are equally sensitive to loss and gain, the initial endowment of credits does not impact the 
equilibrium departure rates and credit price. The primal-dual formulation is developed to derive the 
system-optimal credit allocation and charging schemes. 

Numerical experiments are performed for three groups of commuters with different values of travel 
time and schedule delay penalties. Sensitivity analyses are conducted for departure time choices, 
credit price and travel disutility under different credit allocation schemes with respect to commuter 
loss aversion behavior. Numerical results validate that credit price and total value of traded credits 
approach zero with increasing loss sensitivity of commuters. It is demonstrated that while total 
number of allocated credits remains constant, the credit allocation scheme impacts the departure rates 
of commuters with changing travel disutility. System optimal design of the tradable scheme, i.e., 
credit allocation and charging schemes, is computed under different commuter loss aversion 
behaviors. It is observed that without considering loss aversion behaviour of commuters, system 
optimal design of tradable credit scheme results in an inequitable scheme where one group incurs a 
significantly higher travel disutility compared to the experienced travel disutility without tradable 
credit scheme. 

The study insights suggest that the loss aversion behavior of commuters affect the departure rates of 
commuters and credit price. Further, the initial credit allocation influences the credit price and 
departure rates considering loss aversion behavior of commuters in trading credits. A central authority 
can address the equity issues associated with implementing the tradable credit scheme through the 
design of group-specific credit allocation schemes and the time-varying group-specific credit charging 
schemes. The proposed model can be extended to understand the impact of commuter flex time on 
departure time choices. 

References 

Arnott, R., de Palma, A., & Lindsey, R. (1990). Economics of a bottleneck. Journal of Urban 
Economics, 27(1), 111–130.  

Doan, K., Ukkusuri, S., & Han, L. (2011). On the existence of pricing strategies in the discrete time 
heterogeneous single bottleneck model. Transportation Research Part B: Methodological, 45(9), 
1483–1500.  

Hendrickson, C., & Kocur, G. (1981). Schedule delay and departure time decisions in a deterministic 
model. Transportation Science, 15(1), 62–77.  

Nie, Y., & Yin, Y. (2013). Managing rush hour travel choices with tradable credit scheme. 
Transportation Research Part B, 50, 1–19.  

Ramadurai, G., Ukkusuri, S. V., Zhao, J., & Pang, J.-S. (2010). Linear complementarity formulation 
for single bottleneck model with heterogeneous commuters. Transportation Research Part B: 
Methodological, 44(2), 193–214.  

Tversky, A., & Kahneman, D. (1991). Loss aversion in riskless choice: A reference-dependent model. 
The Quarterly Journal of Economics, 106(4), 1039–1061.  

Vickrey, W. S. (1969). Congestion theory and transport investment. The American Economic Review, 
59(2), 251–260.  

Xiao, F., Qian, Z. (Sean), & Zhang, H. M. (2013). Managing bottleneck congestion with tradable 
credits. Transportation Research Part B: Methodological, 56, 1–14.  

Yang, H., & Huang, H.-J. (1997). Analysis of the time-varying pricing of a bottleneck with elastic 
demand using optimal control theory. Transportation Research Part B: Methodological, 31(6), 
425–440. 

 



1 

 

 The Impact of Cost Variability in a Bottleneck Model with Heterogeneous 

Random Delay  
 

Gege JIANG1, Hong K. LO 2,* ,Shanjiang ZHU3 

Department of Civil and Environmental Engineering 

The Hong Kong University of Science and Technology, Hong Kong, China 
*Corresponding author: cehklo@ust.hk 

 

Extended abstract submitted for presentation at the  

6th International Symposium on Dynamic Traffic Assignment (Sydney, 28-30 June, 2016) 

 

1. Introduction  

 

In bottleneck models, congestion is often modelled as queuing behind a single bottleneck, which 

provides simplicity and yet the ability to reasonably capture the performance of a bottleneck (Vickery, 

1969). Small (1982) did pioneering works to adopt piecewise linear disutility models based on empirical 

data to model the scheduling delay costs. Following this model, an ample amount of studies has been 

produced. Recently, the attention has been paid to the bottleneck model under stochastic condition. Li 

(2008) calculated the departure time distribution under stochastic conditions and concluded that the 

presence of random delay can significantly shift the departure time. Fosgerau (2008, 2010) studied the 

congestion costs and the relation between mean and variance of delay in bottleneck equilibrium with 

stochastic capacity and demand. Huang (2015) investigated the properties of the stochastic bottleneck 

model and proposed two schemes for congestion toll. Compared with deterministic bottleneck models, 

indeed our understanding of bottleneck models under a stochastic context can be much improved. 

 

Previous stochastic bottleneck study usually calculated the departure profile to make the expected cost 

of each traveller equalized. However, few has connected the travel cost variability to the departure time 

choice. They cannot answer the distinction between people who choose to depart in the more congested 

time and those experiencing shorter queue. The incentive of a traveller to choose a specific departure 

time, has not been considered extensively. Siu and Lo (2009) proposed a framework for modelling the 

equilibrium departure times under homogeneous random delay. They linked the departure sequence to 

Within Budget Travel-time Reliability (WBTR) requirement. They concluded that the awareness of 

random trip delay can reduce queuing delay and may induce travellers to reschedule their trips based 

on their risk attitude. People who depart early have higher WBTR and vice versa. This study extends 

their idea by introducing heterogeneous random delay and considers not only the variability of travel 

time but also the schedule delay cost. Such an understanding will provide insights for further studies on 

route choice, applications of advanced traveller information systems, and network optimization strategy. 

   

2. Problem definition 

 

The problem is defined for N travellers commuting between home and work every day during morning 

peak hour with the same work start time 𝑡𝑤, which is set to be 0 for simplicity. The deterministic 

discharging rate of the bottleneck is s vehicles per unit time. Before further analysis, we make the 

following assumptions: 

(A1) There exists linear relationship between random delay and queue length:  Θ(𝑡) =
𝑄(𝑡)

𝑠
𝜃, where 

𝜃 is a standard uniform distribution, Θ~𝑈[0, t̅]. t̅ is the upper bound ratio of random delay over 

queuing time. It captures the worst traffic scenario. The probability distribution of random delay Θ, is 

known to all travellers. Each day Θ takes on a different realization 𝜃, which affects all travellers on 

the same day. Its cumulative density function (CDF) is F(𝜃) and probability density function (PDF) is 

f(𝜃). 

(A2) All travellers have the same value of travel time, schedule delay early and schedule delay late. 

(A3) The bottleneck operates at full capacity. 

(A4) The free flow travel time is zero. 

mailto:cehklo@ust.hk
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Let the queue length behind the bottleneck at time t be 𝑄(𝑡). According to (A3), we have  

 
( )

( )out

Q t
t t t

s
    (1) 

�̃�𝑜𝑢𝑡 is the pseudo exit time of travellers who enter the bottleneck at time t if there is no random delay. 

We isolate the term 𝜃 here for ease of computation.  

 ( ) ( ) ( )out outt t t t t    (2) 

𝑡𝑜𝑢𝑡(𝑡) is split into deterministic part �̃�𝑜𝑢𝑡(𝑡) and random delay ( )t . Since the value of travel 

time is homogeneous among all the travellers, it is set to be 1. The generalized cost with realization 𝜃 

of random delay is  

 
( ) ( )

) ) )( ( (C t
Q t Q t

SDE t SDL t
s s

        (3) 

The expected travel cost of t is  

 
0

( ) ( )
( ) ( )

( ) [ ( ( ]( )) ] [ )
t Q t Q t

E E SDE tEC t C t E SDd
s

f L t
s

           (4) 

Because of the day-to-day stochastic random delay parameter of the bottleneck, commuters 

experience different travel cost on each day. Reliability can be viewed as the variation of travel cost, 

which can be defined as: 

 
0

( ) | ( ) ( ) | ( )
t

t C t EC t f d      (5) 

It can be inferred from (4)-(6) that ( )t is positive related to queue length. Which means that people 

who travel during congested period has bigger fluctuation of travel cost. 

Traditional bottleneck model only considers the expected travel cost but not the cost variation. It 

cannot answer the question that who will departure early or late. Besides, it cannot capture peoples’ 

risk attitude. In our study, we propose that people choose departure time not only on expected travel 

cost but also on cost variability, which can be formulated as following: 

 ( ) ( ) ( )t EC t t     (6) 

( )t is the comprehensive travel cost. 𝜇 is the coefficient of cost variation, interpreted as value of 

reliability (VOR) in this study. When equilibrium achieved, each traveller has the same  , nobody 

can reduce his comprehensive travel cost by unitarily change his or her departure time. 

 

3. Equilibrium trip scheduling under uncertainty  

 

In our study, there are three situations to be considered, each corresponding to a departure time interval 

during which (i) travellers always arrive early and experience no schedule delay late, (ii) travellers may 

arrive early or late depending on the realization of θ, (iii) traveler always arrive late without schedule 

delay early. We use 𝑡1 and 𝑡2 as the watershed lines to separate the three situations. The first and last 

departure time is denoted with 0t and Nt respectively.  

The detailed calculation is omitted here. The results of three situations are summarized below. 

Situation (i) Travelers always arrive early in 0 1( , )t t  . [ ( )]=0E SDL t  . From (4) -(7), we have 

 
( )

( ) ( ) (1 ) ( )
2

Q t t
C t EC t

s
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Situation (ii) Travelers may arrive early or late depending on the realization of θ. People departing at 

time t will arrive on time with 0 ( )t .  

 
0 0
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It can be proved that
0 0

( ) ( )
( ( ) )( ( ) ) 0

( ) ( )

B t D t
t t

A t C t
     . 

Situation (iii) Traveler always arrive late in 2( , )Nt t  , [ ( )]=0E SDE t  . 
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2. Numerical study  

 

According to the empirical survey in Small (1982), the marginal rate of substitution between travel 

time and early (late) arrival is 0.61(2.4). Other parameters are set as following: =1 , N=100, s = 10,

=1t . In the deterministic bottleneck model, random delay is not considered and the population is 

assumed to respond homogeneously to schedule delays. In our study, travellers who travel in the most 

congested period face large random delay and uncertainty, so they are more reluctant to travel in the 

congested time. The equilibrium queuing delay, departure and arrival curves are plotted in Fig. 1 and 

Fig. 2. For comparison purposes, the deterministic case is also included.   
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Fig.1 Queue length of two cases 
Fig.2 Cumulative entrance /departure from 

bottleneck  

From Fig.1, we can see the maximum queue length of the stochastic case is nearly half of the 

deterministic one. Since the queue not only increases travel time but also random delay and 

uncertainly cost, travellers is more reluctant to face long queue and the departure is more evenly 

distributed compared with deterministic model. In Fig.2, the start and end point of peak hour does not 

change. However, traveller experience larger travel time cost with the increasing θ. We can interpret 

  as the capacity variation. The mean capacity remains the same, but the range of capacity extends 

as   becomes larger. When =0 , the case degrades to deterministic bottleneck model.  

4. Discussion 

Despite the fact that the bottleneck model has been studied extensively, travellers’ attitude towards 

travel cost uncertainty are seldom considered. Siu and Lo (2009) concluded that the existence of random 

delay would spread the congestion and make the departure profile more reasonable. Under their 

framework, this study will extend the consideration of heterogeneous random delay and travel cost 

uncertainty. We expect that this study will provide further insights for the analysis of stochastic 

bottleneck models. In the full paper, we will extend the numerical example to show the attitude of each 

traveller and the effect of cost variability. 
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1. Introduction  

The increasing global containerized trade calls for efficient operations and management of 

container terminals. The efficient transfer of containers can distinctly reduce the delay time of vessels 

and operational costs at container terminals. If we divide a container terminal into five main areas: 

berth, quay, transport area, (storage) yard, and (terminal) gate, then the berth and the quay areas are 

considered seaside, the yard and gate areas are considered landside and the transport area is at the 

intersection of the seaside and landside areas or between them. It is widely acknowledged that 

transport operations should be optimized so that the efficiency in container terminals may be 

improved. This is because seaside and landside operations directly depend on vehicles to pick up and 

load containers. Therefore, the transport area is the main focus of this paper.  

A new generation of Automatic Guided Vehicles (AGVs), which do not follow a fixed path and 

are guided by GPS, are widely used in today's container terminals. Figure 1 depicts the layout of a 

container terminal where AGVs travel around to transport containers between ships and the storage 

yard. This paper formulates the movement of AGVs at a container terminal as a microscopic dynamic 

traffic assignment model, which treats each quay crane and each block of the yard at the terminal as 

an origin and a destination, where AGVs transport either empty or heavy containers between these 

origins and destinations. In this formulation, the terminal operator aims to minimize the total cost 

composed of traversal time cost to all AGVs plus waiting time cost to the ship of interest. 

The contribution of this paper is to use the dynamic traffic assignment technique to model the 

movement of loaded or empty AGVs in the storage yard so as to seek for ways to improve the 

efficiency of traffic operations and management at a container terminal.  

The paper is organized as follows. After this introductory section, Section 2 briefly gives a review 

of the related literature. Section 3 offers a microscopic dynamic traffic assignment model capturing 

the behavior of AGVs at a container terminal plus an algorithm for the model. Section 4 carries out a 

series of numerical experiments to show the performance of this formulated model and shows how 

this model may help the container operator improve the terminal operations. Section 5 closes up this 

paper with some concluding remarks.  

 

2. Literature review 

 

The papers on transport operations at container terminals published before 2004 are discussed in 

detail in Vis and De Koster (2003) and Steenken et al. (2004). Carlo et al. (2014) focuses on the 

literature in this field published between 2014 and 2012. Steenken et al. (1993), Stahlbock and Vo 

(2008a, b) and Zehendner et al. (2014) also touch on the literature on this topic.  

Carlo et al. (2014a, b; 2015) review the literature in the fields of transport operations, storage yard 

operations and seaside operations in container terminals, respectively, and identify the trends, research 

directions and classification scheme in these fields.  

[Not completed yet!] 
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Figure 1: The layout of a container terminal 

 

3. Methodology 

Figure 2 shows an illustrative road network where AGVs transport containers between ships and 

the storage yard, in which the horizontal roads are one-way and the vertical ones are two-way.  

 

 

Figure 2: An illustrative transportation network at a terminal for AGVs to transport containers 

 

It is assumed that  

a) the number of available AGVs is given  

b) the number of containers to be loaded onto each ship is known and fixed, 

c) the number of containers to be unloaded from each ship is known and fixed,  

d) all containers to be loaded onto each ship are already in the storage yard and their locations are 

given, 

e) all containers to be unloaded from each ship have been assigned their locations in the storage 
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yard and  

f) a ship may be served by more than one crane, 

g) the locations of those containers waiting to be loaded onto each ship are known and the locations 

of those containers waiting to be unloaded from each ship have been assigned their locations in 

the yard.  

In this research, we do not distinguish heavy and empty containers. 

The agent-based model is used to describe the movement of AGVs in the yard, which enables us 

to capture the spatial queue associated with the crane and the interactions of AGVs on the roads of the 

yard. We plan to implement this model in a real-life terminal and identify the way to improve the 

traffic operations and management in the yard of this terminal. 

Here is a list of notations used in this paper: 

N:  total number of containers 

i:  index for containers 

K:  set of all transport tasks that indicate each container being served by a QC and a YC  

k,l:  index for tasks  

R:  set of routes 

m,n:  index for routes 

V:  set of AGVs 

v:  index of AGVs 

D:  set of container (jobs) 

(i,k):  index for containers (jobs), job (i, k) means the ith container is matched with task k 

(S,I):  dummy starting job 

(F,I):  dummy ending job 

Nk:  the total number of containers matched with task k 

N:  total number of containers 
m

kiT ),( :  AGV’s travelling time to complete task k of container i along route m 

n

ljP ),( :  the time an AGV spending to return back along route n to serve the container (j,l) 

after finishing serving container (i,k)  

),( kiW :  QC’s handling time of container (i,k) 

'

),( kiW :  YC’s handling time of container (i,k) 

(i.k) :  the time a QC starts handling container (i,k) 

),( kid :  the time a YC starts handling container (i,k) 

For this problem, the decision variables are:  
mv
kiX ),( :  The binary flow variable 

mv
kiX ),( , equals 1, if container (i,k) is unloaded on the 

vehicle v and transported along route m 
nv
ljY ),( :  The binary flow variable 

nv
ljY ),(  equals 1, if vehicle v returns back along route n to 

pick up container (j,l) after finishing serving container (i,k)  

The following is the resulting model:  

)(Min '
),(),(),(),(

Vv Rn m, l)(j,k),(i,
),(),( kiki

nv
lj

n
lj

D

mv
ki

m
ki WWYPXT   

    
          (1) 

ttt DA
N  

0
 

          (2) 

ttt DA


0            (3) 

DkiX
Vv Rm

mv
ki  

 

).(,1),(  
          (4) 
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VX
Vv Rm

mv

IS 
 

),(
 

          (5) 

DljY
Vv Kk

nv
lj 

 

),(,1),(  
          (6) 

VY
Vv Kk

nv

IF 
 

),(
 

          (7) 

 
  


Vv Rm Dki

mv

ki NX
),(

),(

           (8) 

DkidXTW ki
mv

ki
Vv Rm

m
kiki(i.k)  

 

),(,),(),(),(),(
 

        (10) 

DljkiYPWd
Vv Rn

nv
lj

n
ljkiki  

 

),(),,(,l)(j,),(),(
'

),(),( 
 

        (11)  

  VvRnmIFISDljkiYX nv
lj

mv
ki  ,,),,(),(),(),,(,1，0, ),(),(

         (12) 

[Not completed yet!] 

 

4. Numerical analysis  

[Still under writing] 

 

5. Concluding remarks 

[Still under writing] 
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